15.3. Monday for MAT4002

Theorem 15.4  Let I' be a connected graph. Then n(I') is isomorphic to the free

group generated by #{E(I') \ E(T)} elements, for any maximal tree of I'.

Now we give a proof for this theorem on one special case of I':

T

Proof. e Fix an orientation for each e € E(T') \ E(T):

e Now let K be a simplicial complex with |K| =T

As aresult, E(K,b) = m1(I')

e Now we construct the group homomorphism

¢:  (a,pB,y,6) > EK,Db)
with  ¢(e) = [ba’a”b]

¢(B) = [bee’ f"b'b"' ]

¢(y) =bee’ [ f' fdc'c” f" e eb]

P(0) = [bee' [ f' fdd"d"df [’ f" e eb]
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e We can show the group homomorphism ¢ is bijective. In particular, the inverse
of ¢ is given by:

‘P: E(K’b)_) <a/ﬁl’y16>
where for any [¢] := [bvy---v,] € E(K,b), the mapping ‘P[{] is constructed by

(a) Remove all other letters appearing in ¢ except b,a’,a”,b’,b",c’,c”,d’,d"”
(b) Assign

a, «t, B B oy, v, o6, 6!

for each appearance of
ala/// a”a’, blb/l/ bl/bl/ C/CI/, C//C/, d/d//, d//d/,

respectively.

15.4. The Selfert-Van Kampen Theorem

Theorem 15.5 Let K = K7 U K> be the union of two path-connected open sets, where
K1 N K> is also path-connected. Take b € K1 N K>, and suppose the group presentations

for 7T1(K1,b),71’1(K2, b) are

m(Ky,b) = (X1 | Ry), mi(Ka,b)=(Xa|Rp).

Let the inclusions be

n:KKNKy,—>Kq, ih:K1NKy— K,

then a presentation of 71(K, b) is given by:

m(K,b) = (X1 U Xy [ Ry U Ry U{(i1)(8) = (i2)-(g) : Vg € m1 (K1 N K2, b)}).
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‘ (Here (i)« : m1(K1 N K2, b) = m1(K1,b) and (i2). : m1(K1 N K2, b) = m1(K3,b).)

= Example 15.4 1. Let K =S' A S! given by

(a) Then construct b as the intersection between two circles, and construct K, K»

as shown below:

OO =0

We can see that K7 N K> is contractible:
KK, = x ~

(b) As we have shown before, 711(S!) = Z, which follows that

m(Ky,b) = (), m(Ky,b)={(B)

Also, m1(K1 N Ka,b) = m1({b},b) = {e}.

(c) It's easy to compute (i1)x and (i2).:

(1)« 1 m(K1NKp) — m(Ky) (i2)+ 1 m(K1NKp) — m(K2)
with em—e with em—e

445



(d) Therefore, by Seifert-Van Kampen Theorem,

ﬂl(Krb) = <a/ﬁ | €= €> = ((I,ﬁ)

2. By induction,

m1(A"SY,b) = (ay, ..., an)

For instance, the figure illustration for A*S! and the basepoint b is given below:

3. (a) Construct S? = K1 U Ky, which is shown below:
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(b) It's clear that K7 and K are contractible, and therefore

m(Ky) = (BB, m(K2)=(yl|y)

and (K1 N K>) = m1(S1) = (a).

(c) Then we compute (i1). and (i2).. In particular, the mapping (i1). is defined as

(1) m(K1NKp) — mi(Ky)

with  [a] — [ (@)]

where « is any loop based at b. Since K is contractible, we imply « in K is

homotopic to ¢y, i.e.,

(i1)«([a]) = [i1(@)] = ¢,Ya € m (K1 N K2).

Similarly, (i2).([a]) = e.

(d) By Seifert-Van Kampen Theorem, we conclude that

ﬂl(Sz) = <:3/7 Iﬁ/)//e = e) = {e}

4. Homework: Use the same trick to check that 7r1(S") = {e} for all n > 2. Hint: for S3,
construct

Ki={(x1,...,xs) € 8% | x4 > -1/2}

and

Ky ={(x1,...,x4) es? | x4 <1/2}

5. (a) Consider the quotient space K = T?, and we construct K = K7 U K, as follows:

~ ¥
¥
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Therefore, we can see that Kj is contractible, and K5 is homotopy equivalent

to ST A St
> > .
4 4.4 I .
4 4 3 4 b

K,

Figure 15.2: [llustration for K, ~ ST A St

and K; N K, is homotopic equivalent to the circle:

1
IR

Sl

(b) It follows that

m(Ky) = {e}, m(K2)=(a,pB),

and m (K1 N Kp) = (y).

(c) Then we compute (i1). and (i2).. In particular, (i1). is trivial:

(il)* : 71'1([(1 N Kz) — 7T1(K1)

with  [a]— e

Then compute (ip).. In particular, for any loop y, we draw the graph for i>(y):
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Therefore,

(i2):[y] = [2(y)] = [eBa 7]

(d) By Seifert-Van Kampen Theorem, we conclude that

m(K) = (a,B|Bafa ' f =e) = (a,fl,af=Pa) =ZxZ

6. Exerise: The Klein bottle K shown in graph below satisfies 71(K) = {(a, b | aba™'b).

>

7. Consider the quotient space K = RP?. We construct K = K, U K5, which is shown

below:

(a) It's clear that K7 is contractible. In hw3, question 1, we can see that K, ~ S'.

Moreover, similar as in (5), K1 N K ~ S'.
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(b) Therefore, (K1) = {e} and m1(K2) = (@), m1(K1 N K2) = (y).
(c) It's easy to see that (i1).([y]) = e for any loop y. For any loop y, we draw the

graph for i>(y):

N ( j
\
I Hz@
i
)/

Therefore, (i2).([y]) = [i2(y)] = [@?].

(d) By Seifert-Van Kampen Theorem, we conclude that
m(K) = (@ | o= ¢) = Z/2Z = {0,1} mod
8. Let K =R?\ {2 points @, 8}. As have shown in hw3, K =~ S A S!, which implies
n1(K) = mi(ST A ST) = (@, B).

We can compute the fundamental group for K directly. Construct K = K1 UK as

follows:

2
i
e

7/’

—_—
—t

(a) It's clear that K7 = R?\ {one point} ~ S' and similarly K, ~ S'. Moreover,
K1 N K> is contractible

(b) Therefore,

m(Kp) = {a), m(K2)=(B), m(KiNKz)=/{e}
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(c) Therefore, (i1). and (i2). is trivial since m1(K1 N K3) = {e}.

(d) By Seifert-Van Kampen Theorem, we conclude that

7T1(K) = <alﬁ | €= e) = <CZIB>
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