5.3. Monday for MAT4002

5.3.1. Continuous Functions on Compact Space

Proposition 5.3 Let f: X = Y be continuous function on topological spaces, with

A C X compact. Then f(A) CY is compact.

Proof. Let {U; | i € I} be an open cover of f(A), ie.,

flAcyu, UieTy

i€l
It follows that {f~1(U;) | i € I'} is an open cover of A:
acr () -urw
i€l i€l

By the compactness of A, there exists finite subcover of A:
n
AC U f_l(uik)/
k=1

which implies the constructed finite subcover of f(A):

Corollary 5.2 1. Suppose that X is compact, and the mapping f : X — R is con-
tinuous, then f(X) is closed and bounded, i.e., there exists m, M € X such that
£(m) < F(x) < f(M), Vx € X.

2. Suppose moreover that X is connected, then



Theorem 5.2 The space X,Y are compact iff X x Y is compact under product

topology.

Proof. 1. Sufficiency: Given that X x Y is compact, consider the projection mapping
(which is continuous):
Px:XxY—=X
Py: X XY =Y

By applying proposition (5.3), Px(X x Y) = X,Py(X x Y) =Y are both compact.
2. Necessity: Suppose that {W;}cj is an open cover of X x Y. Each open set W; can
be written as:

W= |J U x Vi, UjeTxVijeTy.
jET:

It follows that

XxY= U Uij x Vij, K={(@j)lieljeJ}
(i,j)eK

Therefore, it suffices to show {U;; x V;; | (,j) € K} has a finite subcover of X x Y.

e Note that X x {y} C U jex Uij X Vjj is compact for each y € Y, which

implies there exists finite S, € K such that

X x{y}C Uusxvs

seSy

e wlo.g., assume that y € V;,Vs € S, since we can remove the Us x V; such
that y ¢ V. Define the set V), := Nses, Vs, which is an open set containing y.

We imply {V} },cy forms an open cover of Y. By the compactness of Y,

Ve Vi t

forms a finite subcover of Y.
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e Foreach/=1,...,m,

Xx{y}r< | Usx Vs

sESW

Note that for any (x,y) € X x Y, there exists £ € {1,...,m} such thaty € V,,

ie,y € Vs for Vs € Sy. Therefore,

m
XxY=J U Us x Vs

Ezlsesyé

Now pick
I'={iel] (i) €Ul,S,},

we imply X X Y = Uycp W; and I’ is finite.
|

Theorem 5.3 Suppose that X is compact, Y is Hausdorff, f : X — Y is continuous,

bijective, then f is a homeomorphism.

Proof. It suffices to show f~! is continuous. Therefore, it suffices to show (f~1)~1(V)
is closed, given that V is closed in X:

Let V C X be closed. Then V is compact, which implies f(V) is compact. Since
f(V) CY is Hausdorff, we imply f(V) is compact, i.e., f(V) is closed. |
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