14.3. Monday for MAT4002

14.3.1. Fundamental group of a Graph

Definition 14.3  [Graph] A graph T = (V,E) is defined by the following components:
e V is a finite or countable set, called vertex set;
e E is a finite or countable set, called edge set;

e A function 6 : E —» V xV with 6(e) = (£(e),7(e)), where £(e),7(e) is known as the

endpoints of e.

= Example 14.2 1. Let V={1},E = {e1,e3,e3}, and define §(e;) = (1,1),i = 1,2,3.

The graph (V,E) is represented below:

2. Let V={e1,ep,e3} and E = {eq,...,e¢}, and define

6(61) = (11 1)/ 6(62) = (1/2)1 6(63) = (1/2)/
6(64) = (2/ 3)1 5(65) = (2/ 3)/ 5(66) = (3/3)

The graph (V,E) is represented below (We do not care the direction of edges for

this graph):
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Definition 14.4  [Realizatin of a Graph] For a given graph I'=(V, E), construct a realization
by

{|V]| x {zero simplies} Ll |E| X {1-simplies}}/~
where the equivalence class is induced from the function §. We still call this realization of

the graph as T. .

R) In general, graphs are not simplicial complexes. But we can “sub-divide”
each edge of I into three parts such that there exists simplicial complex K

with |K| = T. For instance,
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where |K]| is a simplicial complex.
Definition 14.5 e Subgraph TV CcT: T"=(V’,E’) with V' CV and E’' C E, and

Sly:E =V xV’

e Edge path: A continous function p: [0,1] — T such that there exists n € IN satisfying

i i+1

—
n n

0 s -T

is a path along an edge of I, or a constant function on a vertex of T', for 0 <i <n—1.

r) Under the homeomorphism I' = |K|, each edge path is homotopic to

|g«| for some edge path a in the simplicial complex K. For instance,
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= |K|

[0,1/4] » E—
p: [1/41/2]> —

[1/2,3/4] » stayatl

[3/4,1] » _—

p = a = (cabcbaccdeh)

e An Edge loop is an edge path p such that p(0)=p(1)=beV.

e Embedded Edge Loop: An injective edge loop, i.e., p:[0,1] — I' such that

forxgV, p~(x)=0 or a single point.

e Tree: a connected graph T that contains no embedded edge loop p:[0,1] - T.

For instance, as shown in the figure, T; contains no edge loop, in particular, the

edge loop (a,b,a) is not embedded; T, contains embedded edge loop (a,b,c,d, a).
e Maximal Tree of a connected graph I:

— A subgraph T of T such that T is a tree.

— By adding an edge e € E(I') \ E(T) into T, the new graph is no longer a tree.

For instance, T C T shown in the figure below is a maximal tree.
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Theorem 14.5 Let I' be a connected graph, and T is a subgraph of I" such that 7 is a

tree. Then T is a maximal tree if and only if V(T) = V().

Moreover, there always exists a maximal tree for all T.

Proof Outline for second part. Construct an ordering of {vy,...,v;} C V(I'), such that for
each integer i > 2, there is an edge connecting v;.1 with some vertex in {vy,...,v;}.
Then construct 71 C 7, C ---, where T; is a tree containing vertices {vi,...,v;}. As a

result, T = U;eNT; is a maximal tree. [ |

Theorem 14.6  Let I' be a connected graph. Then n(I') is isomorphic to the free

group generated by #{E(I') \ E(T)} elements, for any maximal tree of I'.

= Example 14.3 1. The graph T C I’y shown in the figure below is a maximal tree.

Therefore, m1(I'1) = {a,b,c,d) since #{E(T1)\ E(T)} = 4.

2. The graph T C I'; shown in the figure below is a maximal tree.

Therefore, m1(I2) = {a,b,c,d) since #{E(I2) \ E(T)} = 4.
3. Note that I'y ~TI.
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