1.5. Wednesday for MAT3006

Reviewing.
e Normed Space: a norm on a vector space
e Metric Space

e Open Ball

1.5.1. Convergence of Sequences

Since R" and C|a, b] are both metric spaces, we can study the convergence in R” and

the functions defined on [a,b] at the same time.

Definition 1.14 [Convergence] Let (X,d) be a metric space. A sequence {x,} in X is

convergent to x if Ve > 0, there exists N € IN such that
d(x,,x) <eVn>N.
We can denote the convergence by

Xp —x, or limx,=x, or limd(x,x)=0
n—oo n—oo

Proposition 1.10  If the limit of {x, } exists, then it is unique.
r) Note that the proposition above does not necessarily hold for topology spaces.
Proof. Suppose x, — x and x, — y, which implies

0<d(x,y) <d(x,x,)+d(xny),Vn

Taking the limit n — oo both sides, we imply d(x,y) =0, i.e,, x =y. [ ]
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» Example 1.16 1. Consider the metric space (R¥,do) and study the convergence

lim x, = x <= lim <max | %0, — xi|> =0
n—r0o n—oo \ j=1...k
< lim |x,, — x| =0,Vi=1,... .k
n— 00

< lim x,, = x;,
n—oo

i.e., the convergence defined in do is the same as the convergence defined in d;.

2. Consider the convergence in the metric space (C[a,b],dw):

i = f = lim (max|fy(x) ~ £()] ) =0

n—00 n—oo \ [a,b

<= Ve > 0,Vx € [a,b],3N; such that |f,(x) — f(x)| <& Vn > N,

which is equivalent to the uniform convergence of functions, i.e., the convergence

defined in d,.

Definition 1.15  [Equivalent metrics] Let d and p be metrics on X.

1. We say p is stronger than d (or d is weaker than p) if
3K > 0 such that d(x,y) < Kp(x,y),Vx,y € X
2. The metrics d and p are equivalent if there exists K1, Ky > 0 such that

d(x,y) < Kip(x,y) < Kad(x,y)

Rr) The strongerness of p than d is depiected in the graph below:
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Figure 1.4: The open ball (B,(x),p) is contained by the open ball (Bk,(x),d)

For each x € X, consider the open ball (B,(x),p) and the open ball (Bg,(x),d):

B(x) ={ylp(xy) <r}, Bir(x)={z|d(x,z) <Kr}.

For y € (B,(x),p), we have d(x,y) < Kp(x,y) < Kr, which implies y € (Bg,(x),d),
ie, (B;(x),p0) C (Bkr(x),d) for any x € X and r > 0.

m Example 1.17 1. dy,d>,ds in R" are equivalent

di(x,y) < de(x,y) < ndi(x,y)
da(x,y) < des(x,y) < Vnda(x,y)

We use two relation depiected in the figure below to explain these two inequalities:
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Figure 1.5: The diagram for the relation (Bj(x),d1) C (Bs(x),ds) C (B2(x),d1) on
R2
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Figure 1.6: The diagram for the relation (B1(x),d2) C (Beo(x),dw) € (B, 5(x),d2) on
]RZ

It's easy to conclude the simple generalization for example (1.16):

Proposition 1.11  If d and p are equivalent, then

r}i_l)l(}od(xn,x) =0 r}i_r)gop(xn,x) =0

23



Note that this does not necessarily hold for topology spaces.

2. Consider dy,d in Cla,b]:

4(f,8):= [ If - sldx< [ suplf - gldx= (b~ a)du(f.2),

[a,b]

i.e., de is stronger than dq. Question: Are they equivalent? No.

Justification. Consider f,(x) = n?x"(1 — x). Check that

lim dq(fu(x),1) =0, butde(fu(x),1) = oo

n—oo

The peak of f, may go to infinite, while the integration converges to zero.
Therefore d; and do have different limits. We will discuss this topic at Lebsegue

integration again. [ |

1.5.2. Continuity

Definition 1.16  [Continuity] Let f: (X,d) — (Y,d) be a function and xp € X. Then f

is continuous at xg if Ve > 0, there exists 6 > 0 such that

d(x,x0) <6 = p(f(x),f(x0)) <e

The function f is continuous in X if f is continuous for all xg € X. .

Proposition 1.12  The function f is continuous at x if and only if for all {x,} — x

under d, f(x,) — f(x) under p.
Proof. Necessity: Given € > 0, by continuity,
d(x,x') <6 = p(f(x),f(x)) <e. (1.3)

Consider the sequence {x,} — x, then there exists N such that d(x,,x) < é for ¥n > N.

By applying (1.3), p(f(xx), f(x)) < e for Vn > N, i.e., f(x,) — f(x).
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Sufficiency: Assume that f is not continuous at x, then there exists ¢y such that for

On = %, there exists x, such that

d(xp,x) < 6y, but p(f(xn), f(x)) > €.

Then {x,} — x by our construction, while {f(x,)} does not converge to f(x), which

is a contradiction. [ ]

Corollary 1.2 If the function f: (X,d) — (Y,p) is continuous at x, the function g :

(Y,p) — (Z,m) is continuous at f(x), then go f:(X,d) — (Z,m) is continuous at x.

Proof. Note that

{xn} —x g {f(xn)} = f(x) g {g(f(xn))} — g(f(x)) g>gof is continuous at x.

where (a), (b), (c) are all by proposition (1.12). |

1.5.3. Open and Closed Sets

We have open/closed intervals in IR, and they are important in some theorems (e.g,

continuous functions bring closed intervals to closed intervals).

Definition 1.17  [Open] Let (X,d) be a metric space. A set U C X is open if for each
x € U, there exists o, > 0 such that B, (x) C U. The empty set @ is defined to be open.

I m Example 1.18 Let (IR,d, or ds) be a metric space. The set U = (a,b) is open. =

Proposition 1.13 1. Let (X,d) be a metric space. Then all open balls B,(x) are open

2. All open sets in X can be written as a union of open balls.

Proof. 1. Lety € B,(x), ie.,, d(x,y) :=q < r. Consider the open ball B(,_,),>(y). It
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suffices to show B(,_,) /> (y) € B,(x). For any z € B(,_g)2(y),

r—q _r+q
2 2

d(x,z) <d(x,y) +d(y,z) <q+ <r.

The proof is complete.
. Let U C X be open, i.e., for Vx € U, there exists ¢x > 0 such that B, (x) C U.
Therefore

{x} C B, (x) CUVxelU

which implies

u=J{x}< UB.(x)CU,

xel xel

ie., U= UyeyBe, (x).
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