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1. Introduction



Machine Learning |Goodfellow et al. 2015}

Input

Output

—>  Model —> Decision: “gibbon”




Machine Learning [Beery et al. ECCV2018]
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(A) Cow: 0.99. Pasture: (B) No Person: 0.99, Water: (C) No Person: 0.97.

0.99. Grass: 0.99, No Person: 0.98. Beach: 0.97. Outdoors: Mammal: 0.96. Water: 0.94.
0.98. Mammal: 0.98 0.97. Seashore: 0.97 Beach: 0.94, Two: 0.94



Strategic Pricing in eCommerce

-9 » Historical data over 2.5 years

* Pricing for real-world

Blue Summit Supplies File Folders,
I{ggt:;,c:(/B Tab, II-)\gsorted Ocean Tones, . eCOmmerce marl(et (Blue
W"' SKU: BSS-92588-1085 Summit Supplies)
Price: $19.99 . . o
I * Online, data-driven decision
1 making
» Criteria: Live Testing

Performance

INFORMS (2023) INFORMS 2023 BSS Data Challenge Competition, https://sites.google.com/view/dmdaworkshop2023/data-challenge

Wang J (2023) Reliable Offline Pricing in eCommerce Decision-Making: A Distributionally Robust Viewpoint, Finalist of Competition
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https://sites.google.com/view/dmdaworkshop2023/data-challenge

Strategic Pricing in eCommerce

Side Information X
Customer Demand

D(X, W) \
Price W /

(decision)

e Competitor’s Price
e Spatial

* Temporal

* Weather

e Historical

Revenue
W . DX, W)

Cons: Distribution Shift on (side information, customer demand, price)!

INFORMS (2023) INFORMS 2023 BSS Data Challenge Competition, h;tps://sites.google.com/view/dmdaworkshop2023/data—challengg

Wang J (2023) Reliable Offline Pricing in eCommerce Decision-Making: A Distributionally Robust Viewpoint, Finalist of Competition


https://sites.google.com/view/dmdaworkshop2023/data-challenge

Vulnerable
Planning

l* .* ">  Outcome: 91 Large-scale

r Outages

\ Insufficient
YRR Maintenance

@ i =) Outcome: 85

First Car Equipped With Huawei Self- ?@; .‘7" ?
Driving System Goes on Sale - Cai...
Self-Driving Healthcare Power System: Resiliency

Worst-case scenarios for “System Stress-Test”

Wang J, Gao R, Zha H. Reliable off-policy evaluation for reinforcement learning. Operations Research,
2024, 72(2): 699-716 ;



Wasserstein Distributionally Robust Optimization

» data-driven, non-parametric, free
of distributional assumptions




Wasserstein Distributionally Robust Optimization

min Sup . opl(2;0)
¢ P: W(P,P,,)<p

Qs

Whole Probability Space

[Haz — HQ} * data-driven, non-parametric, free
(z,y)~y Y -driven .
9 of distributional assumptions




Tractability of Wasserstein DRO
min { Sup | 2; 9)]}

0 P: W(P,P,)<p

— min {)\,0 + Egp, [sup {£(2;0) — M|z — 2|} } (Strong Dual Reformulation)

0.3>0 3

Moreau-Yoshida regularization
1. Probability support is discrete and finite

2. Loss £(z; 0) is piecewise concave / generalized linear model

3. 7 £(z,0) — A*¥||x — z||? is strongly concave
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Tractability of Wasserstein DRO
min { Sup | 2; 6’)]}

0 P: W(P,P,)<p

— min {)\,0 + Egp, [sup {£(2;0) — M|z — 2|} } (Strong Dual Reformulation)

0.2>0 :

Moreau-Yoshida regularization
1. Probability support is discrete and finite

2. Loss £(z; 0) is piecewise concave / generalized linear model

3. 7 £(z,0) — A*¥||x — z||? is strongly concave

Cons: Wasserstein DRO is not necessarily tractable for general applications



Worst-case Distribution of Wasserstein DRO

. Empirical Distributions for Training Samples

» The worst-case distribution (LFD) P* for HEE
WDRO is discrete w

* In general, difficult to compute the LFD, and . w
not directly generalizable beyond training +
Sam ples o ——01.2.‘) ().t]() 0.25 0.50 0.75 1.00 1.25 1.;)(]

. . . (a) Histogram of Training Samples
* Desired: Continuous LFD, generalize to the Lit R Wog P

unscen LFD for X

6 LFD for Y
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Worst-case Distribution of Wasserstein DRO

 The worst-case distribution (LFD) P* for
WDRO is discrete

* In general, difficult to compute the LFD, and
not directly generalizable beyond training

samples

* Desired: Continuous LFD, generalize to the

unsecn
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Worst-case Distribution of Wasserstein DRO

. Empirical Distributions for Training Samples

» The worst-case distribution (LFD) P* for HEE
WDRO is discrete w

* In general, difficult to compute the LFD, and . w
not directly generalizable beyond training +
Sam ples o ——01.2.‘) ().t]() 0.25 0.50 0.75 1.00 1.25 1.;)(]

(a) Histogram of Training Samples

Least Favorable Distributions for WDRO
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We(P,Q) =

Sinkhorn Discrepancy

inf DY — yl|] +
it B lle - ol

* [t does not satisfy the definition of “distance”

L(a,y)~y | 108 (

» Entropic regularization encourages moving each x € supp [P to whole space

D

VAYNEERVAN




Sinkhorn Discrepancy

vyel'(P,Q)

Historical Review:
- Originally proposed by [Wilson” 62]

- Convergence of algorithm for the first time by [Sinkhorn” 64]

- Operation complexity analysis and practical application by [Cuturi’ 13, ..

13

W.(P,Q) = inf {4:<m,y>w[\|x P + By 1og(

]




Main Framework

Sinkhorn DRO: min Sup o ~pl(2;0))
P: We(Pr,P)<p

. ﬂ w L (dy(z,y) |
e (IP — t Y(z,y)~ —y|? S ey |
W) = inf | Eapenllle = ]+ By [tos (50 )
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Empirical Distribution " Worst-case distribution by Sinkhorn DRO




Comparison
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2. Strong Duality and
Related Properties



Strong Dual Reformulation

Under mild conditions, Vprima=Vdual:

vPrimal — S%p { Z'ZNIPDV(Z 9)] We( 7 ') < /0}
- — n _ n l(z;0) /(e _
VDual — )l\gf() {)\/0 T “x~P, _)\6 lOg “z~N(x,el) [6 (2:0)/( )]_

. P=pte ‘x~uﬂ>,,[108(JQ_HX_ZHZ/edZ)]

* Vqual : One-dimensional convex minimization, conditional stochastic optimization




Recovery of Worst-case Distribution

* = arg max { opll(2;0)] 0 W(P,,P) < /0}

P
> (2) { (f(z;é’) T — z 2)}
— 1Yy N]P)n X - eXp —
dz "’ Tm ‘ A*e € ,
Normalizing Density
Constant contributed by x

* Worst-case distribution supported on whole sample space, while W-DRO is discrete

18



Density Values

Toy Example: Newsvendor

kB —umin{B.z}], k=5u=7

min [k,
,B true

— 1-SDRO 0.6 — 1-SDRO 0.5 — 1-SDRO
1.0 ~ 2-SDRO ~ 2-SDRO ~ 2-SDRO
Data Distribution 05 Data Distribution Data Distribution

§ 0.4 §
06 r—>‘.’ ﬂ ﬂ (—; 0.3

>0.3 ,P >

- 2 0 5

ATH
0.4- v L
| t A | u
0.0 -chdniabaston i -t bar bt sk + Hid+ 4 + O-O'. s S RS L O + O'O', HHEN gl T ettt i b s Yy
0.0 0.5 1.0 1.5 2.0 2.5 3. 0 2 4 §) 8 0 2 4 §) 3

Support Support Support
19



Toy Example: Newsvendor

S.u="7

k

[kﬁ IR umin{ﬁ, Z}]a

frue

E..

min
p

£3 KL-DRO ®8 1-SDRO B3 2-WDRO W 2-SDRO B KL-DRO M 1-SDRO B 2-WDRO B 2-SDRO

B3 KL-DRO ¥ 1-SDRO E3 2-WDRO M 2-SDRO

40°/o N

80% -

Juswaaoiduwi JO %

100

30
Sample size n

10

100

30
Sample size n

10

100

30
Sample size n

10

20



Comparison with Wasserstein DRO

Strong duality for Sinkhorn DRO:

VPrimal — Sup { 43,ZNIP’[K(Z; 6))] : We (Pna P) < ,0}

P

VDual — )1\2% {)\,0—|— {"LUN]P)n A€ lOg {"ZNN<CE,€I) [66(2;@/0\6)]

21



Comparison with Wasserstein DRO

Strong duality for Sinkhorn DRO:

VPrimal — Sup { ﬂsz[Z(Z; 6))] : We (Pna IP)) < ,0}

P

VDual = Iinf {)\,0—|— {"ZUN]P)n _)‘E lOg {"ZNN<CE,€I) [66(2;@/0\6)]

A>0

Strong duality for Wasserstein DRO (e = 0):

VPrimal — S%P { <IZ,ZNIP)[Z(Z; 6))] : W(Pnap) < ,0}

A>0

- 222

VDual = inf {)\,0 =+ :CUNIP)n _Sup {g(za 9) - AH'/I; - ZHZ}_



Comparison with Wasserstein DRO

Strong duality for Sinkhorn DRO:

VPrimal — S%p { ﬂsz[Z(Z; 6))] :

VDual = inf {)\IO—I_ )
A>0

Approximate
“sup” using

VPrimal = sup { pll(z;0)] : W(P,,P) < p} log-sum-exp

Strong duality for Wasserstein DRO (e = 0):

P

VDual — Hlf {)\,O—I_ ) S . E
A>0 X



Comparison with KL-divergence DRO

sup Eymp, Eonn, (2 0)
Yo VI

s.t. Epep, |KL(10||N(z, D)) | < p/e

VPrimal —

|P = Worst-case
Distribution

() = = ()

Y = transportation
plan

. . "--...,,“'."‘: 8 _[P,= empirical
(2, 2) n(2) - 72(2) distribution




Comparison with KL-

sup Eqnp, Eonn, [£(2;0)]

Yz, VI
VPrimal —

s.t. Egep, |KL(7.||N(z, €I))

divergence DRO

< p/e

1. When p = 0, Sinkhorn DRO becomes SAA with kernel density estimation:
o, .
(0 = Y (e
7 —

2. When p > 0, Sinkhorn DRO robustifies | Oin terms of KL-divergence.

~

VPrimal — I, o

24



3. Optimization
Algorithms



Monte Carlo Sampling

e Ideal formulation:

n AN+ E,p [A log B n(n g [/Z0)/(Xe)
SR { Pt o [ACLOG I, U N(z,eT) (€ |



Monte Carlo Sampling

e Ideal formulation:

n {Ag+E, p [A log B (o .
9{1/{12110 P n | 6708 N(z,el)

(2:0)/(Ae)

“As long as you can sample from P, and N(x, €l), the problem is solved”

26

- A. Shapiro



e Ideal formulation:

. AD DI [)\ |
min 4 AP+ Eqnp, | A€log

Monte Carlo Sampling

~

4

“z~N(x,el)

(2:0)/(Ae)

“As long as you can sample from P, and N(x, €l), the problem is solved”

Foreachx;inP ,

sample m i.i.d. samples
1% )= from N (X, €l

26

i T
b1

é in — E e log
P 0 N A
{ 1=1

1 |
- Z oL(2i,3:0)/ (Xe)
m “

- A. Shapiro



Monte Carlo Sampling

e Ideal formulation:

n QA5+ Eonp, [Aelog B o en [0/
SR AP T o [ACLOG I, U N(z,eT) (€ |

“As long as you can sample from P, and N(x, €l), the problem is solved”

- A. Shapiro
L Z eﬁ(zf,;,jﬂ)/()‘e)
m 4
j=1

Foreachx;inP,,

sample m i.i.d. samples
1% )= from N (X, €l

i T
b1

é in — E e log
P 0 N A
{ 1—=1

Cons: Sample complexity is sub-optimal, O(5>)



Stochastic Algorithm for Sinkhorn DRO

e Goal:

A
6(2;9)/(/\@]_ }_ F(0)

m@in { L, |[A€LOgIE, N (2, eD) e

e Approximation Problem:

=
m@in { D 2P, | e log Z 5(2979)/0\6))

124 je2t) Y N(@,€l) je[2!]




Stochastic Algorithm for Sinkhorn DRO

e Approximation Problem:

4
m@in { D 2P, | e log Z 5(2979)/0\6))

125} je oty ~IN(@,el) jE[2!]

L-SGD: FixalargeZ = L

v ]

Sample x ~ F . and Generate Sample Estimate

L
{Zj }jE[ZL] ~ N(X, GI) of VF (9) and Update

28

If converged?




Stochastic Algorithm for Sinkhorn DRO

e Approximation Problem: A i (0)
min 4 r~P,, . A€ l()g Z €(253;0)/(Xe)
0 |
125} je oty ~IN(@,el) jE[2!]

SGD with Random Sampling Estimator: Adaptively Choose /

Sample x ~ P, and

{Zj}jE[ZZ] ~ N(X, 61) s

/1

Generate Sample Estimate of

If converged? N

SanAlple z with | L( VFZA,(Q) . VFlA,—l(H)) and
Pr(l =i)=p; x27,i=0,...,L Pi

Update



Stochastic Algorithm for Sinkhorn DRO

1. This estimator is unbiased gradient estimator of F*

L
= L (vFi@) - VFZ—I(Q))] =Y p; - [i(VFi(e) - VFi—l(e))]

L
= 2 [VFL(H) — VFH(@)] = VF*"
L=1
SGD with Random Sampling Estimator: Adaptively Choose /

Sample x ~ P, and

z {Zj}jE[Zz] 2 N(X, €I) s

Generate Sample Estimate of

If converged? N

SanAlple i with | L( VFZA,(Q) . VFlA,—l(H)) and
Pr(l =i)=p; x27,i=0,...,L Pi

Update



Stochastic Algorithm for Sinkhorn DRO

1. This estimator is unbiased gradient estimator of F*
2. This estimator has significantly lower cost

3. This estimator has sufficiently small variance, due to control
variates variance reduction [Nelson, 1990]

SGD with Random Sampling Estimator: Adaptively Choose /

Sample x ~ P, and

z {Zj}jE[Zz] 2 N(X, €I) s

Generate Sample Estimate of

If converged? N

Sanjple L with | L( \V, Fi(g) _V Fi—l(e)) and
Pr(iL=i)=p; x27,i=0,...,L Pi



Complexity for Solving Sinkhorn DRO

. — ECEN X |: 1 EZN N I E(Z,Q)/()\G) j|
join - Ap+ Eep, |AclogBzn(a e |

Algorithm Naive Gradient Estimator Random Sampling Estimator
L y Convex Nonconvex Convex Nonconvex
0ss (2, - ) Smooth Smooth

Complexity 0(5 _3) 0(5 _6) 5(5 _2) O (0 _4)

32
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| 005
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# of Generated Samples
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10° 10°

# of Generated Samples
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Algorithm Naive Gradient Estimator Random Sampling Estimator
Loss 7 Convex Nonconvex Convex Nonconvex
0ss 7(z, - ) Smooth Smooth
: V( S—3 A S—6 N S—2 V¢ s—4
Complexity O0™) OW™) O™ 7) O@W0™)




General Optimization Results

. Goal: min F(0), whereas unbiased gradient of F(6) is not available!
%

e Assumption:

» Gradient of approximation objective F' is easy to obtain

|F'(0) = F(O)| = 027 or IVF(0) = VFO)|I> = 027

» Examples:

Leader

ra -

ontextual Bilevel Optimization

G —

* Weather
* Season
* Spatial
* Temporal

 minimize  F(0) £ E,[f(6, (0 ©) e

| Wwhere  y¥(@:¢) 2 argmin, i |g[g(x il 5)]

Hu Y, Wang J, Xie Y, Krause A, Kuhn D (2023) Contextual stochastic bilevel optimization. NIPS’23
34

Hu Y, Wang J, Chen X, He N (2024) Multi-level Monte-Carlo Gradient Methods for Stochastic Optimization with Biased Oracles. arXiv preprint



General Optimization Results

. Goal: min F(A -1~ ’ \Iﬂg Gradieﬂt wble!

* Complexity on th

¢ EX&;.IIPICD:

ontextual Bilevel Optimization

' minimize FO) £ E 5[]‘(6’,y*(6’; 5))] I
| where  y¥(6:¢) £argmin E,p [s(r.yin.9)], V& -

Hu Y, Wang J, Xie Y, Krause A, Kuhn D (2023) Contextual stochastic bilevel optimization. NIPS’23
34

Hu Y, Wang J, Chen X, He N (2024) Multi-level Monte-Carlo Gradient Methods for Stochastic Optimization with Biased Oracles. arXiv preprint




4. Numerical Study
and Discussion




L. xtension

. { Sup . opl(2;0) }

0cE P: W (P,Pn)gp
p-Wasserstein DRO Approximation
[Sinha, Namkoong, Volpi, Duchi, 2020]

min Sup o op|l(2;0)]
0e€O | P: W, (P,P,)<p

Wp(Pa Q) — in{ {( 41(33,y)~7[”m — pr])l/p}

vyel'(P,Q)

36



L. xtension

min Sup o~p[0(2;0))
pce |P: W (P.P,)<p

p-Wasserstein DRO Approximation

[Sinha, Namkoong, Volpi, Duchi, 2020]

: P q N _ . o o P _
pin {Ap + Eonrp, | sUD {Z(Zﬁ) Az — ] }}

» Easy to optimize for large choice of A

36



L.xtension
. { sup o op|l(z;0)] }

0coO P Woo (Papn)gp

l p-Wasserstein DRO

min {Aﬂp + Lgnp, | SUP {6(23‘9) — Az — pr}_ }

6O ,\>0 .

[Wang, Gao, Xie, 2021]

min Sup o oplb(z; 0
V€O | P: S, (P,P,)<p 56,

S (P,Py) = inf i 2o o [l — yl7] +

yel'(P,Py,)

elk

“(x,y)~y

log (

Entropic Regularized p-Wasserstein DRO Approximation

dvy(z,y)

dzd~y(y)




min SUp
NEO {]P): Weo (PP, ) <p

min AP + Epp,
0cO,A>0

L. xtension

2 p0(2: 0)] }

l p-Wasserstein DRO

sup {K(Z; 0) — Allz — fEHp}: }

Entropic Regularized p-Wasserstein DRO Approximation

mlﬂ )\ﬁ _I_ til?NIP)n _)\E log {'ZN@Q;,G [ef(Z)/(AG)]

0cO,\>0

[Wang, Gao, Xie, 2021]

dQ,.(2)

dz

X €

—[lz—x[|" /e

® Wang J, Gao R, Xie Y (2024) Regularization for Adversarial Robust Learning. arXiv preprint

arXiv:2109.11926

38



|

0cO P: Woo (Papn)gp

0cO,A>0

min AP+ Epap,
0cO, >0

° .4J

- 2

_)\e log

Extension

How about adding
# regularization

(2 0)] }

l p-Wasserstein DRO

min {Aﬂp + Lgnp, | SUP {K(ZJH) — Az — fﬂp}_ }

N

4

JZN@Q?,G

directly?

[Wang, Gao, Xie, 2021]

(/0]

dQ,.(2)

dz

X €

Entropic Regularized p-Wasserstein DRO Approximation

—[lz—x[|" /e

® Wang J, Gao R, Xie Y (2024) Regularization for Adversarial Robust Learning. arXiv preprint

arXiv:2109.11926

38



xXel

Numerical Results

min  Ep [—(x8)]+0-
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xXel

% of Improvement

D x=1

] 1

Numerical Results

[El]:DTrue[ T <X, 5>] T Q-

%

2'04O 40
Dimension d

True

80

'CV&RO{( o <X 5))

100

Method
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RdxC

Be

Numerical Results

min [E(an)N[FDtrue hB(xa Y) ’ hB(-xa Y) — = y

'"B'x + log

1T eBTx

* Error rate for tinylmageNet dataset (90000 training samples with dimension §12):
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Numerical Results
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* Computational time:

Dataset SAA KL-DRO I-WDRO 1-SDRO 2-WDRO 2-SDRO
tinyImageNet 45.54 44.50 34%5.25 227.91 347.16 197.55
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1. Absolutely continuous worst-case re

distribution thanks to entropic regularization;

Random Sampling
Estimator

2. Scalable computation by first-order method;

Loss Nonconvex

3. Connections with regularized machine 7z ) ™ | smoon
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