
Chapter 1

Week1

1.1. Monday for MAT3040

1.1.1. Introduction to Advanced Linear Algebra

Advanced Linear Algebra is one of the most important course in MATH major, with

pre-request MAT2040. This course will offer the really linear algebra knowledge.

What the content will be covered?.

• In MAT2040 we have studied the space R
n; while in MAT3040 we will study the

general vector space V.

• In MAT2040 we have studied the linear transformation between Euclidean spaces,

i.e., T : R
n ! R

m; while in MAT3040 we will study the linear transformation from

vector spaces to vector spaces: T : V ! W

• In MAT2040 we have studied the eigenvalues of n ⇥ n matrix AAA; while in

MAT3040 we will study the eigenvalues of a linear operator T : V ! V.

• In MAT2040 we have studied the dot product xxx · yyy = Ân
i=1 xiyi; while in MAT3040

we will study the inner product hvvv1,vvv2i.

Why do we do the generalization?. We are studying many other spaces, e.g., C(R)

is called the space of all functions on R, C•(R) is called the space of all infinitely differ-

entiable functions on R, R[x] is the space of polynomials of one-variable.
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⌅ Example 1.1 1. Consider the Laplace equation D f = 0 with linear operator D:

D : C•(R3)! C•(R3) f 7! ( ∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2 ) f

The solution to the PDE D f = 0 is the 0-eigenspace of D.

2. Consider the Schrödinger equation Ĥ f = E f with the linear operator

Ĥ : C•(R3)! R
3, f !

h
�h̄2

2µ r2 + V(x,y,z)
i

f

Solving the equation Ĥ f = E f is equivalent to finding the eigenvectors of Ĥ. In

fact, the eigenvalues of Ĥ are discrete.

⌅

1.1.2. Vector Spaces

Definition 1.1 [Vector Space] A vector space over a field F (in particular, F = R or C)

is a set of objects V equipped with vector addiction and scalar multiplication such that

1. the vector addiction + is closed with the rules:

(a) Commutativity: 8vvv1,vvv2 2 V, vvv1 + vvv2 = vvv2 + vvv1.

(b) Associativity: vvv1 + (vvv2 + vvv3) = (vvv1 + vvv2) + vvv3.

(c) Addictive Identity: 9000 2 V such that 000 + vvv = vvv, 8vvv 2 V.

2. the scalar multiplication is closed with the rules:

(a) Distributive: a(vvv1 + vvv2) = avvv1 + avvv2,8a 2 F and vvv1,vvv2 2 V

(b) Distributive: (a1 + a2)vvv = a1vvv + a2vvv

(c) Compatibility: a(bvvv) = (ab)vvv for 8a,b 2 F and bbb 2 V.

(d) 0vvv = 000, 1vvv = vvv.

⌅

Here we study several examples of vector spaces:
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⌅ Example 1.2 For V = F
n, we can define

1. Addictive Identity:

000 =

0

BBBB@

0
...

0

1

CCCCA

2. Scalar Multiplication:

a

0

BBBB@

x1
...

xn

1

CCCCA
=

0

BBBB@

ax1
...

axn

1

CCCCA

3. Vector Addiction: 0

BBBB@

x1
...

xn

1

CCCCA
+

0

BBBB@

y1
...

yn

1

CCCCA
=

0

BBBB@

x1 + y1
...

xn + yn

1

CCCCA

⌅

⌅ Example 1.3 1. It is clear that the set V = Mn⇥n(F) (the set of all m⇥ n matrices)

is a vector space as well.

2. The set V = C(R) is a vector space:

(a) Vector Addiction:

( f + g)(x) = f (x) + g(x),8 f , g 2 V

(b) Scalar Multiplication:

(a f )(x) = a f (x),8a 2 R, f 2 V

(c) Addictive Identity is a zero function, i.e., 000(x) = 0 for all x 2 R.

⌅
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Definition 1.2 A sub-collection W ✓ V of a vector space V is called a vector subspace

of V if W itself forms a vector space, denoted by W  V. ⌅

⌅ Example 1.4 1. For V = R
3, we claim that W = {(x,y,0) | x,y 2 R}  V

2. W = {(x,y,1) | x,y 2 R} is not the vector subspace of V.

⌅

Proposition 1.1 W ✓ V is a vector subspace of V iff for 8www1,www2 2 W, we have awww1 +

bwww2 2 W, for 8a, b 2 F.

⌅ Example 1.5 1. For V = Mn⇥n(F), the subspace W = {A 2 V | AAAT = AAA}  V

2. For V = C•(R), define W = { f 2 V | d2

dx2 f + f = 0}  V. For f , g 2 W, we have

(a f + bg)00 = a f 00 + bg00 = a(� f ) + b(�g) = �(a f + bg),

which implies (a f + bg)00 + (a f + bg) = 0.

⌅
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