
George Nicholson Student Paper Competition

Sinkhorn Distributionally Robust 
Optimization

Jie Wang 
The Chinese University of Hong Kong, Shenzhen 

Joint work with Rui Gao (UT Austin) and Yao Xie (Georgia Tech)

1



1. Introduction
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Wasserstein Distributionally Robust Optimization

min
✓

(
sup

P: W(P,Pn)⇢
Ez⇠P[`(z; ✓)]

)

Whole Probability Space

Pn

⇢

Ambiguity set

W(P,Q) = inf
�2�(P,Q)

n
E(x,y)⇠�

⇥
kx� yk2

⇤o • data-driven, non-parametric, free 
of distributional assumptions3



Tractability of Wasserstein DRO
min
✓

(
sup

P: W(P,Pn)⇢
Ez⇠P[`(z; ✓)]

)

= min
✓,��0

(
�⇢+ Ex⇠Pn

h
sup
z

�
`(z; ✓)� �kx� zk2

 i
)

(Strong Dual Reformulation)

1. Probability support is discrete and finite                                             

2. Loss  is piecewise concave / generalized linear model     

3.  is strongly concave                                    

ℓ(z; θ)

z ↦ ℓ(z; θ) − λ*∥x − z∥2

[Esfahani PM et. al 2018, 
Shafieezade et al 2015, … ]

[Sinha et. al 2018, …. ]

[Pflug G et. al 2008, …] 
Moreau-Yoshida regularization
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Tractability of Wasserstein DRO
min
✓

(
sup

P: W(P,Pn)⇢
Ez⇠P[`(z; ✓)]

)

= min
✓,��0

(
�⇢+ Ex⇠Pn
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�
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(Strong Dual Reformulation)

Cons: Wasserstein DRO is not necessarily tractable for general applications

1. Probability support is discrete and finite                                             

2. Loss  is piecewise concave / generalized linear model     

3.  is strongly concave                                    
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Worst-case Distribution of Wasserstein DRO

x̂1

1

2
!"

1

2
!#

x̂2

Note: ⇢ = 1
2�1 +

1
2�2 • Hedges against discrete 

distributions; [Blanchet et. al 2019, 
Gao et. al 2023] 

• For certain applications (news 
vendor, non-parametric contextual 
learning, etc), share the same 
support as empirical distribution 
[Zhang et. al 2024, Yang et. al 2026]



Central Question

Is it possible to derive a data-driven DRO model such that  
1. Its tractability applies to general loss function; 
2. Its worst-case distribution is absolutely continuous over 

the sample space.



Sinkhorn Discrepancy
W✏(P,Q) = inf

�2�(P,Q)

⇢
E(x,y)⇠� [kx� yk2] + ✏E(x,y)⇠�


log

✓
d�(x, y)

d�(x)dy

◆��

• It does not satisfy the definition of “distance” 

• Entropic regularization encourages moving each  to whole spacex ∈ supp ℙ
P Q

" = 10 " = 1 " = 0.5 " = 10�1 " = 10�2✏ = 10 ✏ = 1 ✏ = 0.5 ✏ = 0.1 ✏ = 0.01
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Sinkhorn Discrepancy
W✏(P,Q) = inf

�2�(P,Q)

⇢
E(x,y)⇠� [kx� yk2] + ✏E(x,y)⇠�


log

✓
d�(x, y)

d�(x)dy

◆��

Historical Review: 

- Originally proposed by [Wilson’ 62] 

- Convergence of algorithm for the first time by [Sinkhorn’ 64] 

- Operation complexity analysis  and practical application by [Cuturi’ 13, …]
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Main Framework

min
✓

(
sup

P: W✏(Pn,P)⇢
Ez⇠P[`(z; ✓)]

)

Sinkhorn DRO: 

W✏(P,Q) = inf
�2�(P,Q)

⇢
E(x,y)⇠� [kx� yk2] + ✏E(x,y)⇠�


log

✓
d�(x, y)

d�(x)dy

◆��

x̂1

x̂2

1

2
1

2

Empirical Distribution

x̂1

x̂2

1

2

1

2

Worst-case distribution by Sinkhorn DRO9



Comparison

x̂1

x̂2

1

2
1

2

Empirical Distribution

x̂1

x̂2

1

2

1

2

Worst-case distribution by KL DRO

x̂1

x̂21

2

! 1

2

!
Note: ⇢ = log 1/2

1/2��

x̂1

1

2
!"

1

2
!#

x̂2

Note: ⇢ = 1
2�1 +

1
2�2

Worst-case distribution by Wasserstein DRO

Worst-case distribution by Sinkhorn DRO
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2. Strong Duality and 
Related Properties
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Strong Dual Reformulation
Under mild conditions, 𝘝Primal=𝘝dual:

VPrimal = sup
P

(
Ez⇠P[`(z; ✓)] : W✏(Pn,P)  ⇢

)

VDual = inf
��0

(
�⇢̄+ Ex⇠Pn

h
�✏ logEz⇠N(x,✏I)[e

`(z;✓)/(�✏)]
i)

•  

• 𝘝dual : One-dimensional convex minimization, conditional stochastic optimization

ρ̄ = ρ + ϵ𝔼x∼ℙn
[log(∫ e−∥x−z∥2/ϵdz)]
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Recovery of Worst-case Distribution

Normalizing 
Constant

Density 
contributed by x

P⇤ = argmax
P

(
Ez⇠P[`(z; ✓)] : W✏(Pn,P)  ⇢

)

dP⇤(z)

dz
= Ex⇠Pn

h
↵x · exp

⇣`(z; ✓)
�⇤✏

� kx� zk2

✏

⌘i

• Worst-case distribution supported on whole sample space, while W-DRO is discrete
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Comparison with Wasserstein DRO

14

Strong duality for Sinkhorn DRO:

VPrimal = sup
P

(
Ez⇠P[`(z; ✓)] : W✏(Pn,P)  ⇢

)

VDual = inf
��0

(
�⇢̄+ Ex⇠Pn

h
�✏ logEz⇠N(x,✏I)[e

`(z;✓)/(�✏)]
i)



Comparison with Wasserstein DRO

Strong duality for Wasserstein DRO :(ϵ = 0)

VPrimal = sup
P

(
Ez⇠P[`(z; ✓)] : W(Pn,P)  ⇢

)

VDual = inf
��0

(
�⇢+ Ex⇠Pn

h
sup
z

�
`(z; ✓)� �kx� zk2

 i
)

Strong duality for Sinkhorn DRO:

VPrimal = sup
P

(
Ez⇠P[`(z; ✓)] : W✏(Pn,P)  ⇢

)

VDual = inf
��0

(
�⇢̄+ Ex⇠Pn

h
�✏ logEz⇠N(x,✏I)[e

`(z;✓)/(�✏)]
i)
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Comparison with Wasserstein DRO

Strong duality for Wasserstein DRO :(ϵ = 0)

VPrimal = sup
P

(
Ez⇠P[`(z; ✓)] : W(Pn,P)  ⇢

)

VDual = inf
��0

(
�⇢+ Ex⇠Pn

h
sup
z

�
`(z; ✓)� �kx� zk2

 i
)

Strong duality for Sinkhorn DRO:

VPrimal = sup
P

(
Ez⇠P[`(z; ✓)] : W✏(Pn,P)  ⇢

)

VDual = inf
��0

(
�⇢̄+ Ex⇠Pn

h
�✏ logEz⇠N(x,✏I)[e

`(z;✓)/(�✏)]
i)

Approximate 
“sup” using 

log-sum-exp 
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Comparison with KL-divergence DRO

VPrimal =

8
><

>:

sup
�x,8x

Ex⇠PnEz⇠�x [`(z; ✓)]

s.t. Ex⇠Pn

h
KL

�
�xkN(x, ✏I)

�i
 ⇢̄/✏

Pn

P

�

Worst-case	
Distribution

�(x, z) = Pn(x) · �x(z)

P(z) = 1

n

nX

i=1

�x̂i(z)
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VPrimal =

8
><

>:

sup
�x,8x

Ex⇠PnEz⇠�x [`(z; ✓)]

s.t. Ex⇠Pn

h
KL

�
�xkN(x, ✏I)

�i
 ⇢̄/✏

Comparison with KL-divergence DRO

17



3. Optimization 
Algorithms
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Monte Carlo Sampling

• Ideal formulation:

min
✓,��0

(
�⇢̄+ Ex⇠Pn

h
�✏ logEz⇠N(x,✏I)[e

`(z;✓)/(�✏)]
i)
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Monte Carlo Sampling

• Ideal formulation:

min
✓,��0

(
�⇢̄+ Ex⇠Pn

h
�✏ logEz⇠N(x,✏I)[e

`(z;✓)/(�✏)]
i)

“As long as you can sample from  and , the problem is solved”.  

                                                                                                                                                - A. Shapiro

ℙn N(x, ϵI)
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Monte Carlo Sampling

• Ideal formulation:

min
✓,��0

(
�⇢̄+ Ex⇠Pn

h
�✏ logEz⇠N(x,✏I)[e

`(z;✓)/(�✏)]
i)

“As long as you can sample from  and , the problem is solved”.  

                                                                                                                                                - A. Shapiro

ℙn N(x, ϵI)

For each  in ,  

sample  i.i.d. samples 
 from 

̂xi ℙn

m
{zi,j}m

j=1 N( ̂xi, ϵI)
min
✓

1

n

nX

i=1

�✏ log

0

@ 1

m

mX

j=1

e`(zi,j ;✓)/(�✏)

1

A
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Monte Carlo Sampling

• Ideal formulation:

min
✓,��0

(
�⇢̄+ Ex⇠Pn

h
�✏ logEz⇠N(x,✏I)[e

`(z;✓)/(�✏)]
i)

“As long as you can sample from  and , the problem is solved”.  

                                                                                                                                                - A. Shapiro

ℙn N(x, ϵI)

For each  in ,  

sample  i.i.d. samples 
 from 

̂xi ℙn

m
{zi,j}m

j=1 N( ̂xi, ϵI)
min
✓

1

n

nX

i=1

�✏ log

0

@ 1

m

mX

j=1

e`(zi,j ;✓)/(�✏)

1

A

Cons: Sample complexity is sub-optimal, O(δ−3)19



Stochastic Algorithm for Sinkhorn DRO

• Goal: 

min
✓

(
Ex⇠Pn

h
�✏ logEz⇠N(x,✏I)[e

`(z;✓)/(�✏)]
i)≜ F(θ)

• Approximation Problem: ≜ Fl(θ)

min
✓

(
E x⇠Pn,
{zj}j2[2l]⇠N(x,✏I)

2

4�✏ log

0

@ 1

2l

X

j2[2l]

e`(zj ;✓)/(�✏)

1

A

3

5
)
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Stochastic Algorithm for Sinkhorn DRO
• Approximation Problem: ≜ Fl(θ)

If converged? Sample  and x ∼ ℙn
{zj}j∈[2L] ∼ N(x, ϵI)

Generate Sample Estimate 
of  and Update∇FL(θ)

-SGD: Fix a large L ℓ ≡ L

False

min
✓

(
E x⇠Pn,
{zj}j2[2l]⇠N(x,✏I)

2

4�✏ log

0

@ 1

2l

X

j2[2l]

e`(zj ;✓)/(�✏)

1

A

3

5
)
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Stochastic Algorithm for Sinkhorn DRO

If converged?

Sample  and x ∼ ℙn
{zj}j∈[2L̂] ∼ N(x, ϵI)

SGD with Random Sampling Estimator: Adaptively Choose l

False

Sample  with 
, 

L̂
Pr(L̂ = i) = pL̂ ∝ 2−i i = 0,…, L

• Approximation Problem: ≜ Fl(θ)

min
✓

(
E x⇠Pn,
{zj}j2[2l]⇠N(x,✏I)

2

4�✏ log

0

@ 1

2l

X

j2[2l]

e`(zj ;✓)/(�✏)

1

A

3

5
)

Generate Sample Estimate of 
 and 

Update

1
pL̂

(∇FL̂(θ) − ∇FL̂−1(θ))
22



Stochastic Algorithm for Sinkhorn DRO

If converged?

Sample  and x ∼ ℙn
{zj}j∈[2L̂] ∼ N(x, ϵI)

SGD with Random Sampling Estimator: Adaptively Choose l

False

Sample  with 
, 

L̂
Pr(L̂ = i) = pL̂ ∝ 2−i i = 0,…, L

Generate Sample Estimate of 
 and 

Update

1
pL̂

(∇FL̂(θ) − ∇FL̂−1(θ))

1. This estimator is unbiased gradient estimator of FL

𝔼L̂ [ 1
pL̂

(∇FL̂(θ) − ∇FL̂−1(θ))] =
L

∑̂
L=1

pL̂ ⋅ [ 1
pL̂

(∇FL̂(θ) − ∇FL̂−1(θ))]
=

L

∑̂
L=1

[∇FL̂(θ) − ∇FL̂−1(θ)] = ∇FL̂

23



Stochastic Algorithm for Sinkhorn DRO
1. This estimator is unbiased gradient estimator of FL

2. This estimator has significantly lower cost



Stochastic Algorithm for Sinkhorn DRO

Conventional SGD:  

• Fix large , e.g.,  

• Each iteration pay  

cost to get small-biased 

gradient estimators

l ≡ L L = 10

2L ≈ 210

1. This estimator is unbiased gradient estimator of FL

2. This estimator has significantly lower cost



Stochastic Algorithm for Sinkhorn DRO

Conventional SGD:  

• Fix large , e.g.,  

• Each iteration pay  

cost to get small-biased 

gradient estimators

l ≡ L L = 10

2L ≈ 210

Random Sampling SGD 

• Iteratively sample  
according to 

 

• Each iteration pay  
cost to get small-biased 
gradient estimators

̂L

ℙ( ̂L = l) ∝ 2−l, l = 1,…, L

2 ̂L ≈ 10

1. This estimator is unbiased gradient estimator of FL

2. This estimator has significantly lower cost



Stochastic Algorithm for Sinkhorn DRO

If converged?

Sample  and x ∼ ℙn
{zj}j∈[2L̂] ∼ N(x, ϵI)

SGD with Random Sampling Estimator: Adaptively Choose l

False

Sample  with 
, 

L̂
Pr(L̂ = i) = pL̂ ∝ 2−i i = 0,…, L

Generate Sample Estimate of 
 and 

Update

1
pL̂

(∇FL̂(θ) − ∇FL̂−1(θ))

25

1. This estimator is unbiased gradient estimator of FL

2. This estimator has significantly lower cost
3. This estimator has sufficiently small variance, due to control 

variates variance reduction [Nelson, 1990]



Complexity for Solving Sinkhorn DRO

min
✓,��0

(
�⇢̄+ Ex⇠Pn

h
�✏ logEz⇠N(x,✏I)[e

`(z;✓)/(�✏)]
i)

26



Complexity for Solving Sinkhorn DRO

min
✓,��0

(
�⇢̄+ Ex⇠Pn

h
�✏ logEz⇠N(x,✏I)[e

`(z;✓)/(�✏)]
i)
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4. Numerical Study 
and Discussion
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Numerical Results (Varying )n

min
x∈ℝd

+,∑i xi=1
𝔼ℙTrue

[ − ⟨x, ξ⟩] + ϱ ⋅ ℙTrue-CVaRα( − ⟨x, ξ⟩)

28

0%

50%

100%

30 50 100 150 200 400
Sample size n

%
 o

f I
m

pr
ov

em
en

t

Method
KL−DRO
1−WDRO
1−SDRO
2−WDRO
2−SDRO



min
x∈ℝd

+,∑i xi=1
𝔼ℙTrue

[ − ⟨x, ξ⟩] + ϱ ⋅ ℙTrue-CVaRα( − ⟨x, ξ⟩)

29

Numerical Results (Varying )d

0%

50%

100%

5 10 20 40 80 100
Data Dimension d

%
 o

f I
m

pr
ov

em
en

t

Method
KL−DRO
1−WDRO
1−SDRO
2−WDRO
2−SDRO



Numerical Results
min

x∈ℝd
+,∑i xi=1

𝔼ℙTrue
[ − ⟨x, ξ⟩] + ϱ ⋅ ℙTrue-CVaRα( − ⟨x, ξ⟩)

30

• Ablation study on robust 
level  and entropic 
regularization  

• Entries at the same row 
use the same  

• Green triangle indicates 
SDRO outperforms 
WDRO under the same 

ρ̄
ϵ

ρ̄

ρ̄



Numerical Results
min

B∈ℝd×C
𝔼(x,y)∼ℙtrue[hB(x, y)], hB(x, y) = − y⊤B⊤x + log(1⊤eB⊤x) .

• Error rate for tinyImageNet dataset (90000 training samples with dimension 512):
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Numerical Results
min

B∈ℝd×C
𝔼(x,y)∼ℙtrue[hB(x, y)], hB(x, y) = − y⊤B⊤x + log(1⊤eB⊤x) .

• Ablation Study:
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Conclusion
• Sinkhorn DRO is a variant of Wasserstein DRO: 

        1. Absolutely continuous worst-case 

distribution thanks to entropic regularization; 

        2. Scalable computation by first-order method; 

        3. Connection with optimal transport and KL-

divergence. 

x̂1

x̂2

1

2
1

2

x̂1

x̂2

1

2

1

2

Random Sampling 
Estimator

Convex
Nonconvex 

Smooth

Comple
xity

Loss 
ℓ(z, ⋅ )

Õ(δ−2) Õ(δ−4)
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Related Work
• Generative Sampling for Sinkhorn DRO

• Zusen Xu, and Jia-Jie Zhu. Gradient flow sampler-based distributionally robust optimization, ICML 2026 

• Jie Wang. Iterative sampling methods for Sinkhorn distributionally robust optimization. arXiv preprint 2025 
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• Sinkhorn DRO for broader applications (AI, energy, control, …)
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• Sinkhorn DRO for broader applications (AI, energy, control, …)
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• Future direction: explore the interaction of Sinkhorn DRO and AI
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