3.4. Wednesday for MAT 3040

3.4.1. Remarks for the Change of Basis
Reviewing.
e [|4:V — [F" denotes coordinate vector mapping

e Change of Basis matrix: C 4 4

e T:V—-W, A={vy,...,v,} and B={wy,..., wy}.

Homg(V, W) — M, xn(IF)

m Example 3.10 Let V = P3[x] and A = {1,x,x%,x%}.
Let T:V — V defined as p(x) — p'(x):

T(1)=0-14+0-x4+0-x*4+0-%°
T(x)=1-14+0-x+0-x24+0. x5

T(x*)=0-1+2-x+0-22+0-x°

T(x*)=0-1+0-2x+3-2>+0-x°

\

We can define the change of basis matrix for a linear transformation T as well, w.r.t.

A and A:
01 00
0 0 2 0
Can=
0O 0 0 3

0 00O

Also, we can define a different basis A’ = {x3,x2,x,1} for the output space for T, say
T: VA — VA/Z
0 0O

0 0 3
(T) a0 =
0 2 0

o o o o

1 00
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Our observation is that the corresponding coordinate vectors before and after linear

transformation admits a matrix multiplication:

(222 +42%) 5 ((4x + 124%))

0 0
(2x2 +4x%) 4 = 0 (4x +12x%) 4 = :
2 12
4 0
01 00)\(O 0
0 020]{oO 4
000 3||2 N 12
0 00 0/ \4 0
Can - (2x% +4x%) 4 = (4x + 12x%) 4
.
Theorem 3.3 — Matrix Representation. Let T: V — W be a linear transformation of

finite dimensional vector sapces. Let A, B the ordered basis of V,W, respectively.

Then the following diagram holds:

Fn Left-multiplying Fm
Tss

Figure 3.2: Diagram for the matrix reprentation, where n := dim(V) and m :=
dim (W)
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namely, forany v € V,

(T)A(v)a = (Tv)5

Therefore, we can compute Tv by matrix multiplication.

Rr) Linear transformation corresponds to coordinate matrix multiplication.

Proof. Suppose A= {vy,...,v,} and B = {wy,...,w,}. The proof of this theorem fol-

lows the same procedure of that in Theorem (3.1)

1. We show this result for v = v; first:

061]‘
LHS = [ai]‘]e]' =
Oén]'
0(1]'
m
RHS = (Tv))p = <Zﬂéijwi> =
i=1 B
D(n]'

2. Then we show the theorem holds for any v := ), r;v; in V:

(T)Ba(©)a=(T)Ba (i r]-v]) (3.8a)
j=1 A
= (T)Ba (ih’(%‘)A) (3.8b)
j=1
= irj(T)BA(”j)A (3.8¢)
j=1
= irj(T'Uj)B (3.8d)

B

j=1
j=1 B
= (T’())B (3.8g)



The justification for (3.8a) is similar to that shown in Theorem (3.1). The proof is

complete.

) Consider a special case for Theorem (3.3), i.e., T =id and A, A" are two
ordered basis for the input and output space, respectively. Then the result in
Theorem (3.3) implies

Caa(v)a=(v)a

i.e., the matrix representation theorem (3.3) is a general case for the change

of basis theorem (3.1)

Proposition 3.6 — Functionality. Suppose V,W,U are finite dimensional vector spaces,

and let A, B,C be the ordered basis for V, W, U, respectively. Suppose that
T:V—-W, S:W—=U

are given two linear transformations, then
(SoT)e,a=(S)cs(T)s,A

Composition of linear transformation corresponds to the multiplication of change

of basis matrices.

Proof. Suppose the ordered basis A = {vy,...,0,}, B={w,...,wy}, C = {uy,...,u,}.
By defintion of change of basis matrices,

T(vj) =) (Tp,a)ijwi

1

S(wi) =Y (Sc,5)kithx
p
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We start from the j-th column of (So T)¢ 4 for j=1,...,n, namely

(SoT)ca(vj)a=(SoT(v)))c (3.92)
= [S @) (Z(TB,A)ijwi)] (39b)

i c
= Z(TB,A)ij (S(wi))c (3.90)

=Y (Ts,4)ij (Z(SC,B)kiuk> (3.9d)
i k C

= ;Z(SC,B)ki(TB,A)ij(uk)C (3.9e)
= Z Se,5T5,4)kj(ur)c (3.96)

Zk: Se,8TB,4)kjek (3.9g)
= j-th column of [S¢pTg, 4] (3.9h)

where (3.9a) is by the result in theorem (3.3); (3.9b) and (3.9d) follows from definitions
of T(v;) and S(w;); (3.9c) and (3.9e) follows from the linearity of C; (3.9f) follows from
the matrix multiplication definition; (3.9g) is because (uy)c = é.

Therefore, (So T)c4 and (S¢ 3)(Tp.4) share the same j-th column, and thus equal

to each other. [}

Corollary 3.2 Suppose that S and T are two identity mappings V — V, and consider

(S) a4 and (T) 4 4 in proposition (3.6), then

(SoT)a,a = (S)aa(T)an
Therefore,
Identity matrix = C 4 4C4
Proposition 3.7 Let T:V — W with dim(V) = n,dim(W) = m, and let
e A, A’ be ordered basis of V

e BB, be ordered basis of W
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then the change of basis matrices admit the relation

(T)g,a =Cp s(T)B,AC AN (3.10)

Here note that (T)p 4, (T)p,4 € F™*"; Cp g € F™*™; and C g4 € F"*".

Proof. Let A= {vy,...,0,}, A" = {v],...,v,,}. Consider simplifying the j-th column for
the LHS and RHS of (3.10) and showing they are equal:

LHS = (T)B/,A/e]-
= (T)p,a (V)

= (T’D})B/

RHS = Cp/ 3(T)B,4Can€]
= Cp,5(T)5.ACa (V)
=Cp,5(T)5.4(v}) 4
=Cp5(T7))5

= (Tv))p

R) Let T:V — V be a linear operator with A, A’ being two ordered basisof V,

then

(T) s = Car, A(T) 4aCaw = (Caar) N(T) 4aCos v

Therefore, the change of basis matrices (T) 44 and (T) 44 are similar to each

other, which means they share the same eigenvalues, determinant, trace.

Therefore, two similar matrices cooresponds to same linear transformation

using different basis.
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