11.5. Wednesday for MAT3006

Proposition 11.11 — Linearity. If f,g are both integrable, then f + g and «f are

integrable with

[ sgam=[ rams [ gam
afdm=a dm aelR
Jeram=a[1

Proof. 1. Construct
(f+e) = (f+g) =f+g=(f"-f)+(g"-¢) = (f+g) +[ +g =(f+g) +[ +g"

Since both sides for the equality above is non-negative, we do the Lebesgue

integral both sides:

/((f+g>+ +f‘+g‘)dm=/((f+g)‘ 1+ gh)dm.

Due to the linearity of Lebesgue integral for non-negative functions,

/(f+g)+dm+/f_dm+/g_dm=/(f+g)_dm+/f+dm+/g+dm
ie.,
[ soan= [ rams [gan

2. Assume a < 0. Then

[@ndn= [@ryan- [@ran
- [carrdn= [arsdn
= (-a) / fdm - (~a) / £rdm
o fron
—a / Fdm
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The proof for the case @ > 0 follows similarly.

11.5.1. Properties of Lebesgue Integrable Functions
Corollary 11.2 Suppose that f,g are integrable, then

1. If f <g, then ffdmsfgdm
2. If f=g a.e, then ffdm:fgdm

Proof. 1. Since g— f >0, f(g—f)dm > dem = 0. By linearity, fgdm—ffdm >0,

/gdmz/fdm.

2. The proof follows similarly as in proposition (11.4). In detail, let U = {x | f(x) =

ie.,

g(x)}, then m(U) = 0. It follows that
/fXUC dm = /f+XUc dm + /f_XUc dm=0

Similarly, f gXyedm = 0. Therefore,

/fdmz/fXUdm+/fXU<rdm
=/gXUdm
_ / eXydm + / ¢Xye dm
=/gdm

1. Consider the set of integrable functions, say 7 = { f : R — [—o0, 00], integrable},

which is a vector space if we define 0 := zero function.
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We can define a “norm” on f € 7 by

171l = / |l dm

then [l f| = ||l fIl and [|f +gll < [I£1l + llg]l-

Unfortunately, we should keep in mind that 7 is not a normed space,
since there exists f # 0 such that || f|| =0, e.g., f = Xo.

. To remedy this, define the equivalence relationon 7: f ~ g if f =g a.e.
The equivalence classes of 7 under ~ are of the form [f]:={g: g~ f}.

Denote the collection of equivalence classes as L!(R) := 7/~.

(a) It's clear that L(IR) has a vector space structure

[f1+ gl =1f +¢l
alf]=laf]

(b) The space LY(R) can be viewed as a quotient space defined in linear

algebra. Consider a vector subspace N of 7~ defined by
N:={geT |g=0ae.}

then 7/~=T/N.
(c) We define a norm on LY(R) by ||[f]|| = / | f|dm, which is truly a

norm:

el A1l = lellILA1
AT+ Lelll < LA+ 11T

||[f]||=0<=>/|f|dm=0<=>f=0a.e.<=>[f]=OL1(1R)

Similarly, we can study Lz(]R), ...,LP(R), e.g., for L*(R) = {fR—
[—co0,00] | f|f|2dm < 0o} /N, define the norm

1l = ( / £ dm)12
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= Example 11.10 There exist some improper Riemann integrable functions that are not

Lebesgue integrable: Consider f = 3", %/\’[k,kﬂ), then the improper Riemann integral

gives
/oof()d log(2) =1 1+1
X n = =] - = — = o000
; & 273
However, f is not Lebesgue integrable. Suppose on the contrary that it is , then | f]| is
integrable:
= 1
|fl = Z mX[k,kH)
k=0
However,

C 1
/Ifldm = lim /(_X[k,k+1)) dm
n—>ookZ:0 k+1

We will also show that all the proper Riemann integrable functions are Lebesgue

integrable (and the integrals have the same value) .

Theorem 11.3 — MCT Il. Let {f,,} be a sequence of integrable functions such that

1. fu < fue1 ace.

2. supnff,,dm < o0

Then f,, converges to an integrable function f a.e., and

[ ram=tim [ 5,dm

Proof. Re-define f, by changing its values on a null set such that

1. fa(x) €R, for any x € R
2. fu(x) < fus1(x) forany ne R,x e R

Let f(x) =lim,— f(x). Consider the sequence of functions {f, — fi}nen, then

1 fi—fi20
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2. fa — fi is monotone increasing, integrable
3. fh-h—rf-h

Applying MCT I gives

[ syan=tim [, s)dm

Adding f fidm and applying the linearity of integrals, we obtain

Jo=soams [ siam=tim [~ fams [ fidm=1tim [ fdn

Here limn_m/fn dm exists as limn_mffn dm = supn/fn dm < o0; and f(f - fi)dm +
f fidm is integrable since it equals lim,,_,« f fndm < co.

Therefore,

LHS:/fdm:RHS:Iim/fndm.

The proof is complete. u

340



	Acknowledgments
	Notations
	Wednesday for MAT3006
	Properties of Lebesgue Integrable Functions



