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1. Introduction



Wasserstein Distributionally Robust Optimization

min Sup . opl(2;0)
¢ P: W(P,P,,)<p

Qs

Whole Probability Space

[Haz — HQ} * data-driven, non-parametric, free
(z,y)~y Y -driven .
3 of distributional assumptions




Tractability of Wasserstein DRO
min { Sup | 2; 9)]}

0 P: W(P,P,)<p

— min {)\,0 + Egp, [sup {£(2;0) — M|z — 2|} } (Strong Dual Reformulation)

0.3>0 3

Moreau-Yoshida regularization
1. Probability support is discrete and finite

2. Loss £(z; 0) is piecewise concave / generalized linear model

3. 7 £(z,0) — A*¥||x — z||? is strongly concave



Tractability of Wasserstein DRO
min { Sup | 2; 6’)]}

0 P: W(P,P,)<p

— min {)\,0 + Egp, [sup {£(2;0) — M|z — 2|} } (Strong Dual Reformulation)

0.2>0 :

Moreau-Yoshida regularization
1. Probability support is discrete and finite

2. Loss £(z; 0) is piecewise concave / generalized linear model

3. 7 £(z,0) — A*¥||x — z||? is strongly concave

Cons: Wasserstein DRO is not necessarily tractable for general applications



Worst-case Distribution of Wasserstein DRO

Note: p = 151 —+ %(52 * Hedges against discrete

2
\ distributions;
]
4 .................... j; ............... 5 .................... » For certain applications (news
1 “““““““““““ 2 | vendor, non-parametric contextual
““““““““ 5 1 learning, etc), share the same
“““““““““ \ = support as empirical distribution



Central Question

[s it possible to derive a data-driven DRO model such that
1. Its tractability applies to general loss function;

2. Its worst-case distribution is absolutely continuous over
the sample space.



We(P,Q) =

Sinkhorn Discrepancy

inf DY — yl|] +
it B lle - ol

* [t does not satisfy the definition of “distance”

L(a,y)~y | 108 (

» Entropic regularization encourages moving each x € supp [P to whole space
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Sinkhorn Discrepancy

int
vel'(P,Q)

Historical Review:

- Originally proposed by

{

E (o) [17 = Yl +

- Convergence of algorithm for the first time by

_4‘|
“(x,y)~y

- Operation complexity analysis and practical application by




Main Framework

Sinkhorn DRO: min Sup o ~pl(2;0))
P: We(Pr,P)<p

. ﬂ w L (dy(z,y) |
e (IP — t Y(z,y)~ —y|? S ey |
W) = inf | Eapenllle = ]+ By [tos (50 )
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Empirical Distribution ° Worst-case distribution by Sinkhorn DRO




Comparison
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2. Strong Duality and
Related Properties



Strong Dual Reformulation

Under mild conditions, Vprima=Vdual:

vPrimal — S%p { Z'ZNIPDV(Z 9)] We( 7 ') < /0}
- — n _ n l(z;0) /(e _
VDual — )l\gf() {)\/0 T “x~P, _)\6 lOg “z~N(x,el) [6 (2:0)/( )]_

. P=pte ‘x~uﬂ>,,[108(JQ_HX_ZHZ/edZ)]

* Vqual : One-dimensional convex minimization, conditional stochastic optimization




Recovery of Worst-case Distribution

* = arg max { opll(2;0)] 0 W(P,,P) < /0}

P
> (2) { (f(z;é’) T — z 2)}
— 1Yy N]P)n X - eXp —
dz "’ Tm ‘ A*e € ,
Normalizing Density
Constant contributed by x

* Worst-case distribution supported on whole sample space, while W-DRO is discrete
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Comparison with Wasserstein DRO
Strong duality for Sinkhorn DRO:

P

VPrimal — Sup { 43,ZNIP’[K(Z; 6))] : We (Pna P) < ,0}

VDual — )1\2% {)\,0—|— {"LUN]P)n A€ lOg {"ZNN<CE,€I) [66(2;@/0\6)]
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Comparison with Wasserstein DRO
Strong duality for Sinkhorn DRO:

P

VPrimal — Sup { ﬂsz[Z(Z; 6))] : We (Pna IP)) < ,0}

VDual — )1\2% {)\,0—|— {"ZUN]P)n A€ lOg {"ZNN<CE,€I) [66(2;@/0\6)]

Strong duality for Wasserstein DRO (e = 0):

VPrimal — S%P { <IZ,ZNIP)[Z(Z; 6))] : W(Pnap) < ,0}

VDual = ;\I;fo {)\p + Ezp, | SUp {6(2; 0) — A|x — ZHZ}

15




Comparison with Wasserstein DRO
Strong duality for Sinkhorn DRO:

VPrimal — Sup { ﬂsz[Z(Z; 6))] :

P

VDual = inf {)\IO—I_ )
A>0

Approximate
“sup” using
log-sum-exp

Strong duality for Wasserstein DRO (e = 0):

VPrimal — S%P { <IZ,ZNIP)[Z(Z; 6))] : W(Pnap) < ,0}

Voual = inf {Ap + Eyp, fsup {£(2:6) — Allz — 22}].’-}
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Comparison with KL-divergence DRO

sup Eymp, Eonn, (2 0)
Yo VI

s.t. Epep, |KL(10||N(z, D)) | < p/e

VPrimal —

|P = Worst-case
Distribution

() = = ()

Y = transportation
plan

. . "--...,,“'."‘: 8 _[P,= empirical
(2, 2) n(2) - 72(2) distribution




Comparison with KL-divergence DRO

sup Eqnp, Eonn, [£(2;0)]
Vo sV

s.t. Epep, |KL(10||N(z, D)) | < p/e

VPrima,l —

1. When p = 0, Sinkhorn DRO becomes SAA with kernel density estimation:
n

1
mal = E,po[l(2; 0 = =) Nz, €l
VPrlmal z2~P [@(2,0)], n - (3376 )

2. When p > 0, Sinkhorn DRO robustifies P’ in terms of KL-divergence.
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3. Optimization
Algorithms



Monte Carlo Sampling

e Ideal formulation:

n AN+ E,p [A log B n(n g [/Z0)/(Xe)
SR { Pt o [ACLOG I, U N(z,eT) (€ |



Monte Carlo Sampling

e Ideal formulation:

n {Ag+E, p [A log B (o .
9{1/{12110 P n | 6708 N(z,el)

(2:0)/(Ae)

“As long as you can sample from P, and N(x, €l), the problem is solved”

19

- A. Shapiro



e Ideal formulation:

. AD DI [)\ |
min 4 AP+ Eqnp, | A€log

Monte Carlo Sampling

~

4

“z~N(x,el)

(2:0)/(Ae)

“As long as you can sample from P, and N(x, €l), the problem is solved”

Foreachx;inP ,

sample m i.i.d. samples
1% )= from N (X, €l

19

i T
b1

é in — E e log
P 0 N A
{ 1=1

1 |
- Z oL(2i,3:0)/ (Xe)
m “

- A. Shapiro



Monte Carlo Sampling

e Ideal formulation:

n QA5+ Eonp, [Aelog B o en [0/
SR AP T o [ACLOG I, U N(z,eT) (€ |

“As long as you can sample from P, and N(x, €l), the problem is solved”

- A. Shapiro
L Z eﬁ(zf,;,jﬂ)/()‘e)
m 4
j=1

Foreachx;inP,,

sample m i.i.d. samples
1% )= from N (X, €l

i T
b1

é in — E e log
P 0 N A
{ 1—=1

Cons: Sample complexity is sub-optimal, O(5 )



Stochastic Algorithm for Sinkhorn DRO

e Goal:

A
6(2;9)/(/\@]_ }_ F(0)

m@in { L, |[A€LOgIE, N (2, eD) e

e Approximation Problem:

=
m@in { D 2P, | e log Z 5(2979)/0\6))

124 je2t) Y N(@,€l) je[2!]




Stochastic Algorithm for Sinkhorn DRO

e Approximation Problem:

4
m@in { D 2P, | e log Z 5(2979)/0\6))

125} je oty ~IN(@,el) jE[2!]

L-SGD: FixalargeZ = L

v ]

Sample x ~ F . and Generate Sample Estimate

L
{Zj }jE[ZL] ~ N(X, GI) of VF (9) and Update

21

If converged?




Stochastic Algorithm for Sinkhorn DRO

e Approximation Problem: A i (0)
min 4 r~P,, . A€ l()g Z €(253;0)/(Xe)
0 |
125} je oty ~IN(@,el) jE[2!]

SGD with Random Sampling Estimator: Adaptively Choose /

Sample x ~ P, and

{Zj}jE[ZZ] ~ N(X, 61) s

/1

Generate Sample Estimate of

If converged? N

SanAlple z with | L( VFZA,(Q) . VFlA,—l(H)) and
Pr(l =i)=p; x27,i=0;...,L Pi

Update



Stochastic Algorithm for Sinkhorn DRO

1. This estimator is unbiased gradient estimator of F*

L
= L (vFi@) - VFZ—I(Q))] =Y p; - [i(VFi(e) - VFi—l(e))]

L
= 2 [VFL(H) — VFH(@)] = VF*"
L=1
SGD with Random Sampling Estimator: Adaptively Choose /

Sample x ~ P, and

z {Zj}jE[Zz] 2 N(X, €I) s

Generate Sample Estimate of

If converged? N

SanAlple i with | L( VFZA,(Q) . VFlA,—l(H)) and
Pr(l =i)=p; x27,i=0,...,L Pi

Update



Stochastic Algorithm for Sinkhorn DRO

1. This estimator is unbiased gradient estimator of F*
2. This estimator has significantly lower cost



Stochastic Algorithm for Sinkhorn DRO

1. This estimator is unbiased gradient estimator of F*
2. This estimator has significantly lower cost

Conventional SGD:

e Fixlargel=L,eg.,L =10

. Each iteration pay 2 ~ 219

cost to get small-biased

gradient estimators




Stochastic Algorithm for Sinkhorn DRO

1. This estimator is unbiased gradient estimator of F*
2. This estimator has significantly lower cost

Conventional SGD: Random Sampling SGD

+ Iterativel le 1.
 Fixlargel=L,eg,L =10 cra “’.e y sample
according to

PN - —l B
+ Each iteration pay 2& ~ 2! P(L=D)x27,l=1,...,L

. . i
cost to get small-biased » Eachiteration pay 2™ ~ 10
cost to get small-biased

gradient estimators

ogradient estimators



Stochastic Algorithm for Sinkhorn DRO

1. This estimator is unbiased gradient estimator of F*
2. This estimator has significantly lower cost

3. This estimator has sufficiently small variance, due to control
variates variance reduction

SGD with Random Sampling Estimator: Adaptively Choose /

Sample x ~ P, and

z {Zj}jE[ZZ] £ N(X, €I) s

Generate Sample Estimate of

If converged? N

SanAlple z with | L( VFZ(Q) . VFlA,—l(H)) and
Pr(l = i) =p; x27%,i=0,...,L Pi

25

Update



Complexity for Solving Sinkhorn DRO

' R { logE. [ ,£(2;0)/(Ae) }
join - Ap+ Eep, |AclogBzn(a e |

Algorithm Naive Gradient Estimator Random Sampling Estimator
Loss 7 Convex Nonconvex Convex Nonconvex
0ss 7z, ) Smooth Smooth

Complexity O(573) O(5-°) 0572 06~

26



Complexity for Solving Sinkhorn DRO

' Ao+ E..p [NelogE, [ ,£(2;0)/(Ae)
Join -4 AP+ | Aelog B, N(g ey L€ |

housing Dataset

| ‘\\ T ‘ | —— RT-MLMC
020 |\ ’ ‘ ~7= V-MLMC Random Sampling Estimator
o ‘. ; ; | RU-MLMC
5 AN : | -<- RR-MLMC
S 0I5\ X Convex Nonconvex
2 | Smooth
20101\ Ay g -t iB
B A S—2 A s—4
: , , O(07) /(2
0.05F .
- — ", 'v - @ |
105 10 10°  10° 107

# of Generated Samples



4. Numerical Study
and Discussion




xXel

Numerical Results (Varying n)

[ — (6, E)] + 0 Prye-CGVaRy( = (x, &)

{{Illn [_ |]:DTrue
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é Method

O 50%- 4 KL-DRO
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Sample size n
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xXel

Numerical Results (Varying d)
[ = (O] + 0 Py CVaR (= (x, £))

{{Illn [_ |]:DTrue
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Numerical Results

min
El’I—’ Zi xizl

 Ablation study on robust

XEl

level p and entropic

regularization €

 Entries at the same row
use the same p

* Green triangle indicates
SDRO outperforms

WDRO under the same p
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RdxC
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Numerical Results

min [E(-an)N”:Dtrue hB(xa Y) ) hB(xa Y) — =Y

TBT

x + log

lTeBTx

* Error rate for tinylmageNet dataset (90000 training samples with dimension §12):
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RdxC

* Ablation Study:
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Conclusion I

e Sinkhorn DRO is a variant of Wasserstein DRO:

1. Absolutely continuous worst-case

""""

distribution thanks to entropic regularization;

Random Sampling
Estimator

2. Scalable computation by first-order method;

Loss Nonconvex

3. Connection with optimal transport and KL- zz.) ™ smoo

divergence. ) S 067 057



Related Work

* Generative Sampling for Sinkhorn DRO

Sample | Diffusion model

Update the model parameters

Zusen Xu, and Jia-Jie Zhu. Gradient flow sampler-based distributionally robust optimization, ICML 2026

Jie Wang. Iterative sampling methods for Sinkhorn distributionally robust optimization. arXiv preprint 2025

Fenglin Zhang, Teyan Liu, and Jie Wang. "Generative Neural Networks for Sinkhorn Distributionally Robust Hypothesis Testing.” arXiv preprint 2026



Related Work

* Generative Sampling for Sinkhorn DRO

* Sinkhorn DRO for broader applications (Al, energy, control, ...)
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* Generative Sampling for Sinkhorn DRO

Related Work

* Sinkhorn DRO for broader applications (Al, energy, control, ...)

* Future direction: explore the interaction of Sinkhorn DRO and Al
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