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SUMMARY

In this thesis, we develop computationally efficient algorithms with statistical guarantees
for problems of decision-making under uncertainty, particularly in the presence of large-
scale, noisy, and high-dimensional data. In Chapter 2, we propose a kernelized projected
Wasserstein distance for high-dimensional hypothesis testing, which finds the nonlinear
mapping that maximizes the discrepancy between projected distributions. In Chapter 3, we
provide an in-depth analysis of the computational and statistical guarantees of the kernelized
projected Wasserstein distance. In Chapter 4, we study the variable selection problem in
two-sample testing, aiming to select the most informative variables to determine whether
two datasets follow the same distribution. In Chapter 5, we present a novel framework
for distributionally robust stochastic optimization (DRO), which seeks an optimal decision
that minimizes expected loss under the worst-case distribution within a specified set. This
worst-case distribution is modeled using a variant of the Wasserstein distance based on
entropic regularization. In Chapter 6, we incorporate Phi-divergence regularization into the
infinity-type Wasserstein DRO, which is a formulation particularly useful for adversarial
machine learning tasks. Chapter 7 concludes with an overview of promising future research

directions.
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CHAPTER 1
INTRODUCTION

Problems of decision making under uncertainty frequently occur in real-life applications,
such as industrial engineering, computer science, and management. The existing literature
proposed to formulate, analyze and solve these problems through the lens of optimization,
in which they assume that the input optimization parameters can be obtained or estimated
accurately from the data. However, this is not usually the case in the era of Big Data. Big
data formulations usually contain a large amount of uncertain parameters such that the
estimated ones may not be representative of the ground truth. Strategies solely based on
naively estimated parameters may have poor out-of-sample performance. Even worse, they
can be risky or unethical and lead to severe consequences. Therefore, it is important to
establish reliable decision-making modeling to handle data uncertainty due to measurement
error, insufficient sample size, contamination, anomalies, or model misspecification.

In this thesis, we propose solutions to address this challenge in various decision-making
problems with large-scale, noisy, and high-dimensional data. On the one hand, we focus on
developing computationally efficient methodologies through the lens of modern optimization
techniques. On the other hand, we provide strong performance guarantees for the proposed
modeling using tools from statistics.

In Chapter 2, we consider the problem of two-sample testing: given two sets of samples,
aiming to determine whether they are from the same distribution. We propose a kernel
projected Wasserstein distance (KPW) to develop a new two-sample test, which operates
by finding the nonlinear mapping in the data space which maximizes the distance between

projected distributions. Specially,

(I) We develop a computationally efficient algorithm for computing the KPW distance. By

developing a representer theorem, we reformulate the problem as a finite-dimensional



optimization and employ a block coordinate descent algorithm that is guaranteed to

find an e-stationary point with complexity O(e=3).

(I To quantify the false detection rate, which is essential in setting the detection threshold,
we develop non-asymptotic bounds for empirical KPW distance, and therefore demon-

strate our proposed two-sample test efficiently circumvents the curse of dimensionality.

In Chapter 3, we study a special class of the KPW distance in which the data is pro-
jected into one dimension — termed the kernel max-sliced (KMS) Wasserstein distance.
We establish sharp statistical and computational guarantees for this distance, which have
practical implications for applications such as hypothesis testing, generative modeling, and

distributionally robust optimization. Specifically:

(I) We provide a non-asymptotic estimate on the KMS p-Wasserstein distance between two
empirical distributions based on n samples, referred to as the finite-sample guarantees.
Our result shows that when the samples are drawn from identical populations, the
rate of convergence is n~'/(??) which is dimension-free and optimal in the worst case

scenario.

(II) We analyze the computation of KMS 2-Wasserstein distance between two empirical
distributions based on n samples. First, we show that computing this distance exactly
is NP-hard. Consequently, we are prompted to propose a semidefinite relaxation (SDR)

as an approximate heuristic with various guarantees.

* We develop an efficient first-order method with biased gradient oracles to solve
the SDR, the complexity of which for finding a -optimal solution is O (n3673).
In comparison, the complexity of the interior point method for solving SDR is

O(n®%) [25].

* We derive theoretical guarantees for the optimal solutions from the SDR. We

show that there exists an optimal solution from SDR that is at most rank-k, where



k= 14 [\/2n+9/4 — 3/2], whereas computing the KMS distance exactly
requires a rank-1 solution. We also provide a corresponding rank reduction
algorithm designed to identify such low-rank solutions from the pool of optimal

solutions of SDR.

In Chapter 4, we consider the variable selection problem for two-sample tests, aiming to

select the most informative variables to determine whether two collections of samples follow

the same distribution. Our approach involves maximizing a variance-regularized kernel

maximum mean discrepancy (MMD) statistic, which in turn approximately maximizes

testing power. We focus on three kernel types: linear, quadratic, and Gaussian. Specifically:

@

1)

From the computational perspective, we leverage mixed-integer programming tech-
niques to solve the MMD optimization problem for variable selection. For linear
kernel, we reformulate the optimization as an inhomogeneous quadratic maximiza-
tion with /5 and ¢y norm constraints (see Section 4.4.1), called Sparse Trust Region
Subproblem (STRS). Despite its NP-hardness, we provide an exact mixed-integer
semi-definite programming formulation together with exact and approximation algo-
rithms for solving this problem. To the best of our knowledge, this study is new in
the literature. For quadratic and Gaussian kernels, the MMD optimization becomes a
sparse maximization of a non-concave function (see Section 4.4.1), which is intractable
in general. We propose a heuristic algorithm that iteratively optimizes a quadratic

approximation of the objective function, which is also a special case of STRS.

From the statistical perspective, we derive the rate of testing power of our framework
under appropriate conditions. We demonstrate that when the training sample size nr, is

/ 2, where n, denotes the

sufficiently large, the type-II error decays in the order of n}el
testing sample size. For the three focused types of kernels, the training sample size re-
quirement is almost independent of the data dimension D but dependent on the number

of selected variables d: For linear, quadratic, and Gaussian kernels, to achieve satisfac-



(I10)

tory performance, the training sample sizes are at least 2(d*log 2, Q(d"log £), and

Q(dlog &), respectively.

By combining both viewpoints, it becomes evident that there exists a balance between
computational tractability and statistical guarantees. While the Gaussian kernel requires
a smaller sample size to be statistically powerful, the corresponding MMD optimization
is challenging. Conversely, the linear or quadratic kernel may require more samples to

be statistically powerful, but the optimization is easier to solve.

In Chapter 5, we consider the distributionally robust stochastic optimization (DRO)

problem: aiming to find a robust optimal decision that minimizes the expected loss under the

most adverse distribution within a given set of relevant distributions, called the ambiguity

set. We propose a new framework for this problem by constructing the ambiguity set using

Sinkhorn distance — a variant of Wasserstein distance based on entropic regularization.

Specifically,

@

1)

(III)

We derive a strong duality reformulation for Sinkhorn DRO when the nominal distribu-
tion is any arbitrary distribution. The Sinkhorn dual objective smooths the maximiza-
tion subproblem in the Wasserstein dual objective, and converges to Wasserstein dual

objective as the entropic regularization parameter goes to zero.

As a byproduct of our duality proof, we characterize the worst-case distribution of
the Sinkhorn DRO, which is absolutely continuous with respect to some reference
measures such as Lebesgue or counting measure. Compared with Wasserstein DRO,
the worst-case distribution of Sinkhorn DRO is not necessarily finitely supported even
when the nominal distribution is a finitely supported distribution. This indicates that

Sinkhorn DRO is a more flexible modeling choice for many applications.

On the algorithmic aspect, we propose and analyze an efficient stochastic mirror

descent method using biased gradient oracles with bisection search for solving the



Sinkhorn DRO problem. By adequately balancing the trade-off between bias and
variance of stochastic gradient estimators with low computation cost, we show the
proposed algorithm achieves computation cost O(6~?) and memory cost O(6~2) for
finding 9-optimal solution for convex loss, and the computation cost improves to 0(5 —2)
for convex and smooth loss. Compared with Wasserstein DRO, the dual problem of
Sinkhorn DRO is computationally tractable for a broader class of loss functions, cost

functions, nominal distributions, and probability support.

In Chapter 6, we incorporate ¢-divergence regularization, which includes entropic
regularization as a special case, into the co-type Wasserstein DRO formulation. The oco-type
Wasserstein DRO has important connections with the adversarial robsut machine learning
approach. We demonstrate several notable properties of this new formulation, as summarized

below:

() The dual formulation of the regularized oco-type Wasserstein DRO is a variant of
optimized certainty equivalent (OCE) risk measure studied in [26]. It can also be
interpreted as a smooth approximation of the pointwise maximization of the loss
function over a compact set. The worst-case distribution that corresponds to the
regularized oo-type Wasserstein DRO is also derived. In contrast to the un-regularized
formulation that deterministically transports each data to its extreme perturbation,
the worst-case distribution of our formulation transports each data towards the entire
domain set through specific absolutely continuous distributions. This observation
indicates that our formulation is well-suited for adversarial defense where the data
distribution after adversarial attack manifests as absolutely continuous, such as through

the addition of white noise to the data.

(IT) We adopt the idea of stochastic approximation to solve our reformulation by iteratively
obtaining a stochastic gradient estimator and next performing projected gradient update.

To tackle the difficulty that one cannot obtain the unbiased gradient estimator, we



introduce and analyze stochastic gradient methods with biased oracles inspired from
Hu et al. [155]. Our proposed algorithm achieves O(e~2) sample complexity for finding
e-optimal solution for convex loss and general choices of ¢-divergence, and (5(6*4)
sample complexity for finding e-stationary point for nonconvex loss and KL-divergence.

These sample complexity results are near-optimal up to a near-constant factor.

(IIT) We derive several statistical properties of our proposed formulation. First, we ana-
lyze the regularization effects of our formulation and show that it is asymptotically
equivalent to regularized ERM formulations under three different scalings of the regu-
larization parameter and the robustness level. Second, we investigate the generalization
properties of our adversarial training framework. In particular, the optimal value of
the optimization with empirical data acts as a confidence upper bound for its popu-
lation counterpart, with only a negligible residual error. We further derive specific

generalization error bounds for both linear and neural network function classes.



CHAPTER 2
KERNEL PROJECTED WASSERSTEIN DISTANCE WITH APPLICATIONS TO
HYPOTHESIS TESTING

In this chapter, we develop a kernel projected Wasserstein distance for the two-sample test,
an essential building block in statistics and machine learning: given two sets of samples, to
determine whether they are from the same distribution. This method operates by finding
the nonlinear mapping in the data space which maximizes the distance between projected
distributions. In contrast to existing works about projected Wasserstein distance, the pro-
posed method circumvents the curse of dimensionality more efficiently. We present practical
algorithms for computing this distance function together with the non-asymptotic uncer-
tainty quantification of empirical estimates. Numerical examples validate our theoretical
results and demonstrate good performance of the proposed method. This work is mainly

summarized in [307].

2.1 Background

As a fundamental problem in statistical inference [331], two-sample hypothesis testing aims
to determine whether two sets of samples come from the same distribution or not. This
problem has broad applications in scientific discovery fields. For example, it can be applied
in anomaly detection [3, 66, 264] to identify abnormal observations that follow a distinct
distribution compared with typical observations. Similarly, in change-point detection [252,
322, 323], two-sample testing is essential to detect abrupt changes in streaming data. Other
notable examples include model criticism [36, 79, 204], causal inference [206], and health
care [266].

Parametric or low-dimensional testing scenarios have been the main focus in classical

literature. When extra knowledge about the data distributions is available, one can design



parametric tests, such as Hotelling’s two-sample test [149], Student’s t-test [248], etc. Non-
parametric two-sample tests are more attractive when the exact parametric form of the data
distributions is hard to specify. It is popular to design non-parametric tests using integral
probability metrics, since the evaluation of the corresponding test statistics can be obtained
based on samples without knowing the densities of data distributions. Some earlier works
design tests using Kolmogorov-Smirnov distance [216, 254], total variation distance [141],
and Wasserstein distance [93, 256]. However, it is not proper to use these tests for high-
dimensional settings since the sample complexity for estimating those distance functions
based on empirical samples suffers from the curse of dimensionality.

There is a strong need for developing non-parametric tests for high-dimensional data,
especially for modern applications. A notable contribution is the two-sample test based
on Maximum Mean Discrepancy (MMD) [76, 138, 139]. Although the power of MMD
test with the median choice of kernel bandwidth decays quickly when the dimension of
distributions increases [257], this test with properly chosen bandwidth does not have the
curse of dimensionality issue for low-dimensional manifold data as pointed out in [76].
Unfortunately, the MMD test with optimized bandwidth still does not demonstrate good
testing power for the small-sampled case as demonstrated numerically in this paper. In
addition, recent works [306, 322] leverage the idea of dimensionality reduction for dealing
with high-dimensional settings, which use the projected Wasserstein distance as the test
statistic, i.e., the test statistic works by finding the linear projector such that the distance
between projected distributions is maximized. However, a linear projector may not serve
as an optimal design for maximizing the power of tests as demonstrated numerically in
Section 2.5.

In this paper, we present a new non-parametric two-sample test statistic aiming for the
high-dimensional setting based on a kernel projected Wasserstein (KPW) distance, with
a nonlinear projector based on the reproducing kernel Hilbert space (RKHS) designed to

optimize the test power via maximizing the probability distance between the distributions



after projection. In addition, our contributions include the following:

* We develop a computationally efficient algorithm for evaluating the KPW using a
representer theorem to reformulate the problem into a finite-dimensional optimization
problem and a block coordinate descent optimization algorithm which is guaranteed

to find an e-stationary point with complexity O (¢73).

* To quantify the false detection rate, which is essential in setting the detection threshold,
we develop non-asymptotic bounds for empirical KPW distance based on the covering

number argument.

* We present numerical experiments to validate our theoretical results as well as demon-
strate the competitive performance of our proposed test using both synthetic and real

data.

Related Work. It is helpful to understand the structure of high-dimension distributions
by low-dimensional projections. Notable methodologies include the principal component
analysis (PCA) [171], kernel PCA [268], factor analysis [91], etc. Several works leverage
this idea to design tests for high-dimensional data. [228] and [322] first design tests by
finding the worst-case linear projector that maximizes the distance between projected sample
points in one dimension. Later [199] and [306] naturally extend this idea by developing a
projector that maps sample points into d dimensional linear subspace with d > 1, called
projected Wasserstein distance. Efficient optimization algorithms and statistical properties
of this distance have been investigated in recent works [163, 201]. However, a linear
projector cannot efficiently capture features from data with nonlinear patterns, limiting the
performance of tests mentioned above for practical applications. It is therefore promising
to use nonlinear dimensionality reduction for two-sample testing. Although nonlinear
projectors can be obtained using neural networks [130], the sample complexity of the
corresponding test statistic will have slow convergence rates since the neural network

function class usually has high complexity in terms of the covering number. Recently kernel
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method has been demonstrated to be beneficial for understanding data [60, 150, 172, 223]
because of sharp sample complexity rate, low computational cost, and flexible representation
of features. This fact motivates us to use a nonlinear projector based on kernels to design tests.
Compared with the linear projector, computing the corresponding statistic and analyzing
its performance is more challenging since the function space cannot be parameterized by
finite-dimensional coefficients. We leverage the kernel trick to finish these two parts.

The remaining of this paper is organized as follows. Section 2.2 introduces some pre-
liminary knowledge on two-sample testing and related probability distances, Section 2.3
outlines a practical algorithm for computing KPW distance, Section 2.4 studies the uncer-
tainty quantification of empirical KPW distance, Section 2.5 demonstrates some numerical

experiments, and Section 2.6 presents some concluding remarks.

2.2 Problem Setup

Let 2™ := {x;}I; and y™ := {y;}*, be i.i.d. samples generated from distributions x and v
supported on R”, respectively. Our goal is to design a two-sample test which, given samples
2™ and y™, decides to accept the null hypothesis H, : p© = v or reject Hy in favor of the
alternative hypothesis H; : u # v. Denote by T : (™, y™) — {to, t1} the two-sample test,
where ¢y means we reject H; and t; means we accept H; and reject H. Define the type-I
risk as the probability of rejecting hypothesis Hy when it is true, and the type-II risk as the

probability of accepting Hy when p # v:

67(11,)771 = PanH’ymNV (T(:L’n’ ym) = tl) , under HO,

EnI’Im = ]P)ZB"N/I,,y""NI/ (T(In7 ym) fry t(]), under Hl

Given parameters «, 3 € (0, %) we aim at building a two-sample test such that, when
applied to n-observation samples " and m-observation samples y™, it has the type-I risk at

most « (i.e., at level «v) and the type-II risk at most (3 (i.e., of power 1 — 3). Moreover, we
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want to ensure these specifications with sample sizes n, m as small as possible.
We propose a non-parametric test by considering the probability distance functions
between two empirical distributions constructed from observed samples. Specifically, we

design a test 7' such that the null hypothesis H is rejected when
D(fin, ) > X,

where D(-, ) is a divergence quantifying the differences of two distributions, y is a data-
dependent threshold, and /i,, and 7,,, are empirical distributions from n samples in x and
m samples in v, respectively. Several existing tests can be unified into this framework by
taking D(-, -) as some special probability distances, including the MMD test, total variation
distance test, etc. In this paper, we will design the divergence D based on the Wasserstein

distance, and we specify the cost function c(z,y) = ||z — y||3.

Definition 1 (Wasserstein Distance). Given two distributions p and v, the Wasserstein

distance is defined as

W(p,v) = min /c(x,y)dﬂ(x,y),

mell(p,v)

where c(-,-) denotes the cost function quantifying the distance between two points, and

I1( 1, v) denotes the joint distribution with marginal distributions 1 and v.

Although Wasserstein distance has wide applications in machine learning, the finite-
sample convergence rate of Wasserstein distance between empirical distributions is slow
in high-dimensional settings [116]. Therefore, it is not suitable for high-dimensional two-

sample tests. Instead, existing works use the projection idea to rescue this issue.

Definition 2 (Projected Wasserstein Distance). Given two distributions | and v, define the

11



projected Wasserstein distance as

PW(u,v) = max W (Atp, A#v)

A: RPSRE AT A=],

where the operator # denotes the push-forward operator, i.e.,

A(z) ~ Agtp for z ~ p,

and we denote A as a linear operator such that A(z) = ATz with z € RP and A € RP*<,

This idea is demonstrated to be useful for breaking the curse of dimensionality for the
original Wasserstein distance [201, 306]. However, a linear projector is not an optimal
choice for dimensionality reduction. Instead, we will consider a nonlinear projector to
obtain a more powerful two-sample test, and we use functions in vector-valued reproducing

kernel Hilbert space (RKHS) for projection.

Definition 3 (Vector-valued RKHS). A function K : RP x RP — R js said to be a
positive semi-definite kernel if
N
ZZ(ZZ‘, K(Zi,%)y;) > 0

i=1 j=1

for any finite set of points {7;}~ | in R and {y;}., in R%. Given such a kernel, there exists
an unique R-valued Hilbert space H - with the reproducing kernel K. For fixed x € RP
and y € RY, define the kernel section K, with the action y as the mapping K,y : RP — R?
such that

(Koy)(a') = K(2',x)y, Va2’ € R”.
In particular, the Hilbert space H satisfies the reproducing property, i.e., (f, K,y)#, =
(f(x),y) forVf € Hx.
Definition 4 (Kernel Projected Wasserstein Distance). Consider a R%-valued RKHS H with

12



the corresponding kernel function K. Given two distributions . and v, define the kernel

projected Wasserstein (KPW) distance as

KPW (u,v) = max W (f#u, f#v)

where the function class F = {f € H : || fllx < 1}.

Remark 1. For d = 1, when the kernel function K(z,y) = (z,y), the KPW distance
reduces into the PW distance. However, these two distances are not the same for general d.
Moreover, existing works [18, 62, 219, 223 ] consider the design of the matrix-valued kernel
function for d > 1 as

K(z,2") = k(z,2') - P, 2.1

where k(-,-) denotes a scalar-valued kernel function and P € R is a positive semi-
definite matrix that encodes the relation between the output space. Such a design reduces

the computational cost for applying vector-valued RKHS.

In this paper, we design the two-sample test as follows. We split the data points into
training and testing datasets. We first use the training set to train a nonlinear projector
that maps data points into R%-subspace, and then perform the permutation test on testing
data points that are projected based on the trained projector. The detailed algorithm is
presented in Algorithm 1. This test is guaranteed to exactly control the type-I error [136]
because we evaluate the p-value of the test via the permutation approach. To obtain reliable
two-sample tests, we also require the KPW distance satisfies the discriminative property that
ICPW (11, v) = 0 if and only if u = v. The following proposition reveals that this property
holds by considering the vector-valued RKHS satisfying the universal property, the proof
of which is provided in Appendix A.3. We also study how to compute the kernel projected

distance and its related statistical properties in the following sections.

13



Algorithm 1 Permutation two-sample test using the KPW distance
Require: Level o, number of permutation times /N, collected samples =™ and y™.
1: Split data as 2™ = 2™ U 2™ and y™ = y T U yT°.
Formulate empirical distributions (7™, 2™) corresponding to (2™, 3T7).
Obtain f as the (approximate) optimal projector to XPW (g™, o).
Compute the statistic T' = W (f#aTe, f#0™).
fort=1,...,N,do
Shuffle 2 U y™ to obtain x5 and y.
Formulate empirical distributions (/l(jf)’, D) corresponding to (2, y™°).
Compute the statistic for permuted samples T; = W (f#i5, f#035)-
end for
Return the p-value NL,] SV YT, > T}

Tr
)

R A Al

Proposition 1 (Discriminative Property of KPW). Denote by C,(X) the space of bounded
and continuous R%*-valued functions on X. Assume that H is a universal vector-valued

RKHS so that for any € > 0 and | € Cy(X), there exists g € H so that

I1f = gllee = sup | f(2) — g(@)[l2 < e.
zeX
Then the KPW distance KPW (u,v) = 0 if and only if 1 = v.

2.3 Computing KPW Distance

By the definition of Wasserstein distance, computing KXPW (fi,,, ,,,) is equivalent to the
following max-min problem:
max min miill () — Fly)lls ¢ (2.2)
feH: ||f||3_t§1 {WEF ; JH ( ) ( J)||2}
where I' = {7’(’ S Rixm : zj Tij = %721'71-7?7.7 = %}
The computation of KPW distance has numerous challenges. It is crucial to design
a suitable kernel function to obtain low computational complexity and reliable testing

power, which will be discussed in Section 2.5. Moreover, the function f € H is a countable

combination of basis functions, i.e., the problem (2.2) is an infinite-dimensional optimization.
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By developing the representer theorem in Theorem 1, we are able to convert this problem into
a finite-dimensional problem. Finally, there is no theoretical guarantee for finding the global
optimum since it is a non-convex non-smooth optimization problem. Moreover, Sion’s
minimax theorem is not applicable because the problem (2.2) is not a convex programming:
the inner minimization of quadratic function makes the objective in (2.2) not concave in f
in general. Based on this observation, we only focus on optimization algorithms for finding

a local optimum point in polynomial time.

Theorem 1 (Representer Theorem for KPW Distance). There exists an optimal solution to

(2.2) that admits the following expression:

n m
f= E Ky a.; — E Kyjayw
i=1 j=1

where K,(-) denotes the kernel section and a, ;,a,; € R fori=1,...,n,j=1,...,m

are coefficients to be determined.

The proof of Theorem 1 is provided in Appendix A.4, in which standard representer
theorem in literature [267, Theorem 1] is not applicable since the RKHS norm serves as a
hard constraint instead of the regularization of the objective function. In order to express
the optimal solution as the compact matrix form, define a, € R" as the concatenation of

coefficients a, ; for: = 1,...,n and
K.(z") = (K(z,xl) K(z,xn)> c Réxnd.
We also define the vector a, and matrix /,(y™) likewise. Then we have
f(z) = K.(2")a, — K. (y")a,, VzeX.

Define the gram matrix K (z",2") as the n x n block matrix with the (i, j)-th block

being K (x;,x;). The gram matrices K (2", y™), K (y™, «™) and K (y™, y™) can be defined
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likewise. Denote by G the concatenation of gram matrices:

K(z" z") —K(z" y™)
—K(y™z") Ky™,y™)

and we assume that GG is positive definite. Otherwise, we add the gram matrix with a
small number times identity matrix to make it invertible. Substituting the expression of

f(2),z € X into (2.2), we obtain a finite-dimensional optimization problem:

max ¢ min E Tijcij: w Gw <1y,
w el —
27‘7

where w = [al, al]" € RM™ ™) ¢; ; = || A; jw||3, and

Suppose that the inverse of G admits the Cholesky decomposition G~ = UU?", then by
the change of variable technique s = U~'w, we obtain the norm-constrained optimization

problem:
max min E i jCij - sts <1y, (2.3)
s€Rd(n+m) mell —
Z?]

and we can replace the constraint sTs < 1 with s¥s = 1 based on the fact that the norm
function satisfies the linear property. In other words, the decision variable s belongs to the
Euclidean ball S¥7)—1 = {5 ¢ RAUm) : sT5 = 1},

For the ease of optimization, we consider the entropic regularization of the problem (2.3):

s, e S 2
Z?]

in which we denote the entropy function H(r) = — >, . m; j(log m; ; — 1). By the duality

theory of entropic optimal transport [127] and the change-of-variable technique, (2.4) is
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equivalent to the following minimization problem:

min F(u,v,s), (2.5)

sesdntm)—1 yeR" yeR™

where

cij = || 4i;Us|3,

1
mij(u, v, s) = exp <—Ecm~ + u; + vj> ,
1 & 1 &
F(u,v,s) = Zm,j(u,v,s) — Ezlul — Ezlvj.
,J = ji=

The details for this deviation is deferred in Appendix A.4. Based on this formulation, we
consider a Riemannian block coordinate descent (BCD) method [148] for optimization,
which updates a block of variables by minimizing the objective function with respect to that

block while fixing values of other blocks:

uttt = 5161]%% F(u, v, s"), (2.6a)

ot = gﬁ% F(u'™ v, "), (2.6b)

¢ =Y Vam(ut ot s, (2.6¢)
i,j

g =P (¢, (2.6d)

st =Retry (— 76, (2.6e)

where the operator P,(() denotes the orthogonal projection of the vector ¢ onto the tangent

space of the manifold S* ")~ at s:
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Algorithm 2 BCD Algorithm for Solving (2.5)
Require: Empirical distributions fi,, and 7,,.

1: Initialize v°, s°

2: fort=0,1,2,..., T —1do

3:  Update u'*! according to (2.6g)

4:  Update v**! according to (2.6h)

5 Update the Euclidean and Riemannian gradient (*** and £*!, according to (2.6i) and

(2.6d), respectively.
6:  Update s according to (2.6¢)
7: end for
Return v* = v’ v* =07, s* = s7.

and the retraction on this manifold is defined as

Retr,( — 7¢) = ﬁ, s € Sdn+m)—1 (2.6f)

Note that the update steps (2.6a) and (2.6b) have closed-form expressions:

1/n
t+1 — t 1 26
Uu u +{ng.7rij(ut,vt,8t)} ) ( g)
7o i€[n]
1/m
1 — ot {1 2.6h
v v+ { 0og S (utt vt st) }je[m] ) ( )

and the Euclidean gradient ('™ in (2.6¢) can be computed using the chain rule:

Ct—i—l — _lUT

t+1 t+1 t T
1 Eﬂu(u U aS)Ai,inJ

1]

Us'. (2.61)

The overall algorithm for solving the problem (2.5) is summarized in Algorithm 2. We
provide details for efficient implementation of the proposed algorithms in Appendix A.6. We
also give a brief introduction to Riemannian optimization in Appendix A.2. The following
theorem gives a convergence analysis of our proposed algorithm.The proof of this result is
provided in Appendix A.4, which follows similar procedure in [163]. The main difference
lies in establishing the descent lemma for updating the variable s on sphere instead of Stiefel

manifold. Specifically, the procedure for finding the upper bound on the cost function ¢; j,
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the Lipschitz constant for 7; j(u, v, s) in s, and the Lipschitz constants of the retraction

operator (2.6f) will be different.

Theorem 2 (Convergence Analysis for BCD). We say that (1,0, §) is a (€1, €)-stationary

point of (2.5) if

|Grad,F(a,0,8)| < e,

F(a,0,8) — min F'(u,v, §) < e,

U,V

where Grad,F(u, v, s) denotes the derivative of F with respect to s on the sphere S* ")~

Let {u',v", s'} be the sequence generated by Algorithm 2, then Algorithm 2 returns an

(€1, €2)-stationary point in

1 1
T=0 (log(mn) . {% + e%_ej) ,
0

iterations, where the notation O(-) hides constants related to the initial guess (v°, s°) and

the term max; j || A; ;U]

Remark 2 (Complexity of Algorithm 2). Denote N = n\/ m'. Note that the iteration (2.6g)
and (2.6h) can be implemented in O(N) iterations. Second, the retraction step in (2.6e)
requires O(dN) arithmetic operations. Third, the computation of the Euclidean vector in
(2.6¢) can be implemented in O(d>N?®) operations, and the projection step can be done in
O(dN) operations. Therefore, the number of arithmetic operations in each iteration is of
O(d®N?3). In summary, Algorithm 2 returns an (e, €3)-stationary point in

@ (d3N3 log(N) - {% + QLD

arithmetic operations. Note that this computational complexity is independent of the

dimension D of samples since we only need to compute the gram matrix as an input. The

'We denote a V b for max{a, b} and a A b for min{a, b}.
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storage cost is of O(d>N?), in which the most expensive step is to store the gram matrix G.

2.4 Performance Guarantees

In this section, we build statistical properties of the empirical KPW distance, though in
practice we may not succeed in finding a global optimum solution to the non-convex
optimization problem (2.2). We assume the cost function for the Wasserstein distance has
the form c(z, y) = ||z — y||5 with p € [1, 00). Moreover, results throughout this section are

based on the following assumption.

Assumption 1. For any x,x' € X, the matrix-valued kernel K(x,x') is symmetric and
satisfies

0 < K(z,2') < B,

Definition 5 ((Projection) Poincare Inequality). (I) A distribution p is said to satisfy a
Poincare inequality if there exists an M > 0 for X ~ p so that Var[f(X)] <
ME[|V f(X)|]?] for any f satisfying E[f(X)?] < oo and E[||V f(X)]|*] < cc.

(1) A distribution . is said to satisfy a projection Poincare inequality if there exists an
M > 0 forany f € F and X ~ f#u so that Var[f(X)] < ME[||V f(X)||?] for any
[ satisfying E[f(X)?] < co and E[||V f(X)|*] < co.

Remark 3. The Poincare inequality characterizes the relation about the variance of a
function and its derivative in the spirit of the Sobolev inequality. It is a standard technical
assumption for investigating the empirical convergence of Wasserstein distance [190, 201],
and is satisfied for various exponential measures such as the Gaussian distribution. See

[189] for more examples.

Lemma 1. Assume that the distribution p satisfies a projection Poincare inequality. Then

E[(KPW (fin, 12))"7] < n” v (logn)ra/? 4 n=YEVP) flog(n) + n~1Plog(n),
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Figure 2.1: Average values of KPW distances between empirical distributions /i,, and 7, as
the sample size n varies. Results are averaged for 10 independent trials and the shaded areas
show the corresponding error bars.

where (, 4 = 1{d = 2p}, and S refers to "less than" with a constant depending only on
(p. B).
Lemma 2. Assume that the distribution p satisfies a Poincare inequality, and any f € F is

L-Lipschitz. Then with probability at least 1 — «, it holds that

(KPW (fin, 10))'77 = E[(KPW (fin, 1)) "]

< max {olog(1/a), v/olog(1/a) b n VP LV7,

where o > (0 is a constant that depends on M.

Proof of two lemmas above follows similar covering number arguments in [201], the
details of which are deferred in Appendix A.5. The main difference is that we incorporate
the reproducing property of vector-valued RKHS to give a valid bound on the covering
number of the RKHS ball F. Based on these two lemmas and the triangular inequality for
Wasserstein distance, we give a finite-sample guarantee for the convergence of the KPW
distance in Theorem 3. Compared with the sample complexity of estimating Wasserstein
distance, KPW distance does not suffer from the curse of dimensionality as the RKHS ball

F has low complexity.

Theorem 3 (Finite-sample Guarantee). Suppose the target distributions © = v, which

satisfies projection Poincare inequality and Poincare inequality. Moreover, any | € F is
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L-Lipschitz. Take N = n A\ m, then with probability at least 1 — 2q, it holds that

(KPW (fin, )77 < N~ (log N)Sra/? 4 N=V/@VD) flog ()

+ N~ Y?Plog(N) 4 max {Qlog(l/a), vV Qlog(l/a)} NV e,

2.4.1 Performance Guarantees for p € [1,2)

When showing concentration results for p-Wasserstein distance with p € [1, 2), however, it
is not necessary to rely on the Poincare inequality assumption. The main result for this case

is summarized in Theorem 4 (see details in Appendix A.5.3).

Theorem 4 (Finite-sample Guarantee). Suppose the target distributions j = v. Then with

probability at least 1 — 2q, it holds that

(KPW (fin, v )" < N~ @74 (log N)Sra/?

[ 2
+ NV2YP, log(N) + N~VP 4 NV/2=1p, [log =
(0%

where N = n A\'m and < refers to "less than" with a constant depending only on (p, B).

2.4.2 Sample Complexity

We also numerically examine the sample complexity of the empirical KPW distance
KPW (ji,, ) with u = v = N(0,Ip), where n € {10,50,125,250,500} and D €
{30,50,70,100}. Figure 2.1 reports the average distances and the shaded areas show the
corresponding error bars over 10 independent trials. We defer the detailed experiment setup
and the plots of the computation time in Appendix A.7.1. From the plot we can see that the
empirical KPW distances decay to zero quickly when the sample size n increases. Moreover,
the distances with smaller values of d have faster decaying rates. Finally, the convergence
behavior of the empirical KPW distances is nearly independent of the choice of D, which

alleviates the issue of the curse of dimensionality for the original Wasserstein distance.
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Figure 2.2: Testing results on Gaussian distributions across different choices of dimension
D. Left: power for Gaussian distributions, where the shifted covariance matrix is still
diagonal; Middle: power for Gaussian distributions, where the shifted covariance matrix is
non-diagonal; Right: Type-I error.

Table 2.1: Average test power and standard error about detecting distribution abundance
change in MNIST dataset across different choices of sample size.

N ‘ MMD-NTK MMD-O ME PW KPW
200 | 0.639£0.029 0.696+£0.006 0.298+0.031 0.3024+0.033 0.663£0.015
250 | 0.763£0.010 0.781£0.002 0.472+0.017 0.369+0.030 0.785+0.014
300 | 0.813+£0.016 0.869+0.002 0.630+0.025 0.524£0.023 0.928-0.001
400 | 0.881£0.013 0.956£0.003 0.779+£0.020 0.591+0.044  0.978+0.000
500 | 0.950£0.002 0.988+0.000 0.927+0.006 0.782+0.040 1.000+0.000
Avg. ‘ 0.809 0.858 0.621 0.513 0.870

These facts confirm the finite-sample guarantee discussed in Theorem 3.

2.5 Numerical Experiments

Throughout this section, we compare the performance of tests with the following procedures.
(i) PW: the projected Wasserstein test where the projector is a linear mapping [306]; (ii)
MMD-O: the MMD test with a Gaussian kernel whose bandwidth is optimized [202]; (ii1)
MMD-NTK: the test that combines both neural networks and MMD [77]; and (iv) ME:
the mean embedding test with optimized hyper-parameters [170]. Implementation details
on those baseline methods are omitted in Appendix A.7.2. When dealing with synthetic
datasets, we generate a single sample set as the training set to learn parameters for each
method. Then we evaluate the power of tests on 100 new sample sets generated from the

same distribution. When dealing with real datasets, we randomly take part of samples as the
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training set, and evaluate the power on 100 randomly chosen subsets from the remaining
samples. The number of permutations in Algorithm 1 is set to be /V,, = 100. We control the
type-I error for all tests at a = 0.05.

When using the KPW distance, we follow (2.1) to design kernels to decrease the
computational complexity. More specifically, we choose the scalar-valued kernel k(-, -) to

be a standard Gaussian kernel with the bandwidth o2, and

P=(1-p)11" + pI;, withp e [0,1].

We use the cross-validation approach to select the hyper-parameters p and o2, the details of
which are deferred in Appendix A.7.3. The dimension d is pre-specified and fixed into 3
in all experiments. We also present a study on the impact of hyper-parameters such as the

projected dimension d and regularization parameter 7 in Appendix A.8.

2.5.1 Tests for Synthetic Datasets

We first investigate the performance when p and v are Gaussian distributions with diagonal
covariance matrices. Specifically, we take 1 = N (0, Ip) and v = N(0, X) is the covariance
shifted Gaussian, where the matrix ¥ = diag(4,4,4,1,...,1). In other words, we only
scale the first three entries of the covariance matrix to make the high-dimensional testing
problem challenging to handle. Fig. 2.2 reports the type-I and type-II errors for various
tests across different choices of dimension D. We observe that both PW and KPW tests
perform the best, while the power for other benchmark methods degrades quickly when the
dimension D increases.
Next, we examine the case where v has a non-diagonal covariance matrix. We take
p = N(0,Ip) and v = N(0,VEVT), where V is an orthogonal matrix with V;; =
2/(D + 1)sin(ijm /(D + 1)) and ¥ = diag(5, 5,5, 1,...,1). Testing results for various

choices of dimension D is reported in the middle of Fig. 2.2. In this case, the PW test
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Figure 2.3: Testing results on Gaussian-mixture distributions. Left two: type-I and type-1I
errors across different choices of dimension D with fixed sample size n = m = 200; Right
two: type-I and type-II errors across different choices of sample size n = m with fixed
dimension D = 140.

performs slightly better than the KPW test. One possible explanation is that linear mapping
seems to be the optimal choice for two-sample testing with covariance shifted Gaussian
distributions. It is promising to design other types of matrix-valued kernel functions to
improve performances of the KPW test.

Finally, we study the case where sample points are generated from high-dimensional
Gaussian mixture distributions. We take 1 = sN(0,1p) + 3N (A2, Ip) with Ay =
(1,1,...,1) and v = SN(0, %)) + 2N (A3, Z2) with Ay = (1+0.8/v/D,...,1+0.8/vD).
Covariance matrix ¥ is defined with ¥[1,1] = ¥1[2,2] = 4,%[1,2] = ¥4[2,1] =
—0.9,%4[i,i] = 1,3 <i < D, and ¥4[i, j] = 0 for indexes elsewhere. Covariance matrix
Y, is defined with Y5[1,2] = 35[2,1] = 0.9, o[, i) = 1,1 < i < D, and 3,[i,5] = 0
for indexes elsewhere. Testing results (type-I and type-II errors) across different choices
of dimension D for fixed sample size n = m = 200 is presented in the left two plots in
Fig. 2.3. We also report results for increasing sample sizes n = m by fixing the dimension
D = 140 in the right two plots in Fig. 2.3. From the plot, we can see that all approaches
have expected type-I error rates. Moreover, the tests based on PW and KPW distances
outperform other benchmark methods, which indicates that the idea of dimension reduction
is helpful for high-dimensional testing. The KPW test generally has the highest power in
this case, since the nonlinear projector in the unit ball of RKHS is flexible enough to capture

the differences between distributions. Other experiment details of this subsection is omitted
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Table 2.2: Delay time for detecting the transition in MSRC-12 that corresponds to four users.

User MMD-NTK MMD-O ME PW KPW

1 36 73 82 47 33

2 8 7 97 9 1

3 15 13 27 2 20

4 22 83 69 16 12
Mean 20.25 44.0 68.8 18.50 16.5
Std 12.0 39.5 30.1  19.8 13.5

in Appendix A.7.4.

2.5.2 Tests for MNIST handwritten digits

We now perform two-sample tests on the MNIST dataset [187]. Let p be the distribution
uniformly generated from the dataset, and ¢ = 0.85p + 0.15pconorts; Where Deohore 1S the
distribution from a class with digit 1. Both training and testing sample sizes are set to be
N € {200,250, ...,500}. Before performing two-sample tests, we pre-process this dataset
by taking the sigmoid transformation of each image such that all scaled pixels are within
the interval [0, 1]. Table 2.1 presents the testing power of various tests across different
choices of IV, from which we can see that the KPW test is competitive compared with other
methods. We observe that performances of MMD-O in MNIST dataset are significantly
better than that in synthetic datasets provided in Section 2.5.1. One possible explanation
is that isotropic kernel functions will limit the power of MMD tests in some numerical
examples [202, Section 3]. Average type-I error for various tests is presented in Table A.1

in Appendix A.7.5, from which we can see all tests have the type-I error close to o = 0.05.

2.5.3 Human activity detection

Finally, we apply the KPW test to perform online change-point detection for human activity
transition. We use a real-world dataset called the Microsoft Research Cambridge-12 (MSRC-
12) Kinect gesture dataset [115]. After pre-processing, this dataset consists of actions from

four people, each with 855 samples in R%, and with a change of action from bending to
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throwing at the time index 500. More experimental details are omitted in Appendix A.7.6.
Fix the window size W = 100. We pre-train a nonlinear projector using the data (sample
size as the window) before time index 300 and compute the null statistics for many times to
obtain the true threshold such that the false alarm rate is controlled within o« = 0.05. Then
we perform online change-point detection based on a sliding window that moves forward
with time. We compute the detection statistic by comparing the distribution between the
block of data before time 300 and the data from the sliding window. We reject the null
hypothesis and claim a change is happened if the statistic is above the threshold. Table 2.2
reports the delay time for detecting the behavior transition, from which we observe that the

KPW test detects the change in the shortest time.

2.6 Conclusion

We proposed the KPW distance for the task of two-sample testing, which operates by
finding the nonlinear mapping in the data space to maximize the distance between projected
distributions. Practical algorithms, together with uncertainty quantification of empirical
estimates, are discussed to help with this task. The extension of this work is as follows.
First, it is of research interest to determine the optimal hyper-parameters for the KPW test,
including the projected subspace dimension d and the matrix-valued kernel function K.
Second, it is desirable to study how to systematically pick the regularization parameter n
to balance the trade-off between computational efficiency and accuracy of the obtained

solution.
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CHAPTER 3
STATISTICAL AND COMPUTATIONAL GUARANTEES OF KERNEL
MAX-SLICED WASSERSTEIN DISTANCES

In this chapter, we study the kernel max-sliced (KMS) Wasserstein distance that finds an
optimal nonlinear mapping that reduces data into 1 dimension before computing the Wasser-
stein distance. Its theoretical properties have not yet been fully developed. To fill the gap,
we provide sharp finite-sample guarantees under milder technical assumptions compared
with state-of-the-art for the KMS p-Wasserstein distance between two empirical distribu-
tions with n samples for general p € [1,00). Algorithm-wise, we show that computing
the KMS 2-Wasserstein distance is NP-hard, and then we further propose a semidefinite
relaxation (SDR) formulation (which can be solved efficiently in polynomial time) and
provide a relaxation gap for the obtained solution. We provide numerical examples to
demonstrate the good performance of our scheme for high-dimensional two-sample testing.

This work is mainly summarized in [302].

3.1 Introduction

Optimal transport (OT) has achieved much success in various areas, such as generative
modeling [130, 208, 244, 246], distributional robust optimization [124, 126, 305], non-
parametric testing [256, 303, 309, 314, 322], domain adaptation [17, 85, 86, 88, 313],
etc. See [247] for comprehensive reviews on these topics. The sample complexity of the
Wasserstein distance has been an essential building block for OT in statistical inference. It
studies the relationship between a population distribution p and its empirical distribution
% >, 0z, with z; ~ p in terms of the "Wasserstein distance". Unfortunately, the sample
size n needs to be exponentially large in data dimension to achieve an accurate enough

estimation [116], called the curse of dimensionality issue.
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To tackle the challenge of high dimensionality, it is meaningful to combine OT with
projection operators in low-dimensional spaces. Researchers first attempted to study the
sliced Wasserstein distance [55, 64, 98, 177, 178, 230, 235], which computes the average of
the Wasserstein distance between two projected distributions using random one-dimensional
projections. Since a single random projection contains little information to distinguish two
high-dimensional distributions, computing the sliced Wasserstein distance requires a large
number of linear projections. To address this issue, more recent literature considered the
Max-Sliced (MS) Wasserstein distance that seeks the optimal projection direction such that
the Wasserstein distance between projected distributions is maximized [97, 199, 201, 245,
306]. Later, Wang et al. [307] modified the MS Wasserstein distance by seeking an optimal
nonlinear projection belonging to a ball of reproducing kernel Hilbert space (RKHS),
which we call the Kernel Max-Sliced (KMS) Wasserstein distance. The motivation is
that a nonlinear projector can be more flexible in capturing the differences between two
high-dimensional distributions; it is worth noting that KMS Wasserstein reduces to MS
Wasserstein when specifying a dot product kernel.

Despite promising applications of the KMS Wasserstein distance, its statistical and
computational results have not yet been fully developed. From a statistical perspective,
Wang et al. [307] built concentration properties of the empirical KMS Wasserstein distance
for distribution that satisfies the Poincar’e inequality projection and the Poincar’e inequal-
ity [189], which could be difficult to verify in practice. From a computational perspective,
the authors therein developed a gradient-based algorithm to approximately compute the
empirical KMS Wasserstein distance. However, there is no theoretical guarantee on the
quality of the local optimum solution obtained. In numerical experiments, the quality of the
solution obtained is highly sensitive to the initialization.

To address the aforementioned limitations, this paper provides new statistical and compu-
tational guarantees for the KMS Wasserstein distance. Our key contributions are summarized

as follows.

29



* We provide a non-asymptotic estimate on the KMS p-Wasserstein distance between
two empirical distributions based on n samples, referred to as the finite-sample guar-
antees. Our result shows that when the samples are drawn from identical populations,
the rate of convergence is n~'/(??) which is dimension-free and optimal in the worst

case scenario.

* We analyze the computation of KMS 2-Wasserstein distance between two empirical
distributions based on n samples. First, we show that computing this distance exactly
is NP-hard. Consequently, we are prompted to propose a semidefinite relaxation

(SDR) as an approximate heuristic with various guarantees.

— We develop an efficient first-order method with biased gradient oracles to solve
the SDR, the complexity of which for finding a §-optimal solution is O (n36~3).
In comparison, the complexity of the interior point method for solving SDR is

O(n®5) [25].

— We derive theoretical guarantees for the optimal solutions from the SDR. We
show that there exists an optimal solution from SDR that is at most rank-k, where
k214 |\/2n+9/4 — 3/2], whereas computing the KMS distance exactly
requires a rank-1 solution. We also provide a corresponding rank reduction
algorithm designed to identify such low-rank solutions from the pool of optimal

solutions of SDR.

* We exemplify our theoretical results in non-parametric two-sample testing, human
activity detection, and generative modeling. Our numerical results showcase the stable
performance and quick computational time of our SDR formulation, as well as the

desired sample complexity rate of the empirical KMS Wasserstein distance.

In the following, we compare our work with the most closely related literature, and defer
the detailed comparision of KMS Wasserstein distance with other variants of OT divergences

in Appendix B.1.
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Literature Review. The study on the statistical and computational results of MS and KMS
Wasserstein distances is popular in the existing literature. From a statistical perspective, ex-
isting results on the rate of empirical MS/KMS Wasserstein are either dimension-dependent,
suboptimal or require regularity assumptions (e.g., log-concavity, Poincaré inequality, projec-
tion Bernstein tail condition) on the population distributions [19, 199, 238, 306], except for
the very recent literature [50] that provides a sharp, dimension-free rate for MS Wasserstein
with data distributions supported on a compact subspace but without regularity assumptions.
From the computational perspective, there are two main approaches to compute such dis-
tances. One is to apply gradient-based algorithms to find local optimal solutions or stationary
points, see, e.g., [162, 163, 168, 199, 307]. Unfortunately, due to the highly non-convex
nature of the optimization problem, the quality of the estimated solution is unstable and
highly depends on the choice of initial guess. The other is to consider solving its SDR
instead [245], yet theoretical guarantees on the solution from convex relaxation are missing.
Inspired by existing reference [21, 102, 198, 243] that studied the rank bound of SDR for
various applications, we adopt their proof techniques to provide similar guarantees for
computing KMS in Theorem 10. Besides, all listed references add entropic regularization to
the inner OT problem and solve the regularized version of MS/KMS Wasserstein distances
instead, while the gap between the solutions from regularized and original problems could

be non-negligible.

3.2 Background

We first introduce the definition of Wasserstein and KMS Wasserstein distances below.

Definition 6 (Wasserstein Distance). Let p € [1,00). Given a normed space (V, || - ||), the

p-Wasserstein distance between two probability measures |1, v on'V is defined as

mel(pu,v

1/p
Wytu) = (in [ o=yl anen)
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where U'(j1, V) denotes the set of all probability measures onV x V with marginal distribu-

tions 1 and v.

Definition 7 (RKHS). Consider a symmetric and positive definite kernel K : B x B — R,
where B C R%. Given such a kernel, there exists a unique Hilbert space H, called RKHS,
associated with the reproducing kernel K. Denote by K, the kernel section at v € B defined
by K.(y) = K(x,y),Yy € B. Any function [ € H satisfies the reproducing property
f(x) = (f, Ky)u,Va € B. For z,y € B, it holds that K (z,y) = (K,, K,)x.

Definition 8 (KMS Wasserstein Distance). Let p € [1,00). Given two distributions p and v,

define the p-KMS Wasserstein distance as

KMS,(p,v) = max Wi (fun, fav),

FEM, [Ifll2<1

where fupand fuv are the pushforward measures of pand v by f : B — R, respectively.

In particular, for dot product kernel K (z,y) = 2Ty, the RKHS H = {f : f(x) =
213,38 € ]Rd}. In this case, the KMS Wasserstein distance reduces to the max-sliced
Wasserstein distance [97]. A more flexible choice is the Gaussian kernel K (x,y) =
exp(—52z ||z — y|3), where o > 0 denotes the temperature hyper-parameter. In this case,
the function class H satisfies the universal property as it is dense in the continuous function
class with respect to the co-type functional norm. It is easy to see the following theorem

holds.

Theorem 5 (Metric Property of KMS). Let H be a universal RKHS. Then KMS,(j1,v) =0

if and only if p = v.

Example 1. We present a toy example that highlights the flexibility of the KMS Wasserstein
distance. Fig.3.1(a) displays a scatter plot of the circle dataset, which consists of two
groups of samples distributed along inner and outer circles, perturbed by Gaussian noise.

Since the data exhibit a nonlinear structure, distinguishing these groups using a linear
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projection is challenging. As shown in Fig.3.1(b), the density plot of the projected samples
using the MS Wasserstein distance with a linear projector is not sufficiently discriminative.
In contrast, Fig. 3.1(c) demonstrates that the KMS Wasserstein distance is better suited
for distinguishing these two groups. Intuitively, the optimal nonlinear projector should
take the form f*(x) o ||z||§ for some scalar ¢ > 0, as illustrated in Fig.3.1(d). We plot
the nonlinear projector by computing the empirical KMS Wasserstein distance, shown in
Fig.3.1(e), which closely resembles the circular landscape depicted in Fig. 3.1(d). This result
demonstrates that the KMS Wasserstein distance provides a data-driven, non-parametric

nonlinear projector capable of effectively distinguishing distinct data groups.

Density plot for projected samples using MS Wasserstein Density plot for projected samples using KMS Wasserstein
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Figure 3.1: Results on a 2-dimensional toy example. (a) Scatter plot of circle dataset; (b)
Density plot using MS Wasserstein; (c) Density plot using KMS Wasserstein; (d) Plot of
f(x) = ||z|l2, = € [0,1]% (e) Plot of estimated projector using KMS Wasserstein.

Given the RKHS 7, let the canonical feature map that embeds data to H as

®: B—H, x = O(x) = K. 3.1)

Define the functional uy : ‘H — R by us(g) = (f, g)» for any g € H, which can be viewed

as a linear projector that maps data from the Hilbert space H to the real line. In light of this,
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for two probability measures 1 and v on ‘H, we define the MS p-Wasserstein distance

MSy(v) = sup Wy (ug)pi, (ug)gv), (32)
JEH: || flln<1

where (us)xp denotes the pushforward measure of ;o by the map uy, i.e., if p is the
distribution of a random element X of #, then (u)xp is the distribution of the random
variable u;(X) = (f, X)y, and (uy)4v is defined likewise. In the following, we show that
the KMS Wasserstein distance in Definition 8 can be reformulated as the MS Wasserstein

distance between two distributions on (infinite-dimensional) Hilbert space.

Remark 4 (Reformulation of KMS Wasserstein). By the reproducing property, we can see

that f(x) = (f, Ky)5 = up(®(x)), which implies f = uy o ®. As a consequence,

KM, (j1,0)

:feyzsm <1 Wp<(uf)#(q)#“)v Wf)#@#”)) (3.3)

=MS, <(I>#,u, (I)#I/>.

In other words, the KMS Wasserstein distance first maps data points into the infinite-
dimensional Hilbert space H through the canonical feature map ®, and next finds the
linear projector to maximally distinguish data from two populations. Compared with
the traditional MS Wasserstein distance [97] that performs linear projection in R%, KMS

Wasserstein distance is a more flexible notion.

Remark 5 (Connections with Kernel PCA). Given data points x+, . . ., x, on B, denote by

[y, the corresponding empirical distribution. Assume % > e ©(x;) = 0, since otherwise

1€[n]
one can center those data points as a preprocessing step. Kernel PCA [221] is a popular
tool for nonlinear dimensionality reduction. When seeking the first principal nonlinear

projection function f, Mairal and Vert [215] presents the following reformulation of kernel
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PCA:

arg max Var((uf)#(q)#ﬁn)), (3.4)
FeH: |Iflln<1

where Var(-) denotes the variance of a given probability measure. In comparison, the
KMS Wasserstein distance aims to find the optimal nonlinear projection that distinguishes
two populations and replaces the variance objective in (3.4) with the Wasserstein distance
between two projected distributions in (3.3). Also, kernel PCA is a special case of KMS

Wasserstein by taking p = 2, i = Ji,, v = dg in (3.3).

Notations. Let (-, -) denote the inner product operator. For any positive integer n, denote

[n] ={1,2,...,n}. Define T, as the set

n

{7? e R : Zﬂm = %,Zﬁm = %,Vi,j € [n]} (3.5
i=1 Jj=1

Let Conv(P) denote a convex hull of the set P, and S denote the set of positive semidefinite

matrices of size n x n. We use O(-) as a variant of O(-) to hide logarithmic factors.

3.3 Statistical Guarantees

Suppose samples " := {; }icin) and y" = {y; }icjn) are given and follow distributions
i, v, respectively. Denote by /i, and 7, the corresponding empirical distributions from
samples x" and y". In this section, we provide a finite-sample guarantee on the p-KMS
Wasserstein distance between /i, and 7, with p € [1,00). This guarantee can be helpful
for KMS Wasserstein distance-based hypothesis testing that has been studied in [307]:
Suppose one aims to build a non-parametric test to distinguish two hypotheses Hy : = v
and H; : p # v. Thus, it is crucial to control the high-probability upper bound of
KMS,(Jin, V) under Hy as it serves as the critical value to determine whether Hj is

rejected or not. We first make the following assumption on the kernel.

Assumption 2. There exists some constant A > 0 such that the kernel K (-,-) satisfies
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K(z,z) < A Vz € B.

Assumption 2 is standard in the literature (see, e.g., [138]), and is quite mild: Gaussian
kernel K (z,1) = exp(—||x — y||3/0?) naturally fits into this assumption. For dot product
kernel K (z,y) = zy, if we assume the support B has a finite diameter, this assumption

can also be satisfied. Define the critical value

/ 1
A(n,O{) = 4A<C+4 log g) P . ,',L—l/(Qp)7
[0

where C' > 1 is a universal constant. We show the following finite-sample guarantees on

KMS p-Wassersrein distance.

Theorem 6 (Finite-Sample Guarantees). Fix p € [1,00), level o € (0, 1), and suppose

Assumption 2 holds.

(D) (One-Sample Guarantee) With probability at least 1 — «, it holds that

1
CMS, (fins 1) < 5A(1, ).

(D) (Two-Sample Guarantee) With probability at least 1 — «, it holds that

KMS,(fin, Un) < KMS, (1, v) + An, a).

The dimension-free upper bound A(n, a) = O(n~'(/?P)) is optimal in the worst case.
Indeed, in the one-dimension case B = [0, 1] and K (x,y) = xy, the kernel max-sliced
Wasserstein distance X MS,, coincides with the classical Wasserstein distance ),. In this
case, it is easy to see that if y = (o + 01)/2 is supported on the two points 0 and 1, the
expectation of X MS(Ji,,, U,) is of order n~1/(P) [116]. We also compare this bound with

other OT divergences in Appendix B.1.
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We design a two-sample test Tkus such that Hy is rejected if CMS, (11, V) > A(n, @).

By Theorem 6, we have the following performance guarantees of Tiys.

Corollary 1 (Testing Power of Tinis). Fix a level a € (0,1/2), p € [1,00), and suppose

Assumption 2 holds. Then the following result holds:

() (Risk): The type-I risk of Txws is at most o

(IT) (Power): Under Hy : 1 # v, suppose the sample size n is sufficiently large such that
0n = KMS,(1,v) — A(n,a) > 0, the power of Txws is at least 1 — ¢ - n=/(2p),

where c is a constant depending on A, C, p, o,,.

Remark 6 (Comparision with Maximum Mean Discrepancy (MMD)). MMD has been a
popular kernel-based tool to quantify the discrepancy between two probability measures (see,
e.g., [28, 118, 138, 175, 202, 227, 270, 271, 291, 304]), which, for any two probability
distributions |1 and v, is defined as

MMD(1,v) = max E,[f] - E,f]

fEH,
lfll#<1

(3.6)

= ?gf (uf)#(q)#,u) - (uf)#(cb#y)’

[fll#<1

where & denotes the mean of a given probability measure €. The empirical (biased) MMD
estimator also exhibits dimension-free finite-sample guarantee as in Theorem 6: it decays
in the order of O(n~'/?), where n is the number of samples. However, the KMS Wasser-
stein distance is more flexible as it replaces the mean difference objective in (3.6) by the
Wasserstein distance, which naturally incorporates the geometry of the sample space and is

suitable for hedging against adversarial data perturbations [124].

3.4 Computing 2-KMS Wasserstein Distance

Let 7i,, and 7, be two empirical distributions supported on n points, i.e., fi, = = >, 0g,, Up =

+ >0y, where {z;};, {y;}, are data points in R?. This section focuses on the computation
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of 2-KMS Wasserstein distance between these two distributions. By Definition 8 and

monotonicity of square root function, it holds that

KMSs(fin, Un)

1/2 (KMS)
fx:) = fy))? 7

= max min E i j
eH, ||fIZ, <1 | mer ’
fEM, NI < " e

where I',, is defined in (3.5).
Although the outer maximization problem is a functional optimization that contains
uncountably many parameters, one can apply the representer theorem (see below) to refor-

mulate Problem (KMS) as a finite-dimensional optimization.

Theorem 7 (Theorem 1 in [307]). There exists an optimal solution to (KMS), denoted as ]?,

such that for any z,
F2) =3 anik (z,m) = 3 ayiK (2, u), 3.7)
i=1 i=1

where a; = (Ay;3)icin], Gy = (y.i)icn) are coefficients to be determined.

Define gram matrix K (2", 2") = (K (x;,;))i jc[n and other gram matrices K (", y"),
K(y"™, z"), K(y", y™) likewise, then define the concatenation of gram matrics
Kz x™) —K(x"y"
G = ( ) ( ) € R*", (3.8)
Assume G is positive definite ! such that it admits the Cholesky decomposition G~1 = UU™.

By substituting the expression (3.7) into (KMS) and calculation (see Appendix B.4), we

'In Appendix B.3, we provide its sufficient condition.
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obtain the exact reformulation of (KMS):

: T 2
et {:52%2 2 (M) } 39

Here, we omit taking the square root of the optimal value of the max-min optimization

problem for simplicity of presentation and define the vector M, ; = UTM! ., where

4,3

M/ o (K([E“ ﬂfl) - K(ij 517l)>le[n} c R2n,

Z7]
(K (yj, u) — K (i, y1) )iepn)
Since Problem (3.9) is a non-convex program, it is natural to question its computational hard-

ness. The following gives an affirmative answer, whose proof is provided in Appendix B.5.

Theorem 8 (NP-hardness). Problem (3.9) is NP-hard for the worst-case instances of
{Mi;}i;e

The proof idea of Theorem 8 is to find an instance of {/; ;}; ; that depends on a generic
collection of n vectors {A4;}; such that solving (3.9) is at least as difficult as solving the
fair-PCA problem [263] with rank-1 matrices (or fair beamforming problem [283]) and
has been proved to be NP-hard [283]. Interestingly, the computational hardness of the MS
Wasserstein distance arises from both the data dimension d and the sample size n, whereas
that of the KMS Wasserstein distance arises from the sample size n only.

To tackle the computational challenge of solving (3.9), in the subsequent subsections,
we present an SDR formula and propose an efficient first-order algorithm to solve it. Next,
we analyze the computational complexity of our proposed algorithm and the theoretical

guarantees on SDR.
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3.4.1 Semidefinite Relaxation with Efficient Algorithms

We observe the simple reformulation of the objective in (3.9):
Z Wi’j(MEjW)Z = Z UEW <Mi,jMEj7 wa> .
ij ij

Inspired by this relation, we use the change of variable approach to optimize the rank-1

T

matrix S = ww", i.e., it suffices to consider the equivalent reformulation of (3.9):

P ] . . . . T
max {F(S) = min Z w5 (M MY, S)} . (3.10)
Trace(S)=1,rank(S)=1 J

An efficient SDR is to drop the rank-1 constraint to consider the semidefinite program (SDP):

max F(S), where S, = {S € S¥: Trace(S) = 1}. (SDR)

Remark 7 (Connection with [322]). We highlight that Xie and Xie [322] considered the
same SDR heuristic to compute the MS 1-Wasserstein distance. However, the authors
therein apply the interior point method to solve a large-scale SDP, which has expansive
complexity O(n®Spolylog(5)) (up to 8-accuracy) [25]. In the following, we present a first-
order method that exhibits much smaller complexity O (n2573) in terms of the problem size
n (see Theorem 9). Besides, theoretical guarantees on the solution from SDR have not been

explored in [322], and we are the first literature to provide these results.

The constraint set S, is called the Spectrahedron and admits closed-form Bregman
projection. Inspired by this, we propose an inexact mirror ascent algorithm to solve (SDR).
Its high-level idea is to iteratively construct an inexact gradient estimator and next perform
the mirror ascent on iteration points. By properly balancing the trade-off between the
bias and cost of querying gradient oracles, this type of algorithm is guaranteed to find a

near-optimal solution [155, 157, 158, 159].
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We first discuss how to construct supgradient estimators of £'. By Danskin’s theo-
rem [29],
OF(S) = COnV{ S w(S)MME 7 (S) € H(S)},
1,J

where I1(S) denotes the set of optimal solutions to the following OT problem:

Z?]’

min Y m (Mi M, 9). (3.11)

The main challenge of constructing a supgradient estimator is to compute an optimal solution
7*(S) € T'(S). Since computing an exactly optimal solution is too expensive, we derive
its near-optimal estimator, denoted as 7, and practically use the following supgradient

estimator:

v(S) = T M M. (3.12)
1,

We adopt the stochastic gradient-based algorithm with Katyusha momentum in [325] to com-
pute a e-optimal solution 7 to (3.11). It achieves the state-of-the-art complexity O (n%e71h).
See the detailed algorithm in Appendix B.6. Next, we describe the main algorithm for solv-
ing (SDR). Define the (negative) von Neumann entropy i(S) = > ,cip,) Ai(S) log Ai(5),

where {);(S)}; are the eignevalues of S, and define the von Neumann Bregman divergence

V(Sl, SQ) - h(Sl) - h(SQ) - <Sl - SQ, Vh(SQ)T>

= Trace(51 lOg Sl — Sl lOg SQ)

Iteratively, we update Sy by performing mirror ascent with constant stepsize v > 0:

Sk+1 = arginax 7<U(Sk>7 S) + V<Sv Sk:)a
SESQn
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Algorithm 3 Inexact Mirror Ascent for solving (SDR)

. Input: Max iterations 7', initial guess Sy, tolerance ¢, constant stepsize 7.
cfork=1,..., T —1do
Obtain a e-optimal solution (denoted as 7) to (3.11)
Construct inexact supgradient v(S) by (3.12)
Perform mirror ascent by (3.13)
end for
: Return Sy.p = 7 ST Sk

A A A ey

which admits the following closed-form update:

Sk+1

Sir1 = exp (log Sy + vv(S, , Spp1= ———.
k+1 p( g T ( k)) k+1 Trace(SkH)

(3.13)

The general procedure for solving (SDR) is summarized in Algorithm 3.

3.4.2 Theoretical Analysis

In this subsection, we establish the complexity and performance guarantees for solving
(SDR). Since the constraint set Ss,, is compact and the objective in (SDR) is continuous, an
optimal solution, denoted by S*, is guaranteed to exist with a finite optimal value. A feasible
solution S € S, is said to be d-optimal if it satisfies the condition F(S) — F(S*) < 4.

Define the constant C' = max; ; || M; ;|3

Theorem 9 (Complexity Bound). Fix the precision 0 > 0 and specify hyper-parameters

_ log(2n)

0
1

16C?log(2n)
g,

Then, the complexity of Algorithm 3 for finding 0-optimal solution to (SDR) is
O (C*n’(log n)3/2(5’3) :

Next, we analyze the quality of the solution to (SDR). Recall the exact reformulation (3.9)

requires that the optimal solution to be rank-1 while the tractable relaxation (SDR) does not
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enforce such a constraint. Therefore, it is of interest to provide theoretical guarantees on the
low-rank solution of (SDR), i.e., we aim to find the smallest integer £ > 1 such that there
exists an optimal solution to (SDR) that is at most rank-%k. The integer & is called a rank

bound on (SDR), which is characterized in the following theorem.

Problem (14) Fix =5 ,Step 1: Find optimal (f, g) with n binding constraints )

fi + 9oty < (MioyMs@),S), i €[n]
|\

e e B

rStep 2-1: Eigen-decomposition of $ = QAQT
| with A = diag(4y, ..., 4,) > 0

Step 2-2: Determine if
nonzero direction Y =
QAQT exists such that
Trace(Y) = 0 and

(Mio@M{gqy Y ) =0

J

Update § « §*(6)

‘ No Step 2-3-2: Find maximum stepsize § = 0 such
that $*(8) = § + 6V satisfies S*(6) > 0, e.g.,

Amin ('§+(6)) =0)

[Step 2-3-1: Terminate and return S ]

Figure 3.2: Diagram of the rank reduction algorithm. Here o(-) denotes the permutation
operator on [n], Step 1 can be implemented using the Hungarian algorithm [184], and
Step 2-2 finds a direction that lies in the null space of the constraint of Problem (3.14).

Theorem 10 (Rank Bound on (SDR)). There exists an optimal solution to (SDR) of rank at

mostk =1+ b/Qn—}—%—%J.Asaresult,

Optval(3.9) = max F(S)
SESEL” JTrace(S)=1,rank(S)=1

<Optval(SDR) < max F(S).

B SESi”,Trace(S):l,rank(S):k

The trivial rank bound on (SDR) should be 2n, as the matrix S is of size 2n x 2n.

Theorem 10 provides a novel rank bound that is significantly smaller than the trivial one.

Proof. Proof Sketch of Theorem 10. We first reformulate (SDR) by taking the dual of the

43



Synthetic Dataset (H1 Case) MNIST Dataset: 0 versus 1 CIFARI10 Dataset: Airplane versus A

7 Unbounded) mmm SDR-Efficient 7 Unbounded) g SDR-Efficient g Unbounded| g SDR-Efficient
g 7| B3 BCD H 7| =9 BCD § 7| E=3 BCD
E B SDR-IPM & B SDR-IPM & B SDR-IPM
< 6 < 6 ' BRE B Y 6
& 5 E 5 & 5
£ 4 £ £ i
4 3 2 2 3
S 2 S 3 2
k] k3 s
w0 1 Ed & 1
K ¥ ¥
%0 100 20 400 80 160 3 20000800 0 D w100 3200
Sample Size n Sample Size n E
Gaussian Dataset (H1 Case) MNIST Dataset: 0 versus CIFARIO Dataset: A
—+— SDR-Efficient 6751 —— SDR-Efficient s 38|~ SDR-Efficient
g 020 g — £ —— BCD
g —— BCD € 5.0/ —— BCD g
2 2 %36 =
a A . a /\W‘—‘
5015 . — £ 34 /
: / y 4 3.2
Z0.10 =575 z \//
2 2 Z30 -
z
= 2550 X \/
Tl i | | g 228
g 0.05 S 525 g
- £ %26
= = 50, =
0.00 2.4
20 50 100 200 400 800 1600 3200 6400 20 50 100 200 400 800 1600 3200 6400 20 50 100 200 400 800 1600 3200 6400
Sample Size n Sample Size N Sample Size n

Figure 3.3: Comparison of SDR-Efficient with the baseline methods SDR-IPM and BCD
in terms of computational time and solution quality. The columns, from left to right,
correspond to the synthetic Gaussian dataset (100-dimensional), MNIST, and CIFAR-10. The
top plots display the computational time, where the y-axis is labeled as "unbounded" if the
running time exceeds the 1-hour time limit. The bottom plots present the estimated KMS
2-Wasserstein distance for each method.

inner OT problem:

1 & T .
%22% 2 1(fi +gi) fit gy <(Mi;M;;, S),Vi,5 ¢ (3.14)
,gER™ 1=

By Birkhoff’s theorem [37] and complementary slackness of OT, there exists an optimal
solution of (f, g) such that at most n constraints of (3.14) are binding, and with such an
optimal choice, one can adopt the convex geometry analysis from [195, 198] to derive the
desired rank bound for any feasible extreme point of variable S. As the set of optimal
solutions of (SDR) has a non-empty intersection with the set of feasible extreme points, the

desired result holds. O O]

It is noteworthy that Algorithm 3 only finds a near-optimal solution §1:T of (SDR),
which is not guaranteed to satisfy the rank bound in Theorem 10. To fill the gap, we develop
a rank-reduction algorithm that further converts :S'\LT to the feasible solution that maintains

the desired rank bound. See the general diagram that outlines this algorithm in Fig. 3.2 and
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the detailed description in Appendix B.10. We also provide its complexity analysis in the
following theorem, though in numerical study the complexity is considerably smaller than

the theoretical one.

Theorem 11. The rank reduction algorithm in Fig. 3.2 satisfies that (1) for a 6-optimal
solution to (SDR), it outputs another 6-optimal solution with rank at most k; (11) its worst-

case complexity is O(n?).

Additionally, by adopting the proof from Luo et al. [210], we show the optimality gap
guarantee in Theorem 12. Although the approximation ratio seems overly conservative, we

find (SDR) has good numerical performance.

Theorem 12 (Relaxation Gap of (SDR)). Denote by € = 4 - (0.33)3 an universal constant.
Then
en~t. Optval(SDR) < Optval(KMS) < Optval(SDR).
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g 7% ¢ $ g é -z % 5 4 $ %’ & Sinkhorn Div
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Figure 3.4: Testing power with a controlled type-I error rate of 0.05 across four datasets.
Figures from left to right correspond to (a) Gaussian covariance shift, (b) Gaussian mixture
distribution shift, (¢) MNIST, and (d) CIFAR-10 with distribution abundance changes.
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3.5 Numerical Study

This section presents experiment results for KMS 2-Wasserstein distance that is solved
using SDR with first-order algorithm and rank reduction (denoted as SDR-Efficient).
Baseline approaches include the block coordinate descent (BCD) algorithm [307], which
finds stationary points of KMS 2-Wasserstein, and using interior point method (IPM) by
off-the-shelf solver cvxpy [103] for solving SDR relaxation (denoted as SDR-IPM). Each
instance is allocated a maximum time budget of one hour. All experiments were conducted
on a MacBook Pro with an Intel Core 19 2.4GHz and 16GB memory. Unless otherwise
stated, error bars are reproduced using 20 independent trials. Throughout the experiments,
we specify the kernel as Gaussian, with the bandwidth being the median of pairwise
distances between data points. Other details and extra numerical studies can be found in
Appendices B.11 and B.12.

Computational Time and Solution Quality. We first compare our approach to baseline
methods in terms of running time and solution quality. The quality of a given nonlinear
projector is assessed by projecting testing data points from two groups and calculating their
2-Wasserstein distance. The experimental results, shown in the top of Fig. 3.3, indicate
that for small sample size instances, SDR-IPM requires significantly more time than the
other two approaches. Additionally, for small sample size instances, the running time of
BCD is slightly shorter than that of SDR-Efficient. However, for larger instances, BCD
outperforms SDR-Efficient in terms of running time. This observation aligns with our
theoretical analysis, which shows that the complexity of SDR is @(n25 —3), lower than the
complexity of BCD [307], which is O(n3§~3). The plots in the bottom of Fig. 3.3 show
the quality of methods SDR-Efficient and BCD. We find the performance of solving SDR
outperforms BCD, as indicated by its larger means and smaller variations. One possible
explanation is that BCD is designed to find a local optimum solution for the original non-

convex problem, making it highly sensitive to the initial guess and potentially less effective
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in achieving optimal performance.

High-dimensional Hypothesis Testing. Then we validate the performance of KMS 2-
Wasserstein distance for high-dimensional two-sample testing using both synthetic and real
datasets. Baseline approaches include the two-sample testing with other statistical diver-
gences, such as (i) Sinkhorn divergence (Sinkhorn Div) [130], (ii) maximum mean discrep-
ancy with Gaussian kernel and median bandwidth heuristic (MMD) [138], (iii) sliced Wasser-
stein distance (SW) [55], (iv) generalized-sliced Wasserstein distance (GSW) [177], (v) max-
sliced Wasserstein distance (MS) [97], and (vi) optimized mean-embedding test (ME) [170].
The baselines KMS, MS, ME partition data into training and testing sets, learn parameters
from the training set, and evaluate the testing power on the testing set. Other baselines
utilize both sets for evaluation. Synthetic datasets include the high-dimensional Gaussian
distributions with covariance shift, or Gaussian mixture distributions. Real datasets include
the MNIST [96] and CIFAR-10 [179] with changes in distribution abundance. The type-I
error is controlled within 0.05 for all methods.

We report the testing power for all these approaches and datasets in Fig. 3.4. For
the Gaussian covariance shift scenario the MS method achieves the best performance,
which can be explained by the fact that linear mapping is optimal to separate the high-
dimensional Gaussian distributions. For the other three scenarios, our approach has the

superior performance compared with those baselines.

Table 3.1: Detection delay of various methods with controlled false alarm rate o« = 0.05.
Mean and standard deviation (std) are calculated based on data from 10 different users.

Method KMS Sinkhorn Div. MMD SW GSW MS ME

Mean 114 16.5 506 172 129 17.8 654
Std 5.56 4.4 395 87 64 92 257

Human Activity Detection. We evaluate the performance of the KMS Wasserstein distance
in detecting human activity transitions as quickly as possible using MSRC-12 Kinect gesture

dataset [115]. After preprocessing, the dataset consists of 10 users, each with 80 attributes,
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performing the action throwing/lifting before/after the change-point at time index 600.
We employ a sliding window approach [322] with a false alarm rate of 0.01 to construct
the test statistic at each time index, which increases significantly when a change-point is
detected. Figure 3.5 illustrates the test statistics generated by our method compared to
baseline approaches. The experimental results, summarized in Table 3.1, show that our

method achieves superior performance.

KMS SinkhornDiv MMD — SW GSW — MS —— ME

2000 4

31
24

1000 4
14
04

575 581 586 614

. 0.05 4
:> Time
T

N 2000

1000 4

T T T T T T 0.0 i~ T T T T T 0is T T T T T
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500

Figure 3.5: Top Left: Illustration of sequential data before and after the change-point.
Remaining: Testing statistics computed from our and baseline approaches.

Generative Modeling. Finally, we replace the MS Wasserstein distance with our proposed
KMS Wasserstein distance for the generative modeling task on the MNIST dataset, following
a similar procedure as in [97]. Figure 3.6 shows the generated samples produced by
generative models based on either the sliced Wasserstein distance or the KMS Wasserstein
distance. To evaluate the performance of these models, we use the Fréchet Inception Distance
(FID) score [147], calculated by extracting image features with a three-layer convolutional
neural network. A lower FID score indicates better generative performance. Compared to
the baseline, the KMS Wasserstein-based generative model achieves a lower FID score and
produces higher-quality images, suggesting that the KMS Wasserstein distance is effective

for learning high-dimensional data distributions.
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Figure 3.6: Left: samples generated from sliced Wasserstein-based generative models with
FID score 5.37e-2; Right: samples generated from KMS Wasserstein-based generative
models with FID score 3.35e-2. Models are trained with feed-forward neural-nets and 30
epoches.

3.6 Concluding Remarks

In this paper, we presented both statistical and computational guarantees for the KMS
Wasserstein distance. From a statistical perspective, we derived finite-sample guarantees
under mild conditions on the kernel function, yielding a dimension-free concentration error
bound. Moreover, our analysis relaxes the compactness assumption on the sample space
typically required by the MS Wasserstein distance. From a computational perspective,
we investigated the SDR approach for solving the empirical KMS 2-Wasserstein distance.
This method is not only computationally efficient using first-order optimization techniques
but also enjoys strong performance guarantees for the obtained solutions. Our numerical
experiments validated the theoretical results and demonstrated the superior performance
of the KMS Wasserstein distance in high-dimensional hypothesis testing, human activity

detection, and generative modeling applications.
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CHAPTER 4
VARIABLE SELECTION FOR KERNEL TWO-SAMPLE TESTS

In this chapter, we consider the variable selection problem for two-sample tests, aiming
to select the most informative variables to determine whether two collections of samples
follow the same distribution. To address this, we propose a novel framework based on
the kernel maximum mean discrepancy (MMD). Our approach seeks a subset of variables
with a pre-specified size that maximizes the variance-regularized kernel MMD statistic. We
focus on three commonly used types of kernels: linear, quadratic, and Gaussian. From a
computational perspective, we derive mixed-integer programming formulations and propose
exact and approximation algorithms with performance guarantees to solve these formulations.
From a statistical viewpoint, we derive the rate of testing power of our framework under
appropriate conditions. These results show that the sample size requirements for the
three kernels depend crucially on the number of selected variables, rather than the data
dimension. Experimental results on synthetic and real datasets demonstrate the superior
performance of our method, compared to other variable selection frameworks, particularly

in high-dimensional settings. This work is mainly summarized in [304].

4.1 Introduction

Two-sample test is a classic problem in statistics and an important tool for scientific discovery.
Given two sets of observations x" := {x;}" , and y" = {y;}"~,', which represent n
independent and identically distributed (i.i.d.) D-dimensional samples from distributions x
and v, respectively. Using these samples, we aim to decide whether ¢ and v are distinct. Two-

sample test has wide applications: for example, in clinical trials to evaluate the effectiveness

'In this paper, we consider the simplified setting where the two sets of samples are the same size; it can be
generalized to the setting when the two sets of samples do not have the same size.
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of two distinct treatments on patient outcomes; in finance, to compare the performance
of two different investment strategies; and in machine learning, to investigate whether the
source domain and target domain have significant differences.

Recently, kernel two-sample tests have become a popular approach for modern high-
dimensional data (see, e.g., [76, 138]). Despite the vast literature on kernel two-sample
tests, studying variable selection for two-sample testing remains relatively limited. In
this context, variable selection seeks the most informative d variables from a pool of D
variables (usually d < D) to differentiate distributions x and v. On the one hand, finding
interpretable variables is crucial for understanding population differences for domains such
as gene expression analysis, where only a small subset of variables elucidates disparities
between normal and abnormal populations [334]. On the other hand, the dissimilarities
between high-dimensional datasets often exhibit a low-dimensional structure [303], and
thus, extracting a small set of crucial variables as a pre-processing step may enhance the
efficacy of high-dimensional two-sample testing.

Variable selection in the kernel two-sample testing is very different from the widely
studied variable selection problem in linear models (notably, Lasso) and generalized linear
models (see, e.g., [144]) because we face completely different objective functions in the
optimization formulation. An interesting aspect of the problem is that depending on the
choice of the kernel, the nature of the optimization objective can range from simple to
hard. Moreover, the original formulation of the variable selection problem will also lead
to the so-called “subset selection problem” [222], which leads to an integer program and
can be hard to solve directly; it remains a question of how to develop computationally
efficient procedures and approximate algorithms. On the other hand, for analyzing statistical
performance variable selection for kernel two-sample tests facing finite samples, we need
to study the statistical performance for tests (such as the false-detection and detection
power), which is characteristic of testing problems that are different from regression type of

prediction problems.
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In this paper, we provide a novel variable selection framework for two-sample testing
by choosing key variables that maximize the variance-regularized kernel maximum mean
discrepancy (MMD) statistic, which in turn (approximately) maximizes the corresponding
testing power. Our focus is on three types of kernels: linear, quadratic, and Gaussian. The

contributions are summarized as follows.

* From the computational perspective, we leverage mixed-integer programming tech-
niques to solve the MMD optimization problem for variable selection. For linear
kernel, we reformulate the optimization as an inhomogeneous quadratic maximiza-
tion with /5 and ¢, norm constraints (see Section 4.4.1), called Sparse Trust Region
Subproblem (STRS). Despite its NP-hardness, we provide an exact mixed-integer
semi-definite programming formulation together with exact and approximation algo-
rithms for solving this problem. To the best of our knowledge, this study is new in
the literature. For quadratic and Gaussian kernels, the MMD optimization becomes
a sparse maximization of a non-concave function (see Section 4.4.1), which is in-
tractable in general. We propose a heuristic algorithm that iteratively optimizes a
quadratic approximation of the objective function, which is also a special case of

STRS.

* From the statistical perspective, we derive the rate of testing power of our frame-
work under appropriate conditions. We demonstrate that when the training sample

2
/ , where

size n, is sufficiently large, the type-II error decays in the order of n;el
nre denotes the testing sample size. For the three focused types of kernels, the
training sample size requirement is almost independent of the data dimension D but
dependent on the number of selected variables d: For linear, quadratic, and Gaussian

kernels, to achieve satisfactory performance, the training sample sizes are at least

Q(d?log 2),Q(d*log 2), and Q(dlog L), respectively.

* By combining both viewpoints, it becomes evident that there exists a balance between
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computational tractability and statistical guarantees. While the Gaussian kernel
requires a smaller sample size to be statistically powerful, the corresponding MMD
optimization is challenging. Conversely, the linear or quadratic kernel may require

more samples to be statistically powerful, but the optimization is easier to solve.

* Finally, we perform numerical experiments using synthetic and real datasets to show-
case the effectiveness of our proposed framework compared to other baseline methods.
We utilize synthetic datasets to evaluate the testing power and variable selection
performance. Subsequently, we test our approach on real data, including the standard

MNIST handwritten digits and more specialized sepsis detection datasets.

Notations. Given a positive integer n, define [n] = {1,...,n}. Let F = {0,1}, and
S, denote the collection of n X n symmetric positive semi-definite matrices. Given a
vector = € R” and a set S C [D], we use z¥) denote the k-th entry in 2, and 2) to
denote the subvector with entries indexed by S. Given an m x n matrix A and two sets
S C [m],t C [n], denote A% the (i, j)-th entry in A and denote A>T) as the submatrix
with rows and columns indexed by S and 7T'. Given a vector z € R” and a distribution z in
RP, denote z o 11 as the distribution of the random variable Y-, _,,; 2 z*) provided that
& ~ p1. Define the norm || z]|(q) = maxs; sj<q || H2 For a D-dimensional distribution p

and s € [D], let Proj,,u be the s-th marginal distributions of .

Related work

Variable selection. Classical variable selection approaches seek to extract the most valuable
features from a group of high-dimensional data points. To name a few, sparse PCA seeks to
select crucial variables that maximize the sample covariance based on sample sets [100, 101,
194]; truncated SVD aims to formulate a low-rank data matrix with minimum approximation
error [197], and the maximum entropy sampling or experiment design aims to select a
subgroup of samples that reserve information as much as possible [193, 196]. However,

existing literature has paid less attention to variable selection for identifying differences
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between the two groups except [52, 142, 165, 166]. The references therein mainly rely on
parametric assumptions regarding the data-generating distributions. In particular, Taguchi
and Rajesh [293] assume target distributions are Gaussian and find important variables such
that the difference between mean and covariance among two groups is maximized. The
works [142, 165, 166] further model distributions as Gaussian graphical models and detect
the difference between distributions in correlation and partial correlation. However, it is
undesirable to restrict the analysis to parametric distributions, especially for real-world
applications. Bonferroni method [52] has been proposed in the two-sample testing context
to compare every single feature using statistical tests to obtain representative variables. Still,
it may not perform well when correlations exist between variables.

Kernel two-sample tests. A popular approach for non-parametric two-sample testing is
based on kernel methods [269]: such tests quantify the difference of probability distributions
by measuring the difference in kernel mean embedding [28, 227], which is also called the
maximum mean discrepancy (MMD) [118, 138, 175, 270, 271]. The follow-up works [202,
291] further improve the performance of kernel-based two-sample tests by selecting kernels
that maximize the variance-normalized empirical MMD. We adopt this idea in our variable
selection framework. However, we observe that using this criterion for variable selection
results in a fractional program subject to sparsity and norm constraints, which is highly
challenging to solve. Hence, we are inspired to consider optimizing the variance-regularized
empirical MMD statistic as a surrogate (see (4.12)).

Other two-sample tests. Many widely-used frameworks employ classification techniques
for two-sample testing (see, e.g., [75, 181, 182]). It is worth noting that our approach adopts
a distinct framework compared to those references: these aforementioned testing methods
may not effectively identify interpretable variables capable of distinguishing between two
distributions. One potential alternative is to employ a classifier based on sparse logistic
regression [33] to construct a two-sample test. However, this approach may not yield

satisfactory performance due to the limited flexibility of the parametric form of the classifier,
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as we will demonstrate in Section 4.3.2. Recently, Mueller and Jaakkola [228] proposed
to find the optimal subset of features such that the Wasserstein distance between projected
distributions in dimension d = 1 is maximized. Later Wang et al. [306, 307] modified
the projection function as the linear mapping with general dimension d > 1 and nonlinear
mapping, respectively, thus improving the flexibility of dimensionality reduction and power
of two-sample testing. Nevertheless, these references do not impose sparsity constraints
when performing dimensionality reduction. Therefore, they cannot select a subset of

variables that differentiate the differences between the two groups.

4.2 Background

We first present some background information about maximum mean discrepancy (MMD). It
measures the discrepancy between two probability distributions by employing test functions
within a reproducing kernel Hilbert space (RKHS), which has been commonly used in

two-sample testing area [80, 138, 139, 140, 170, 202].

Definition 9 (Maximum Mean Discrepancy). A kernel function K : RP x RP — R is
called a positive semi-definite kernel if for any finite set of n samples {x;}7_, in RP and
{citioy in R, it holds that 3, >~ i CiCi K (i, x5) > 0. A positive semi-definite kernel
K induces a unique RKHS H. Given H containing a class of candidate testing functions

and two distributions [, v, define the corresponding MMD statistic as

MMDGrK) 2 s (Bl BT} @)
FeEH, | flln<s

Leveraging reproducing properties of the RKHS, the MMD statistic can be equivalently

written as

MMDQ(M? v; K) = ESE@/NM [K(LE, SC/)] + Ey,y'NV[K(% y/>] - QEHENM,?JNV[K(‘%? y)}v
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which enables convenient computation and sample estimation. When the distributions p and
v are not available, one can formulate an estimate of MMD?(p, v; K) based on samples x"

and y” using the following statistic [138]:

_— 2 1
MMD (x*,y* K)& —— § H,; 4.2
(X ’y ? ) n(n _ 1) 4 ‘ o 3]0 ( )
i€[n],j€[n],i#£j
with

Hij = K(z,25) + K(yi,y;) — K(z4,y;) — K(yi, ;). (4.3)

The choice of kernel function largely influences the performance of variable selection for
two-sample tests. To achieve satisfactory performance, we consider the following types of
kernel functions, denoted as K (-, -). Here, the coefficient vector z = (2(*))¢(p involved in

the kernel functions determines which variables to be selected, which is in the domain set
Z={zcR": |z, =1,z < d}. 4.4)

* Linear Kernel: For each coordinate s € [D], we specify the scalar-input kernel

ks : R x R — R and then construct

K.(z,y) =Y 29k (2, y). 4.5)

se[D

Those scalar-input kernels ks (-, ), s € [D] defined above are used to compare the dif-
ference of distributions among each coordinate, which can be chosen as the Gaussian

kernel with certain bandwidth hyper-parameter 72, i.e., ks(z,y) = e~ (@=v)?/(277)

* Quadratic Kernel: For each coordinate s € [D], we specify the scalar-input kernel
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ks : R x R — R and then construct

2

K.(1,y) = Z 2k (2 Yy e ] . (4.6)

s€[D]

Here ¢ > 0 is a bandwidth hyper-parameter of the quadratic kernel, and scalar-input
kernels k;(-,-), s € [D] can be chosen in the same way as defined in the linear kernel

case.

* (Isotropic) Gaussian Kernel: We first specify the bandwidth hyper-parameter o > 0
P pecity yper-p

and then construct isotropic Gaussian-type kernel

S S S 2
Peip) (2@ —y)) ) 4.7)

202

K.(x,y) = exp (—

We use isotropic Gaussian kernel, a common choice in the literature on two-sample
testing, primarily because it only involves a bandwidth hyper-parameter that is easy to

tune.

4.3 Formulation

A natural criterion of variable selection is to pick the coefficient vector z such that the
empirical MMD statistic is optimized, i.e., it suffices to solve the formulation

_— 2
max MMD (x",y"; K.). (4.8)

z€EZ

To motivate this formulation, we start with an example showcasing the nature of the problem:
the complexity of the problem depends on the choice of the kernel, and the simplest linear
kernel leads to the analytical solution. Despite that, the linear kernel is known to have
limited testing power, and one usually prefers to use a non-linear kernel, whose solution is

not analytical. Moreover, the test statistic may require normalization by standard deviation,
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for which case an analytical solution is not available; all these require further algorithm
development of algorithm as presented in Section 4.4.

Consider Problem (4.8) when the kernel function K, is a linear kernel in (4.5). By
straightforward calculation, it can be reformulated as the following linear optimization on
the domain set Z:

T
Igleaé{ z a, 4.9)

where for s € [D], the s-th entry of the vector a € RP is
—2 s s
a'® = MMD ({:U§ Viet {0 iep, ks)-

It is easy to check that the optimal solution to (4.9) is obtained by taking the non-zero
indexes of z to be the indexes of the d largest absolute values of the vector a. In other words,
based on the linear kernel and the criterion (4.8), our framework selects those variables
whose MMD discrepancy between two distributions at the corresponding coordinates is as
large as possible. Since this idea only utilizes the information of marginal distributions of a
high-dimensional distribution in each coordinate, the linear kernel has limited testing power

in practice.

4.3.1 Variance regularized MMD optimization

Although the idea behind the formulation (4.8) is simple, as pointed out in existing litera-
ture [140, 182, 291], directly optimizing the MMD statistic does not result in a powerful
two-sample test in practice. Inspired by these references, we incorporate the variance
statistic of MMD in the formulation to achieve more competitive performance.
Specifically, we pick the sparse selection vector z to achieve the most powerful test. Since
the kernel function leading to the most powerful two-sample test approximately maximizes

the MMD testing statistic normalized by its standard deviation [291], the natural idea is to
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pick the selection vector z that solves the following fractional optimization problem:

2
MMD (x",y™; K,)
max

zEZ 1/2’
(3 0y 1)

(4.10)

2
where MMD (x",y"; K.) and 03, (x",y"; K.) are unbiased empirical estimators of the
population testing statistic and the variance of testing statistic under alternative hypothesis
Hi: p # v, respectively. For fixed samples x", y" and kernel function K (-, -), by [291],

the variance estimator

2 2

52, (x", y"; K) Z > Hy, —% SN Hy (4.11)

i€ln] \j€[n| i€[n] j€ln]

where H, ;,i,j € [n] are defined in (4.3). Since the optimization over a fraction in (4.10)
is difficult to handle, we introduce a regularization hyper-parameter A > 0 (which can be
tuned by cross-validation in practice) and propose to solve the new optimization problem
instead:

max {ﬁ(z;x”,y") = I\TI\H)Q(X”, vy K,) — )\Zf\%l(xn,y"; KZ)} (4.12)
The rationale behind problem (4.12) is that, by properly tuning the regularizer A > 0, we
balance the trade-off between maximizing the testing statistic and minimizing its variance,
which amounts to approximately optimizing the testing power criteria in (4.10).

The hyper-parameter A is tuned using the following cross-validation procedure: We
take a set of candidate choices of A, denoted as {0.1,0.5,1,2,5}, and split the dataset
into 50% training and 50% validation datasets. For each choice of hyper-parameters, we
use the training dataset to obtain the optimal coefficient vector and examine its hold-out
performance on the validation dataset, which is quantified as the negative of the p-value for

two-sample tests between two collections of samples in the validation dataset. We finally
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Algorithm 4 A permutation two-sample test using MMD with variable selection
Require: cardinality d, type-I error threshold ccyel, bootstrap size N, collected samples
x" and y".

1: Splitdata as x” = x" Ux™ and y" = yr Uy
2: Solve (4.12) with input data (x™*, y ") to obtain optimal sparse selection vector z*.
3
3: Compute test statistic 7' = MMD (x™¢, y™: K_.).
4: fori=1,...,N,do {3} Step 4-8: Decide threshold using bootstrap
5: Shuffle x™ U y™® to obtain Xaﬁ and y(Tf)’
2
6: Compute test statistic for bootstrap samples 7; = MMD (X%’ y(%‘; K.-).
7. end for
8: tihres < (1 — uever)-quantile of {7 }icin,)-
9: Reject Hy (i.e., decide the two sample distributions are different) if 7" > Zipyes.

specify the hyper-parameter as the one with the highest value of hold-out performance.
Using the proposed variable selection framework, we present a kernel two-sample
test as follows. The data points are divided into training and testing datasets. Initially,
the training set is utilized to obtain the selection coefficient that optimally identifies the
differences between the two groups. Next, a permutation test is performed on the testing
data points, projected based on the trained selection coefficient. The threshold for this
permutation test is calibrated by bootstrapping following [138, Section 5] and [8]. The
detailed algorithm is presented in Algorithm 4. This test is guaranteed to control the type-I
error [136] because we evaluate the p-value of the test via the permutation approach. In the
following sections, we discuss how to solve the optimization problem (4.12) with linear
and quadratic kernels, respectively. In the subsequent sections, we develop algorithms
for solving the MMD optimization problem and then establish statistical testing power

guarantees for our proposed framework.

4.3.2 Connections with classification-based testing

It is worth mentioning that any method for classification can be applied to two-sample
testing: Given training samples X" = {z;};cixn and y™ = {y;}icqyr ), we formu-

late the feature-label pairs as D = {(4,0)}icyxr] U {(¥is 1) Figyr)- One can use
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any classification method to obtain a classifier f based on training dataset Dry,. Af-
ter that, the testing statistic based on testing samples x'© and y*® can be computed as
T= |X—1T| Y pexTe f(:v) - |y—1T| D ey f(y) If the testing statistic 7" is greater than a certain
threshold, the null hypothesis H, is rejected, and otherwise, it is accepted.

A notable existing variable selection approach for classification is the sparse logistic
regression (SLR) [33], which uses the classifier fA() = (-, ) for some sparse vector 3. The
coefficient vector [ can be obtained by solving a sparse optimization problem using training
dataset Dy, and its non-zero entries correspond to the selected variables that distinguish the
differences between groups x'* and y'*. Based on samples x*® and y ', SLR formulates
the following testing statistic and rejects the null hypothesis if it exceeds a certain threshold:
Tsir = ﬁ Y pexTe BTz — |y_1T\ Zyech (Ty. Such an approach assumes a parametric
assumption that the data distributions i and v are linearly separable since otherwise, the
linear predictor may not achieve satisfactory performance.

In contrast, our proposed method can be viewed as a generalized classification-based

testing, which consists of two phases:

(I) At the first phase, we choose a suitable kernel function K (-, -) based on training data
T and y™* that depends only on a small group of variables leading to satisfactory
two-sample testing performance. Such a variable selection procedure makes our

classification model more interpretable.

(II) At the second phase, we obtain the classifier (also called the witness function in [138,

Section 2.3]), denoted as f, based on validation data x™ and y™

XTe| > K(x,2) - Te| Y K . (4.13)

rexTe yeyTe

In comparison with the SLR framework, we replace the linear classifier with the kernel-based
classifier, which is a more flexible and powerful choice. In the following, we provide an

example demonstrating that our proposed framework can successfully select useful variables

61



to distinguish the difference between two groups, while the sparse logistic regression cannot

finish this task.

Example 2 (Example when sparse logistic regression cannot identify variables). Consider
the example where ;. = N (0, Ip) and v = N'(0,diag((1 + €)%, 1,...,1)) with € > 0. Here,
only the first coordinate can differentiate between (i and v. When using the sparse logistic
regression, it is clear that for any ( satisfying || 5|0 < 1, it holds that the population version
of testing statistic E[Tsy r| = 0. This indicates that sparse logistic regression may not achieve
satisfactory performance in hypothesis testing or classification. In contrast, consider our
proposed MMD framework with the linear kernel. For any z such that ||z||2 = 1, ||z]l0 < 1,
it holds that the population version of the objective in (4.12) achieves the unique optimal
solution Z with V) = 1 if the variance regularization X is selected properly. Specifically,
when X is chosen to be smaller than a constant X > 0, our proposed MMD framework can

always select the true useful variable.?

MMD?(N(0,1),N(0,(14€)2);k1)
U;"_Ll (N(0,1),N(0,(14€)?);k1)
closed-form expressions on those statistics in the following (see the proof in Appendix C.2):

2 2 2
A £ MMD? 1 14 6)2):ky) = 4] -1 i _9 i
(N(Oa )7N(Oa( +6) )7 1) \/T12+2 + T12+2(1+6)2 7'12+1+(1+6)2’

B £ 03, (N(0,1),N(0,(1+ €)?); k1) = 4C — 442,

2Here we take \ =

to satisfy the desired result. Specifically, we provide

ca Tt 47t
“NE e+ N Er @+ 20+ 02

167 167
VN2t + 2+ (D) (A + ot V(@ H1+0+0)E2+2(1+6)?)

167’{1 Tf
+ \/(712 +(14e)2) (2 + (1+€)2+2) + \/(712 +(14e)?2) (2 +3(1+¢€)?)
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4.4 Algorithm

To prepare for solving the MMD optimization problem (4.12), we first introduce the follow-

ing Sparse Trust Region Subproblem (STRS):

max {zTAz + zTa}, (STRS)

z€EZ

where the set Z is defined in (4.4) and (A, a) are problem coefficients. This problem
extends the standard Trust Region Subproblem [84], since we require the decision variable
to satisfy an extra sparse constraint. In Section 4.4.1, we will show that Problem (4.12)
can be reformulated as a special case of (STRS) for linear kernels. For generic kernels,
the optimization procedure for solving (4.12) involves solving the subproblem (STRS).
Unfortunately, the set Z = {z € R” : ||z]]2 = 1, ||z]lo < d} in (STRS) involves {;-norm
constraint, which typically leads to a mixed-integer program reformulation that is NP-hard to
solve. This motivates us to provide efficient optimization algorithms to tackle this challenge
in Section 4.4.2.

Without loss of generality, we assume A > 0 in (STRS), since otherwise, we can re-
write the problem as max, ¢z {ZT (A=A (A)p)z + zTa} + Amin(A), where the shifted
matrix A — Apnin(A)Ip = 0, where A, denotes the smallest eigenvalue of a matrix. It
is worth mentioning that the problem (STRS) reduces to sparse PCA formulation when
the coefficient vector a = 0 (that is, the linear term is zero), which has been studied
extensively in the literature [27, 119, 194, 225]. However, the study for general vector a
for the problem (STRS) is new. In Section 4.4.2, we discuss the exact and approximation

algorithms for solving (STRS) with generic data matrix A and vector a.

4.4.1 MMD optimization with different kernels

In the following, we provide detailed algorithms for solving the MMD optimization prob-

lem (4.12) for various kernels considered in (4.5)-(4.7).
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Linear kernel

For linear kernel defined in (4.5), one can verify that H; ; € R defined in (4.3) can be written

as a linear function in terms of z:

=5 Ol a) ) — ) — 2] = P

s€[D]

where we denote the D-dimensional vector
iy = (el o)+ k) kel ) - ke @

Since the empirical MMD estimator m2(x”, y"; K, ) is a linear combination of { H; ; }; ;
and the empirical variance estimator 63, (x",y"; K.) is a quadratic function in terms of
{H, ;}i ;. itis clear that the MMD optimization problem (4.12) can be reformulated as the
mixed-integer quadratic optimization problem (STRS), where the data matrix A € RP*P

and vector a € R? have the following expressions:

A(s1,s2) — Q Z h Z hz(,sf)

iem] \jeln] j€n]
4X (s1) ()
- > h > b Vsi,s: € (D]
i,7€[n] i,j€[n]

1
- hi s
¢ n(n—1) Z Z’]

i€[nl.j€[nli#j

Therefore, one can query either the exact or approximation algorithm to solve problem (4.12)
with strong optimization guarantees for this linear kernel case. In the following remark, we
discuss under which conditions will linear kernel MMD may or may not achieve satisfactory

performance on the variable selection task.

Remark 8 (Limitation of Linear Kernel). Under the linear kernel choice, it can be shown
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that the population MMD statistic becomes

MMD? (1, v; K,) = Z Z(S)MMDZ(ProjS#,u,ijs#y; ks),
se[D]
where Proj,u ., Proj v are the s-th marginal distributions of i, v, respectively. In other
words, the selection coefficient z aims to find a direction to identify the difference between
marginal distributions of |« and v. However, under the case where marginal distributions
of i and v are the same, the linear kernel MMD does not have enough power to find

informative variables to distinguish those two distributions.

Other kernel choices

For other kernel choices, such as the quadratic kernel in (4.6) and Gaussian kernel in (4.7),
the objective for MMD optimization is a nonlinear non-concave function with respect to z.
This, together with the sparse constraint of the domain set Z, makes this type of problem
very challenging to solve. In this part, we provide a heuristic algorithm that incorporates
simulated annealing (SA) [35] and STRS that tries to find a feasible solution of (4.12) with
high solution quality. Such a heuristic can also be naturally extended for generic kernel
choices.

Here, we outline our SA and STRS-based heuristics. For notational simplicity, we
denote the objective of (4.12) as F'(z) instead. Our proposed algorithm is an iterative
method that generates a trajectory of feasible solutions z1, ..., z;_. . At the iteration point
z;, we generate a candidate solution z; by optimizing a second-order approximation of the

objective F'(z) with quadratic penalty regularization around z;:

Z; = argmax {F(ZZ) + VF(2)"(z — %)
2€2 (4.15)
+ 5= 2 V() (= — 2) - S le - =l

N | —

where 7; denotes the quadratic regularization value. Such a problem is a special case

65



Algorithm 5 Heuristic algorithm for solving (4.12) with generic kernel

1: Input: Max iterations ..y, initial guess 21, initial temperature Tem, cooling parameter
«, and a set of regularization values G

2: fori=1,... in., — 1do

Randomly pick the regularization value 7; from §.

Obtain z; by solving a STRS in (4.15).

Compute residual level A; = F'(Z;) — F(z;) and probability p; = e

if rand(0,1) < p; then
Zit1 = %

else

A;/Tem

R e N

Ritl = Zi
10:  endif

11: Tem =« - Tem
12: end for

13: Return z;

of (STRS), where the data matrix A € RP”*P and vector a € R” have the following
expressions:

1 .
A = §V2F(zz) — %]D, a = v2F<Zz>ZZ — Ti%; + VF(ZZ)

Hence, Problem (4.15) can be solved by querying the exact or approximation algorithm
described in Section 4.4. Let A; = F(Z;) — F(z;) denote the residual value for moving
from z; to z;. The central idea of SA is always to accept moves with positive residual values
while not forbidding moves with negative residual values. Specifically, we assign a certain

temperature Tem, and update z;,, as z; according to the probability

1, ifA; >0
pi =
eBilTem - if A, < 0.
If the candidate solution Z; is not accepted, we update z;,1 as z;. The temperature parameter
Tem is a critical hyper-parameter in this algorithm. We assign an initial value of Tem and

iteratively decrease it such that in the last iterations, the moves with worse objective values

are less and less likely to be accepted. See our detailed algorithm procedure in Algorithm 5.
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Finally, we add remarks regarding the tractability and flexibility of quadratic and Gaus-

sian kernels.

Remark 9 (Quadratic kernel). For quadratic kernel defined in (4.6), it can be shown that the
population MMD is given by MMD?(p, v; K.) = 25 A(p,v)z + 2VT (u, v), where A(y, v)

RDXD

isa -valued mapping such that

(A(g, V))(sl,sz) = E%z,w[/{;sl(x(sl)’ x'(sl))k82 (x(SQ), x’(SZ))]
+ Ey7leV[ksl (y(s1)7 y/(s1))ks2 (y(52)7 y/(SQ))]

- QEmNunyV[kﬂ (x(81)7 y(SI))k@ (x(82)7 y(82))]7
and T (i, v) is a RP-valued mapping such that
(T (1, ) = 2eMMD?(Proj, 1, Proj yv; k).

Given two multivariate distributions, the quadratic MMD aims to find a direction z to
distinguish the difference in each coordinate and the correlation between the two coordinates
the most. Compared with the linear MMD, which only identifies the difference in each
coordinate, the quadratic MMD is a more flexible choice. However, it can be shown that
the objective in (4.12) with the quadratic kernel is a 4-th order non-concave monomial with
respect to z, which is computationally intractable to optimize. In practical experiments, we

use the heuristic algorithm in Algorithm 5 to obtain a reasonably high-quality solution.

Remark 10 (Gaussian kernel). One can also re-write the population testing statistic for the
Gaussian kernel defined in (4.7). For notational simplicity, let K(x,y) = exp (—%)
be a standard Gaussian kernel with d-dimensional data, and define z4v as a d-dimensional
distribution such that

2uV = (z(s)a:(s))sesupp(z), where x ~ v.
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With these notations, it can be shown that the population MMD statistic becomes

MMD? (1, v; K,) = MMD? (2441, z4v; K).

Since the kernel K satisfies the universal property [220], our proposed Gaussian kernel
distinguishes the difference between |, and v as long as there exists a d-size sub-group
of coordinates of |1 and v that cause the difference. Compared with linear and quadratic
kernels, the Gaussian kernel is a more flexible choice. Unfortunately, the computation
burden of the Gaussian kernel is heavier than the other two simple kernels because the
objective in (4.12) can be viewed as a non-concave co-degree monomial with respect to
z, whereas the second-order approximation scheme in (4.15) may not provide reliable

performance for optimization.

4.4.2 Tackling the challenge of solving (STRS)

There are two challenges in solving (STRS) in particular for large-scale problems. First,
since the objective function is non-concave in z, it is difficult to develop exact algorithms
directly for solving (STRS). Instead, we provide a mixed-integer convex programming
reformulation, which motivates us to develop exact algorithms in Section 4.4.2. Second, this
problem is NP-hard even if the coefficient vector a = 0, as pointed out in [213]. When the
problem is large-scale, we provide approximation algorithms with provable performance

guarantees.

Exact mixed-integer SDP (MISDP) reformulation

We first provide an exact MISDP reformulation of (STRS). When the coefficient vector a =
0, similar reformulation results have been developed in the sparse PCA literature [30, 194].

However, such a reformulation for a # 0 is new in the literature. For notational simplicity,
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we define the following block matrix of size (D + 1) x (D + 1):

Theorem 13 (MISDP Reformulation of (STRS)). Problem (STRS) can be equivalently

formulated as the following MISDP

max (A, Z) (4.16a)
ZESEH,qGQ
st. 7200 <q® e (D], (4.16b)
700 =1, 1v(7) = 2, (4.16¢)
where the set
Q=1qqelf”: Y ¢P<dy, 4.17)
ke[D]

and we assume the indices of Z, A € S}, 1 are both over [0 : D] x [0 : D). The continuous

relaxation value of (4.16) equals Wy = max., |»),=1 {27 Az + 2Tt} .

The proof idea of Theorem 13 is to express the problem (STRS) as a rank-1 constrained
SDP problem. Leveraging well-known results on rank-constrained optimization (see, €.g.,
[99, 195, 251]), one can remove the rank constraint without changing the optimal value
of the original SDP problem. Although (4.16) is equivalent to (STRS), the fact that its
continuous relaxation value is equal to w,. suggests that it may be a weak formulation.
Inspired from [30, 194], we propose the additional two valid inequalities to strengthen the

formulation (4.16) in Corollary 2.

Corollary 2 (Stronger MISDP Reformulation of (STRS)). The problem (STRS) reduces to
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the following stronger MISDP formulation:
max (A, Z) (4.18a)

st (416c), > (200 < Z200¢0 [N Z0D| | <dzt¢W, vie D).
]

JED J€E[D]

(4.18b)

It is worth noting that two distinct references [30, 194] have independently introduced
two valid inequalities to enhance the performance of solving the sparse PCA problem, which
is a special instance of (STRS) for a = 0. However, one of the valid inequalities in (4.18b)
proposed in [30] is dominated by a valid inequality proposed in [194]. In contrast, the other
valid inequality has been proposed simultaneously in these two references. This motivates
us to incorporate two valid inequalities from [194] into our formulation, as outlined in
Corollary 2. On the one hand, the resulting formulation (4.18) can be directly solved
via some exact MISDP solvers such as YALMIP [205]. On the other hand, it enables
us to develop a customized, exact algorithm to solve this formulation based on Benders
decomposition since the binary vector g can be separated from other decision variables.

To develop the exact algorithm, we first reformulate the problem (4.18) as a max-min
saddle point problem so that it can be solved based on the outer approximation technique [51,

114].

Theorem 14 (Saddle Point Reformulation of (4.18)). Problem (4.18) shares the same

optimal value as the following problem:

ma {f(q) & max {<A, Z) : st (4.18b)}}. (4.19)

Here the function f(q) is concave in q over the domain Q= conv(Q), and equivalently, is
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Algorithm 6 Exact Algorithm for solving (STRS)
1: Input: Max iterations i,,,y, initial guess ¢, tolerance e.
2: fori=1,... in., — 1do
3:  Compute g;;1 as the optimal solution from

max {fi(q) £ min f(g; Qj)}

qeQ 1<j<i

Compute f(gi11) and gg,., € 0f(qi+1)
Break if f(qiy1) — f'(¢it1) <€

end for

: Return g;

Nk

the optimal value to the following problem:
i Xo+2X+q" d( )+1( diag(A))
min —(v — v —(p — dia
Ado,vn,v2, A B Wi, Wa 0 4 2 ! 2 2 a &
—Xo 5tT
s.1. <0,
%t A—)\ID+W1—W2+A+%diag(u1+y2)
Wy + W, — diag(5) <0,

SO < (uO2, (39 4+ (1472 < V)2, i€ (D),

J
V1767M€R£7 WhWQeRfXDa

Mo €R, 1, e RP A € RPXD,
(4.20)

For fixed q, the sup-gradient of f with respect to q can be computed as

0 (a) = 30 — Vi) + 5 — ding(A")),

where (v, vy, u*, A*) is an optimal solution to the optimization problem above.

By Theorem 14, we find that given a reference direction ¢, f(q) < f(q:q) = f(§) +
qu(q — §), where g, is a sup-gradient of f at . Based on this observation, we use the

common outer-approximation technique, which is widely used for general mixed-integer
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nonlinear programs [51, 114], to solve the problem: at iterations 7 = 1,2, ... i — 1, We
maximize and refine a piecewise linear upper-bound of f(q): fi(¢) = mini<j<; f(q;q;).
The algorithm is summarized in Algorithm 6.

By the reference [114], it can be shown that this algorithm yields a non-increasing

sequence of overestimators { f*(¢)}:»5*, which converge to the optimal value of f(q) within

=1

a finite number of iterations 7, < (? ) + -+ (g )

Convex relaxation algorithm

Inspired by Theorem 14, a natural idea of approximately solving the problem (4.16) is to
consider the following problem, in which we replace the nonconvex constraint ¢ € Q by a

set of linear constraints, which forms its convex hull:

qeQ

max f(q), where Q = conv(Q) = {q c[0,1]7 : Zq(i) < d} . 4.21)

Since the problem (4.21) is a convex program, it can be solved in polynomial time. Besides,
one can obtain a high-quality feasible solution to the problem (4.16), using a greedy rounding
scheme: We first solve (4.21) to obtain its optimal solution §, and then project it onto Q to
obtain ¢. Next, we solve the problem (4.16) by fixing the variable ¢ and optimizing Z only.

In the following theorem, we provide the approximation ratio regarding the SDP formu-
lation above. The proof adopts similar techniques as in [194, Theorem 5], but we extend the

analysis for inhomogeneous quadratic maximization formulation.

Theorem 15 (Approximation Gap for Convex Relaxation). Denote by optval(4.21) and
optval(4.16) the optimal values of problem (4.21) and (4.16), respectively. Then, it holds

that

optval(4.16) < optval(4.21)

< al|2 + min {D/d - optval(4.16), d - optval(4.16) — min la® y}.
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Despite the convexity of problem (4.21), it is challenging to solve, especially for high-
dimensional scenarios. References [30, 194] solved a special case of problem (4.21) when
a = 0 based on the interior point method (see, e.g., [5, 58, 295]). Unfortunately, since
the constraint set of (4.21) involves the intersection of a semidefinite cone and a large
number of second-order cones, re-writing it as a standard conic program and using off-
the-shelf solvers to solve this problem spends lots of time. The work [211] designed a
novel variable-splitting technique and proposed a first-order Alternating Direction Method
of Multipliers [57] (ADMM) algorithm to solve a special convex relaxation of sparse
PCA. Unlike this reference that only considers the simplest convex relaxation of sparse
PCA without adding strong inequalities, our problem (4.21) has considerably complicated
constraints.

Inspired by Ma [211], we use a similar variable-splitting technique to split the second-
order conic constraints and all the other constraints in two blocks of variables and then
propose an ADMM algorithm to optimize the augmented Lagrangian function. The advan-
tage is that each subproblem in iteration update involves only second-order conic constraints
or other constraints that are easy to deal with, which results in considerably fast com-
putational speed. We provide a detailed implementation of the proposed algorithm for

solving (4.21) in Appendix C.1.

Truncation algorithms with tighter approximation gap

Unfortunately, the SDP relaxation formulation is still challenging to solve for extremely high-
dimension scenarios, which motivates us to develop the following computationally cheap
truncation approximation algorithms. Compared with the approximation ratio of relaxed
SDP formulation in Theorem 15 (i.e., min(D/d, d) + O(1)), the ratio for our proposed
algorithm is tighter (i.e., min(D/d, v/d) + O(1)). First, we introduce the definition of a

normalized sparse truncation operator.

Definition 10 (Normalized Sparse Truncation). For a vector z € RP and an integer d € D),
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we say Z is a d-sparse truncation of z if

@ 20 ]z(i)| is one of the d largest (in absolute value) entries in z
7 =

0, otherwise.

Besides, the vector zZ = Z/||Z||2 is said to be the normalized d-sparse truncation of z.

Now, we introduce the following two truncation algorithms:

Truncation Algorithm (I): Let AG?) be the i-th column of A for i € [D], and denote by Z;
the normalized d-sparse truncation of AC?), Then return the estimated optimal solution as
the best over all Z;’s and e;’s for i € [D], where e; denotes the i-th standard basis vector.
Truncation Algorithm (IT): Relax the /y-norm constraint in (STRS) and solve the trust
region problem max.. |;|,<1 {2Y Az + zTa} to obtain the optimal primal solution v. Then,
return the estimated optimal solution z as the normalized d-sparse truncation of v.

We summarize the approximation ratios of these two truncation algorithms in The-
orem 16. Its proof technique is adopted from [65]. The difference is that the authors
consider the approximation ratio under the case a = 0, while we adopt the structure of in-
homogeneous quadratic function maximization to extend the case for the general coefficient

vector a.

Theorem 16 (Approximation Gap for Truncation Algorithm). (I) Truncation Algorithm

I) returns a feasible solution of (STRS) with objective value Vi1 such that
@

1
optval(STRS) > V(1) > ﬁoptva/(STRS) — 2||al|(d41)-

(1) Truncation Algorithm (11) returns a feasible solution of (STRS) with objective value

Vi) such that

d d d
optval(STRS) > V(i > D optval(STRS) — D |all2 — (1 +14/ 5) Nall -
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We return the best over the output from Truncation Algorithm (I) and (II) as the estimated
optimal solution. By Theorem 16, we find the returned solution approximates the optimal
solution up to approximation ratio min(D/d, v/d) + O(1). It has been shown in Chan et
al. [65] that it is NP-hard to implement any algorithm with constant approximation ratio.
Therefore, it is of research interest to explore polynomial-time approximation algorithms
with approximation ratio that has milder dependence on D and d. Instead of trying this
direction, in the next subsection, we propose another approximation algorithm such that,

though NP-hard to solve, it achieves a higher approximation ratio.

Approximation algorithm via convex integer programming

In this part, we propose an approximation algorithm based on convex integer programming.
We first consider the following ¢;-norm relaxation of the problem (STRS), which plays a

key role in developing our algorithm:
max {ZTAZ +2Ya: |z < 1, )|2]h < \/E} . (4.22)

This problem is a relaxation of problem (STRS) because constraints ||z||2 < 1, [|z]lo < d
imply ||z||; < v/d. Following the similar proof technique as in [100, Theorem 1], we show
that solving this new problem results in a constant approximation ratio. The difference is
that the authors therein only consider the special case of (STRS) with a = 0, while we

extend their analysis for general inhomogeneous quadratic objective functions.

Theorem 17 (Approximation Gap for ¢/;-Norm Relaxation). Let p = 1+ +/d/(d + 1). Then
we have that optval(STRS) < optval(4.22) < p?optval(STRS).

Although the problem (4.22) is a relaxation of (STRS), it is still intractable to solve due
to the non-concavity of the objective function (recall that A > 0). We adopt techniques
from [100, Section 2.2] to derive a further convex integer program that serves as a further

relaxation of the relaxation problem (4.22). Before proceeding, we define the following
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notations. For ¢ € [D], denote by (\;,v;) the i-th eigen-pair of the matrix A, denote
0; = max{zTv; : ||z[l2 < 1, |z]y < v/}, and let 4/~ be the set of partition points of
the domain [—0;,6,], i.e., 75 = %91-, j=—N,...,N.Let \y € R, be a fixed number
such that \y < optval(STRS).

Proposition 2 (Convex Integer Programming Relaxation of (4.22)). Consider the convex

integer program:

Maximize Ao+ Y i 5.on, (M — Xo)&i — s (4.23a)

that is subject to the following constraints:

T, . Z Yi < \/&7
= [DL i€[D]
©)

in z aZE[D]a

9i = Z %m» Y Iy <,

i€[D]

= > (%?) 2l e i N> Ao}y Z (& 4N2> Y. ogs,
JE[-N,N] it Ai>Ao i Ai <o

VN € 5082 —(\i—Xo)gi —zTa<s,
! 7 it X <Xo

with SOS-2 denoting the special ordered set of type-2 [23], and involves the following

decision variables:

{32 €RY, {&lieqi amro) € R Ao}

{nzj}ie{i: Ai>Xo}.je[-N:N] € RENFDHEA>MM 4D e RP s R, zcRP.

This problem is a relaxation of the {1-norm relaxed problem (4.22). Besides, it holds that

optval(STRS) < optval(4.23) < p*optval(STRS) + 115 > (Xi — Xo)0Z, where the

i A\i>Ao

constant p > ( is defined in Theorem 17.

The convex integer program (4.23) seems appealing because it only requires solving
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O((2N)1# Xi>20}) number of finite-dimensional convex optimization problems to obtain
its optimal solution. In practice, the choice of \j influences the computational traceability
of problem (4.23), and the choice of N influences the quality of the approximation. We
follow the heuristic described in [100, Section 4.3.1] to select Ao and N. After solving the
problem (4.23), one obtains the decision variable z that may not be feasible in Z. Then, one
can use the greedy rounding scheme to project z onto Z to obtain a primal feasible solution.

Finally, we acknowledge a recent concurrent study [224] that employed ¢;-norm relax-
ation as a heuristic for MMD-based variable selection. In contrast to this literature, which
presented a heuristic approach, our work is the first study that provides both ¢; relaxation

methodology and its theoretical performance guarantees.

4.5 Statistical Properties

In this section, we provide statistical performance guarantees for the variance-regularized
MMD statistics in (4.12), specialized for our proposed kernels in (4.5), (4.6), and (4.7). In
addition, we develop the guarantees for a generic kernel in Appendix C.4.

We first show that empirical estimators S?(x",y"; K) and 03, (x", y"; K) uniformly
converge to their population version as the sample size n increases. Such a property is useful

for showing the testing consistency and the rate of testing power of our MMD framework.

Proposition 3 (Non-asymptotic Concentration Properties). For Gaussian kernel in (4.7),
we assume the sample space Q) C {z € RP : ||z||c < R} for some constant R > 0. With

probability at least 1 — 0, (i) the bias approximation error can be bounded as

O(dn~1/?), for linear kernel,

sup|S%(x™, y"; K.) — MMD? (i1, v; K.)
z€EZ

< 6}1,6 = (5(d3/2n71/2), for quadratic kernel,

6(d1/2n_1/2), for Gaussian kernel,

where O(-) hides a multiplicative factor (logn + log(D/d) + log 1)Y/2 and other constants

that are independent to parameters D, d,n. (ii) and the variance approximation error can
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be bounded as

suIZ) 05, (X" ¥ K.) = Exnopyn e [07, (X", ¥y K] | < €05
ze

2 : 1
where €, 5 shares the same order of decaying rate as €, ;.

Based on the concentration properties above, we are ready to derive the asymptotic
distribution of the testing statistic. Furthermore, we impose specific assumptions on data
distributions when defining linear, quadratic, or Gaussian kernels. The technical assumption
regarding the Gaussian kernel is the most lenient, followed by the quadratic kernel, which is
less lenient, whereas the assumption for the linear kernel is the most restrictive, reflecting a

gradual decrease in flexibility across these kernels.

Assumption 3 (Structure of Data). Assume the following conditions hold:
(I) For linear kernel, there exists s* € | D] such that Proj g # Projsv.

(I) For quadratic kernel, there exists s* € [D] such that

Proj .t # Projuv or (A(u, )¢ >0

(Il1) For Gaussian kernel, the sample space 2 C {x € R : ||z||c < R} for some constant

R > 0, and there exists S C [D] with |S| < d such that Projgyp # Projgyv.

Proposition 4 (Asymptotic Distribution of Testing Statistic). Under Assumption 3, suppose
the hyper-parameter A > 0 is properly selected (see its detailed range in Proposition 15), and

let 21, be the obtained sparse coefficient by solving (4.12) from training dataset (x*, y %)

with |x™| = |y™| = n1y, Ty, be the testing statistic evaluated on testing dataset (x™¢, y ™)

y

with [x™| = |y™| = nr.. Then, it holds that
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(I) Under alternative hypothesis H1 : p # v, for training sample size

(

Q (d®log(D/d)), for linear kernel,

n = Q(d*log(D/d)), for quadratic kernel, (4.24)

Q(dlog(D/d)), for Gaussian kernel,

it holds that E[T,,.. | H1] > 0 with high probability.

(I1) Under null hypothesis Ho : 1 = v, it holds that n.T, — Y., 0,(Z? — 2), with o;
denoting the eigenvalues of the p-covariance operator of the centered kernel; under
alternative hypothesis H, : p # v, it holds that \/nre(T, — E[T,,. | Hi]) —
N(0, 03, (1, v; Kz, )-

It is worth mentioning that the order of training sample size in (4.24) depends only on
factors poly(d) and log(D/d), indicating the statistical guarantees of our proposed variable
selection framework do not suffer from the curse of dimensionality. Based on Proposition 4,

we finally present the consistency and rate of testing power of our framework.

Theorem 18 (Consistency). Under the same assumption as in Proposition 4, specify the
training sample size ny, as in (4.24). Let o € (0, 1) denote the level of two-sample test

and take T as the (1 — «)-quantile of the limiting distribution Y, 0;(Z} — 2) defined in

Proposition 4(11), and let the threshold of the test be tines = nTT As a consequence,

P (T, > titwes | Ho) = aand P(Thy, < tonres | Hi) — 0.
Theorem 19 (Testing Power). Under the same assumption as in Proposition 4, and the same
choices of training sample size and threshold as in Theorem 18, we additionally assume

E[|T1|? | H1] < co. When the testing sample size nr. is sufficiently large so that

d1(1 — not/? T In 2T _ [p|n 2T
s + 2L T )Ty o (1 + o(1))
NTe NTe Nre

is sufficiently small, where ®(z) = \/%7 ffoo e~t/2 dt denotes the error function, it holds
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that
P(Tor, > tiwes | Ho) < 0+ O(ng’?) and P(Top, < tuawes | H1) < O(ng”?),
where O(-) hides constant related to parameters E[|T\|> | H,] and
072{1 = Exn~u7ynwu[8’?—[1(xn7 ¥ Ky )l

Theorem 19 indicates that under alternative hypothesis iz # v, as long as the testing
sample size nr, is sufficiently large, and the training sample size is chosen according to

(4.24), the testing power approaches 1 with error rate (’)(n;e1 / ?).

4.6 Simulated numerical examples

We first consider synthesized data sets to examine the performance of our proposed variable

selection framework. We consider the following four cases:

() (Gaussian Mean Shift): Data distribution ¢ = N(0, X)) with the covariance matrix
N(sus2) = plsi=s2l for some correlation level p € (0, 1). Data distribution v = A/ (y, ¥)
with the mean vector p*) = 7/5,Vs € [diue] for some scalar 7 > 0 and otherwise

put) = 0.

(IT) (Gaussian Covariance Shift): Data distribution ;1 = N (0, ) with ¥ specified the same
as in Part (I), and v = N(0, f)), with 261:52) = 72065152 g gy € [dirue] for some

scalar 7 > 1 and otherwise 3(51:52) = Y(s1,52)

(ITN) (Gaussian versus Laplacian): Data distribution y = N(0, Ip). The first d;y. coordi-
nates of v are independent Laplace distributions with zero mean and standard deviation

0.8. The remaining coordinates of vy are independent Gaussian distributions A/ (0, 1).

(IV) (Gaussian versus Gaussian Mixture): Data distribution ;1 = N(0, Ip). The first d
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. . . . . . 1 1
coordinates of v are Gaussian mixture distribution SN (=, I4,,..) + 3N (1, Lap.)
while the remaining coordinates are independent Gaussian distributions A/(0, 1). Here

the mean vector ;) = 7/5,Vs € [dipue) for some scalar 7 > 0.

Unless otherwise specified, we take hyper-parameters in Case (I) as 7 = 1,p = 0.5, in
Case (II) as 7 = 2, p = 0.5, and in Case (IV) as 7 = 2. We quantify the performance in
terms of hypothesis testing metrics rather than the prediction accuracy metrics used in the
literature. Besides, we also measure the quality of variable selection using false-discovery

proportion (FDP) and the non-discovery proportion (NDP) defined in [16]:

I\ I”|
FDP(I) = i

NDP(]) =

(4.25)

where I* denotes the ground truth feature set and / denotes the set obtained by variable
selection algorithms. The smaller the FDP or NDP is, the better performance the obtained
feature set has.

For simplicity of implementation, we chose the bandwidth hyper-parameter 72 for the
kernel k4(z,y) using the median heuristic, i.e., we specify it as the median among all
pairwise distances for data points in the s-th coordinate. Similarly, we take bandwidth o2
of Gaussian kernel as the median among all pairwise distances for data points (over all
coordinates), and bandwidth of quadratic kernel as ¢ = Vo2, Users are also recommended
to tune those hyper-parameters based on the cross-validation technique, which tends to

return near-optimal hyper-parameter choices for large sample sizes.

4.6.1 Numerical performance for solving (STRS)

We first examine the numerical performance of various approximation algorithms for solving
(STRS), by taking the MMD optimization with linear kernel (see the reformulation in

Section 4.4.1) as a numerical example. For each of the four synthetic datasets, we try various
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Figure 4.1: Box plots on the performance of various approximation algorithms for solving
(STRS). The z-axis corresponds to various choices of (N, D, d), and y-axis corresponds to
the estimated objective value of (STRS). Plots from top to bottom correspond to four types
of synthetic datasets.

choices of parameters (N, D, d) from the set
{(1€3,20,5), (13, 40, 10), (1e3, 60, 6), (1e3, 80, 8), (1€3, 100, 10)}.

We also specify different hyper-parameters A € {0.8,0.7,0.6,0.5} when using these four
different datasets, respectively. Since those approximation algorithms may return a solution
that is infeasible to the constraint Z, we estimate the corresponding feasible solution by
performing the normalized sparse truncation (see Definition 10).

Figure 4.1 reports the objective value obtained from the feasible solution based on those
approximation algorithms, where the error bars are generated using 100 independent trials.
The larger the objective value is, the better performance the designed algorithm has. From

the plot, we can see that semidefinite relaxation and convex integer programming algorithms
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perform nearly optimally compared with the ground truth. In contrast, the performance
truncation algorithm is slightly worse compared with those approaches. Table 4.1 reports
the corresponding computation time of those approximation algorithms, from which we
identify that the truncation algorithm has the fastest computational speed. In contrast, SDP
relaxation has the slowest speed. Since the convex integer programming algorithm has
satisfactory performance with relatively fast computational speed, we recommend using this

approximation algorithm when solving (STRS).

Table 4.1: Averaged computational time of various approximation algorithms for solving
(STRS).

Data Type Parameters Averaged Computational Time(s) of Approximation Algorithms
n D d|Truncation Algorithm |SDP Relaxation|Convex Integer Programming

Gaussian 1e3 20 5 2.13e-3 1.18 1.25e-1
Mean Shift 1e3 40 10 6.08e-3 2.55 2.29-1
1e3 60 6 1.30e-2 4.80 4.47e-1
1e3 80 8 3.08e-2 6.19 6.87e-1
1e3 100 10 6.87e-2 9.47 8.77e-1
Gaussian 1e3 20 5 2.33e-3 1.18 1.24e-1
Covariance Shift [1e3 40 10 5.86e-3 2.57 3.11e-1
1e3 60 6 1.32e-2 4.80 4.02e-1
1e3 80 8 3.07e-2 6.46 9.38e-1

1e3 100 10 6.76e-2 9.73 1.23
Gaussian 1e3 20 5 2.28e-3 1.29 1.69e-1
versus Laplacian |[1e3 40 10 6.39¢-3 2.85 5.65e-1
1e3 60 6 1.44e-2 5.20 5.14e-1

1e3 80 8 3.31e-2 6.79 1.15

1e3 100 10 6.95¢e-2 1.02e+1 2.10
Gaussian 1e3 20 5 2.17e-3 1.16 1.17e-1
versus 1e3 40 10 6.38e-3 2.57 2.14e-1
Gaussian Mixture|1e3 60 6 1.42e-2 4.72 3.94e-1
1e3 80 8 3.31e-2 6.07 5.91e-1
1e3 100 10 7.25e-2 9.44 8.67e-1
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4.6.2 Impact of sample size and data dimension

In this subsection, we compare the performance of variable selection based on the following
approaches: (I) Linear kernel MMD; (II) Quadratic kernel MMD; (III) Gaussian kernel
MMD:; (IV) Sparse Logistic Regression: a framework that trains the projection vector with
{y-norm constraint to minimize the logistic loss [33]; and (V) Projected Wasserstein: variable
selection framework using projected Wasserstein distance [228]. For baselines (I)-(1II),
we also compare the performance of standard MMD testing without the variable selection
technique. We quantify the performance using the testing power metric with controlled

type-I error ayeve; = 0.05, and take the training/testing sample sizes as np, = N = n.
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Figure 4.2: Testing power of various two-sample tests with different choices of sample
size n. Here we fix parameters D = 100, dine = 20, d = 20 and control the type-I error
evel = 0.05. Plots from top to bottom correspond to four different types of synthetic
datasets.

Figure 4.2 reports a numerical study on the impact of sample size n with data dimension
D = 100, number of different variables d;,,. = 20 and sparsity level d = 20. The error
bars are generated using 20 independent trials. From these plots, we find that the sparse
logistic regression does not have a competitive performance in general. The explanation

is that a linear classifier is not flexible enough to distinguish the distributions from two
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groups. Following the similar argument from Example 2, one can check the testing statistic
of this baseline always equals zero as long as the mean vectors of two distributions are
the same, which explains why this baseline has nearly zero power for the synthetic dataset
of case (II)-(IV). The testing power for the other two-sample testing methods increases
with respect to the sample size. We can see the variable selection technique improves the
performance of the standard MMD framework. For the first three synthetic datasets, the
linear or quadratic MMD testing with variable selection achieves superior performance than
other baselines. At the same time, for the last example, the projected Wasserstein distance
has the best performance. One possible explanation is that the MMD testing framework may
not be good at detecting distribution changes for Gaussian mixture distributions.

Next, we examine the impact of the data dimension D with fixed n = 50, diyye = 20,d =
20 in Figure 4.3. We omit the performance of the sparse logistic regression baseline because
it does not achieve satisfactory testing performance as studied before. From those plots,
we find that as the data dimension increases, all methods tend to have decreasing testing
power. However, the decaying rate of MMD testing with the variable selection procedure
seems slower than that of standard MMD testing. For the synthetic dataset of case (I), the
Gaussian kernel has the best performance, while for case (I1)-(I1I), the linear or quadratic
kernel has the best performance. A possible explanation is that one can optimize the linear
kernel with strong performance guarantees, whereas we only use quadratic approximation
heuristics to optimize other types of kernel functions. Since the quadratic approximation of
the objective for the quadratic kernel seems to be tight, it is intuitive to see the performance

of the quadratic kernel is also consistently good.

4.6.3 Results on support recovery

In this subsection, we demonstrate the performance of support recovery for various variable
selection methods, evaluated using the FDP and NDP metrics defined in (4.25). Since our

goal is to assess consistent performance across both metrics, we also compute the average
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Figure 4.3: Testing power of various two-sample tests with different choices of data di-
mension D. Here we fix parameters n = 50, dyw. = 20, d = 20 and control the type-I
eITor (evel = 0.05. Plots from top to bottom correspond to four different types of synthetic
datasets.

of the two as a combined measure. We set the parameters to D = 100 and dy,.. = 20,
while varying the sparsity level d = 1,...,20. The sample size n = 150 remains fixed
for Cases (II) and (III), while for Case (I) and Case (IV), we adjust the parameters to
(1,m) = (2,200) and (7,n) = (4, 200), respectively, to ensure reliable support recovery.
Figure 4.4 presents the numerical results for support recovery: each row corresponds to a
different dataset, from Case (I) to (IV), while each column represents a different performance
measure (FDP, NDP, or their average). Each subplot illustrates the performance of various
variable selection methods at different sparsity levels. From these plots, we observe that
our proposed variable selection framework, whether using a linear or quadratic kernel,
consistently outperforms the alternatives across all four cases, as reflected by the lowest
FDP and NDP values. This finding aligns with the testing power performance discussed
in the previous subsection. Additionally, it is noteworthy that for Cases (II) and (III), our
methods achieve near-optimal performance, as indicated by the nearly horizontal FDP lines

and the almost straight NDP lines.
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Figure 4.4: FDP and NDP metrics obtained by various approaches for different choices of
sparsity level d. The dimension of the problem is D = 100; the true sparsity level is 20.
Figures for different columns correspond to different synthetic datasets. For each subplot,
the dashed gray line denotes the performance for the ideal case where ground truth variables
are selected successfully; the closer to the dashed gray line, the better.

4.7 Real data examples

In this section, we present additional numerical studies with real-world datasets. Specifically,

we demonstrate a visualization of variable selection based on the MNIST handwritten digits
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image dataset in Section 4.7.1. Next, we show that the variable selection approach can help

identify key variables for disease diagnosis in Section 4.7.2.

4.7.1 Visualization on MNIST image datasets

In this part, we demonstrate a visualization of our variable selection framework by taking
the classification of MNIST image datasets, consisting of 28 x 28 gray-scale handwritten
images for digits from 0 to 9, as toy examples. We take the training sample size nt, = 20
and testing sample size nt. = 5. We pre-process the MNIST images by performing a 2d
convolutional operator using the kernel of size 9 x 9. The pre-processed samples have
dimension D = 169, and we take the number of selected variables d = 20. We construct
four types of data distributions (1, v) for two-sample testing: 1 and v are distributions of
images corresponding to digits 0 and 6, 8 and 9, 3 and &, or 7 and 9, respectively. We show
the visualization results in Figure 4.5. Specifically, different rows correspond to different
data distributions for two-sample testing. Plots in the left two columns visualize the selected
pixels (highlighted with red square markers) on two different image samples based on our
linear kernel variable selection framework, from which we can see that our proposed method
identifies the difference between two digits correctly. Plots in the third column report the
MMD statistic compared with the empirical distribution under H, via test-only bootstrap,
where the green circle markers correspond to the bootstrap threshold for rejecting H, and
red star markers correspond to the testing statistics. From these plots, we find our proposed
framework has satisfactory testing power even with small training and testing sample sizes.
Plots on the fourth column report the visualization of the distribution of the MNIST dataset
after variable selection embedded in 2D generated by tSNE [297], which is estimated based
on 1000 testing samples. In comparison, we plot the estimated witness function (defined in
(4.13)) as a color field over those samples in the fifth column. From those plots, we can see
that the estimated witness function identifies the region of the distribution change for all of

these four two-sample testing tasks.
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Figure 4.5: Different rows correspond to two-sample testing with different MNIST digits.
The first two column plots visualize the selected pixels based on the variable selection
framework. The third column plots visualize the MMD statistic together with the empirical
distribution under H that is estimated via bootstrapping (the green circle markers corre-
spond to the bootstrap threshold for rejecting Hy, and red star markers correspond to the
testing statistics). The fourth column plots visualize the distribution of MNIST digits after
variable selection embedded in 2D. The fifth column plots visualize the estimated witness
function (defined in (4.13)) for MMD.

4.7.2 Healthcare datasets

Finally, we study the performance of variable selection on a healthcare dataset [313] that
records information for healthy people and Sepsis patients. This dataset consists of D = 39
features from m = 20771 healthy people and n = 2891 Sepsis patients. We take training
samples with sample sizes mr, = 20000, nr, = 2000 and specify the remaining as validation

samples. We quantify the performance of variable selection as the testing power on testing
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samples with sample size my. = nt. = 100. The testing power is computed based on
randomly selected samples and their associated labels from the validation sample sets, with
a significance level of 0.05. We repeat the testing procedure for 2000 independent trials and

report the average testing power in Table 4.2.
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Figure 4.6: Top 5 variables selected by various approaches in the healthcare dataset.

We report the top 5 features selected by various approaches based on the training samples
in Figure 4.6. From the Table, we can see that methods Quadratic MMD and Linear MMD
perform the best, and the intersection of those selected features are pulse, Bicarbonate, Al-

kaline Phosphatase.

4.8 Conclusion

We studied variable selection for the kernel-based two-sample testing problem, which can be
formulated as mixed-integer programming problems. We developed exact and approximate

algorithms with performance guarantees to solve those formulations. Theoretical properties
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Table 4.2: Averaged testing power for the sepsis prediction at a significance level o = 0.05
(i.e., the threshold is set such that the Type-I error when the two distributions are the same is
set to 0.05.)

Linear Quadratic Gaussian Logistic Projected
MMD MMD MMD Regression Wasserstein
0.835 0.915 0.784 0.771 0.749

for the proposed frameworks are provided. Finally, we validated the power of this approach
in synthetic and real datasets. In the meantime, several interesting research topics are left
for future work. For example, providing theoretical analysis on the optimal choice of kernel
hyper-parameters and support recovery for variable selection is of future research interest.
Additionally, it holds great significance in developing more efficient algorithms for variable

selection when working with different types of kernels.
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CHAPTER §
SINKHORN DISTRIBUTIONALLY ROBUST OPTIMIZATION

In this chapter, we study distributionally robust optimization (DRO) with Sinkhorn distance—
a variant of Wasserstein distance based on entropic regularization. We derive a convex
programming dual reformulation for general nominal distributions, transport costs, and loss
functions. To solve the dual reformulation, we develop a stochastic mirror descent algorithm
with biased subgradient estimators and derive its computational complexity guarantees.
Finally, we provide numerical examples using synthetic and real data to demonstrate its

superior performance. This work is mainly summarized in [305].

5.1 Introduction

Decision-making problems under uncertainty arise in various fields such as operations
research, machine learning, engineering, and economics. In these scenarios, uncertainty
in the data arises from factors like measurement error, limited sample size, contamination,
anomalies, or model misspecification. Addressing this uncertainty is crucial to obtain
reliable and robust solutions. In recent years, Distributionally Robust Optimization (DRO)
has emerged as a promising data-driven approach to tackle these challenges. DRO aims
to find a minimax robust optimal decision that minimizes the expected loss under the
most adverse distribution within a predefined set of relevant distributions, known as an
ambiguity set. This approach provides a principled framework to handle uncertainty and
obtain solutions that are resilient to distributional variations. It goes beyond the traditional
sample average approximation (SAA) method used in stochastic programming and offers
improved out-of-sample performance. For a comprehensive overview of DRO, we refer
interested readers to the recent survey by [183].

At the core of distributionally robust optimization lies the crucial task of selecting an
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appropriate ambiguity set. An ambiguity set should strike a balance between computational
efficiency and practical interpretability while being rich enough to encompass relevant
distributions and avoiding unnecessary ones that may lead to overly conservative decisions.
In the literature, various formulations of DRO have been proposed, among which the
ambiguity set based on Wasserstein distance has gained significant attention in recent years
[44, 125,226, 319]. The Wasserstein distance incorporates the geometry of the sample space,
making it suitable for comparing distributions with non-overlapping supports and hedging
against data perturbations [125]. The Wasserstein ambiguity set has received substantial
theoretical attention, with provable performance guarantees [43, 45, 46, 120, 274]. Empirical
success has also been demonstrated across a wide range of applications, including operations
research [40, 78, 237, 284, 285], machine learning [41, 69, 209, 236, 275], stochastic control
[311, 327, 328], and more.

However, the current Wasserstein DRO framework has its limitations. First, the computa-
tional efficiency of Wasserstein DRO is achieved under somewhat stringent conditions, as its
dual formulation involves a subproblem that requires the global supremum of some regular-
ized loss function over the sample space. Let mingco maxpeon E.p[f9(2)] denote a typical
Wasserstein DRO formulation, where the loss function fy(z) is convex in 6 belonging to a
closed and convex feasible region ©, and the ambiguity set 90 is centered around a nominal
distribution P and contains distributions supported on a space Z. Table 5.1 summarizes the
known cases where solving Wasserstein DRO is computationally efficient. One general
approach to solving it is to use a finite and discrete grid of scenarios to approximate the
entire sample space. This involves solving the formulation restricted to the approximated
sample space [72, 203, 249], but suffers from the curse of dimensionality. Simplified convex
reformulations are known when the loss function can be expressed as a pointwise maximum
of finitely many concave functions [111, 125, 273], or when the loss is the generalized
linear model [272, 273, 275, 332]. In addition, efficient first-order algorithms have been

developed for Wasserstein DRO with strongly convex transport cost, smooth loss functions,
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and sufficiently small radius (or equivalently, sufficiently large Lagrangian multiplier) so
that the involved subproblem becomes strongly convex [47, 286]. However, beyond these
conditions on the loss function and the transport cost, solving Wasserstein DRO becomes
a computationally challenging task. Second, from a modeling perspective, in data-driven
Wasserstein DRO, where the nominal distribution is finitely supported (usually the empirical
distribution), the worst-case distribution is shown to be a discrete distribution [125] (which
is unique when the regularized loss function has a unique maximizer). This is the case even
though the underlying true distribution in many practical applications may be continuous.
Consequently, concerns arise regarding whether Wasserstein DRO hedges the right family

of distributions and whether it induces overly conservative solutions.

Table 5.1: Known cases of Wasserstein DRO where it is computationally efficient to solve

References Loss function fy(z) Transport cost | Nominal distribution P Support Z
[72, 203, 249] General General General Discrete and finite set
(11, 125, P1ecew1'se concave General Empirical distribution General
273] in z
[272, 273, Generalized linear . 1
275.332] model in (z, 6) General General Whole Euclidean space
[47, 286] Z.H fo(2) = A C(m’zz) Strongly.cor;vex General General
is strongly concave function

To address the aforementioned concerns while retaining the advantages of Wasserstein
DRO, we propose a novel approach called Sinkhorn DRO. Sinkhorn DRO leverages the
Sinkhorn distance [92], which hedges against distributions that are close to a given nominal
distribution in Sinkhorn distance. The Sinkhorn distance can be viewed as a smoothed
version of the Wasserstein distance and is defined as the minimum transport cost between
two distributions associated with an optimal transport problem with entropic regularization
(see Definition 11 in Section 5.2). To the best of our knowledge, this paper is the first
to explore the DRO formulation using the Sinkhorn distance. Our work makes several

contributions, which are summarized below:
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We derive a strong duality reformulation for Sinkhorn DRO (Theorem 20) in a highly
general setting, where the loss function, transport cost, nominal distribution, and
probability support are allowed to be arbitrary. The dual objective of Sinkhorn DRO
smooths the dual objective of Wasserstein DRO, where the level of smoothness is

controlled by the entropic regularization parameter (Remark 13).

Our duality proof yields an insightful characterization of the worst-case distribution (Re-
mark 14). Unlike Wasserstein DRO, where the worst-case distribution is typically
discrete and finitely supported, the worst-case distribution in Sinkhorn DRO is ab-
solutely continuous with respect to a pre-specified reference measure, such as the
Lebesgue or counting measure. This characteristic of Sinkhorn DRO highlights its flex-
ibility as a modeling choice and provides a more realistic representation of uncertainty

that better aligns with the underlying true distribution in practical scenarios.

The dual reformulation of Sinkhorn DRO can be viewed as a conditional stochastic op-
timization [154, 156, 160] involving an expectation (with respect to observed samples)
of nonlinear transformation of a conditional expectation (with respect to a conditional
distribution). In our work, we introduce and analyze an efficient stochastic mirror de-
scent algorithm with biased subgradient estimators to solve this problem (Section 5.4).
We quantify the computational cost using the number of generated samples from the
outer expectation and the number of generated samples from the inner expectation.
Our algorithm achieves both complexities of O (62) for a fixed entropic regularization

parameter €.

To validate the effectiveness and efficiency of the proposed Sinkhorn DRO model, we
conduct a series of experiments in Section 5.5, including the newsvendor problem,
mean-risk portfolio optimization, and multi-class adversarial classification. Using
synthetic and real datasets, we compare the Sinkhorn DRO model against benchmarks

such as SAA, Wasserstein DRO, and KL-divergence DRO. The results demonstrate
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that the Sinkhorn DRO model consistently outperforms the benchmarks in terms of
out-of-sample performance and computational speed. We also provide a comprehensive
set of experiment studies to show that there exists a large number of parameter choices

under which Sinkhorn DRO outperforms Wasserstein DRO.

Related Literature

In the following, we first compare our work with the four most closely related papers that
appear recently.

Feng and Schlogl [112] studied the Wasserstein DRO formulation with an additional
differential entropy constraint on the optimal transport mapping, which is closely related to
our Sinkhorn DRO formulation. They derived a weak dual formulation and characterized the
worst-case distribution under the assumption that strong duality holds. It is important to note
that such an assumption cannot be taken for granted for the considered infinite-dimensional
problem. Instead, we provided a rigorous proof of strong duality for our Sinkhorn DRO
formulation. Moreover, their results heavily depend on the assumption that the nominal
distribution P is absolutely continuous with respect to the Lebesgue measure. This limits the
applicability of their formulation in data-driven settings where P is discrete. Since the initial
submission of our work, Azizian et al. [12] have presented a duality result similar to ours,
but with different assumptions. Their results apply to more general regularization beyond
entropic regularization, but they assume a continuous loss function and a compact probability
space under the Slater condition. Song et al. [289] have recently explored the application
of Sinkhorn DRO in reinforcement learning. Their duality proof rely on the boundedness
of the loss function and the discreteness of the probability support. These three papers do
not present numerical algorithms to solve the dual formulation. Blanchet and Kang [42,
Section 3.2] solved a log-sum-exp approximation of the Wasserstein DRO dual formulation.
This smooth approximation can be viewed as a special case of the dual reformulation of

our Sinkhorn DRO model. However, their study did not specifically explore the primal
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form of Sinkhorn DRO. Their algorithm employed unbiased subgradient estimators, even
though the second-order moment could be unbounded. The paper did not provide explicit
theoretical convergence guarantees for their algorithm. Additionally, numerical comparisons
detailed in Appendix D.2.1 suggest that our proposed algorithm outperforms theirs in terms
of empirical performance.

Next, we review papers on several related topics.

On DRO models. In the literature on DRO, there are two main approaches to constructing
ambiguity sets. The first approach involves defining ambiguity sets based on descriptive
statistics, such as support information [32], moment conditions [34, 74, 94, 135, 265, 318,
338], shape constraints [253, 298], marginal distributions [2, 105, 117, 232], etc. The second
approach, which has gained popularity in recent years, involves considering distributions
within a pre-specified statistical distance from a nominal distribution. Commonly used sta-
tistical distances in the literature include ¢-divergence [22, 24, 108, 161, 315], Wasserstein
distance [44, 73, 125, 226, 249, 319, 324, 336], and maximum mean discrepancy [290, 337].
Our proposed Sinkhorn DRO can be seen as a variant of the Wasserstein DRO. In the
literature on Wasserstein DRO, researchers have also explored the regularization effects and
statistical inference of the approach. In particular, it has been shown that Wasserstein DRO
is asymptotically equivalent to a statistical learning problem with variation regularization
[43, 122, 274]. When the radius is chosen properly, the worst-case loss of Wasserstein DRO
serves as an upper confidence bound on the true loss [43, 45, 46, 120]. Variants of Wasser-
stein DRO have been proposed by combining it with other information, such as moment
information [301] or marginal distributions [109] to enhance its modeling capabilities.

On Sinkhorn distance. Sinkhorn distance [92] was proposed to improve the computa-
tional complexity of Wasserstein distance, by regularizing the original mass transportation
problem with relative entropy penalty on the transport plan. It has been demonstrated
to be beneficial because of lower computational cost in various applications, including

domain adaptations [85, 87, 88], generative modeling [131, 208, 244, 246], dimension
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reduction [163, 199, 308], etc. In particular, this distance can be computed from its
dual form by optimizing two blocks of decision variables alternatively, which only re-
quires simple matrix-vector products and therefore significantly improves the computation
speed [6, 200, 218, 247]. Such an approach first arises in economics and survey statis-
tics [14, 95, 180, 333], and its convergence analysis is attributed to the mathematician
Sinkhorn [288], which gives the name of Sinkhorn distance. Computing the Sinkhorn
distance between a discrete distribution and an arbitrary distribution can be reformulated
as a stochastic optimization problem with a log-sum-exp—type loss function [247, Sec-
tion 5.4]. For Sinkhorn DRO, the dual objective takes the form of an expectation involving
the logarithm of a conditional expectation of an exponential function. When the inner
expectation is over a discrete distribution, the problem retains a similar structure and can
be effectively addressed using standard stochastic optimization techniques. In the case of
general (non-discrete) distributions, the formulation becomes more challenging to solve,
primarily due to the difficulty of obtaining unbiased (sub)gradient estimators.

On algorithms for solving DRO models. In the introduction, we have elaborated on
the literature that proposes efficient optimization algorithms for solving the Wasserstein
DRO dual formulation [47, 72, 111, 125, 203, 272, 273, 275, 286, 332, 336], in which the
computational efficiency is limited to a certain class of loss functions, transport costs, and
nominal distributions. To solve the ¢-divergence DRO, one common approach is to employ
sample average approximation (SAA) to approximate the dual formulation. However, SAA
requires storing the entire set of samples, making it inefficient in terms of storage usage.
An alternative approach is to use first-order stochastic subgradient algorithms, which are
more storage-efficient. These algorithms have the advantage of complexity that can be
independent of the sample size of the nominal distribution [191, 231, 255]. Our derived
dual reformulation of Sinkhorn DRO can be seen as an instance of the CSO problem
[154, 156, 160]. In this context, we have developed stochastic mirror descent algorithms

with biased subgradient oracles. Notably, our proof can be adjusted to show that the proposed
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algorithm achieves near-optimal complexity for general CSO problems with both smooth
and nonsmooth loss functions, marking an improvement over the state-of-the-art [160,

Theorem 3.2] that is sub-optimal for nonsmooth loss functions.

The rest of the paper is organized as follows. In Section 5.2, we describe the main
formulation for the Sinkhorn DRO model. In Section 5.3, we develop its strong dual
reformulation. In Section 5.4, we propose a first-order optimization algorithm that solves the
reformulation efficiently. We report several numerical results in Section 5.5, and conclude

the paper in Section 5.6. All omitted proofs can be found in Appendices.

5.2 Model Setup

Notation. Assume the logarithm function log is taken with base e. For a positive integer
N, we write [N] for {1,2,..., N}. For a measurable set Z, denote by M (Z) the set of
measures (not necessarily probability measures) on Z, and P(Z) the set of probability
measures on Z. Given a probability distribution P and a measure p, we denote supp P
the support of PP, and write P < p if P is absolutely continuous with respect to p. Given
a measure j € M(Z) and a measurable variable f : Z — R, we write E,_,[f(z)] for
[ f(2)du(z). For a given element z, denote by 4, the one-point probability distribution
supported on {z}. Denote P ® Q as the product measure of two probability measures [P
and Q. Denote by Proj, vy and Proj,,~ the first and the second marginal distributions of
v, respectively. For a function w : © — R, we say it is xk-strongly convex with respect to
norm || - || if (¢’ — 0, Vw(#') — Vw(8)) > k|0’ — 0||*,V0,0" € ©.

We first review the definition of Sinkhorn distance.

Definition 11 (Sinkhorn Distance). Let Z be a measurable set. Consider distributions
P.Q € P(2), and let u,v € M(Z) be two reference measures such that P < p, Q < v.

For regularization parameter € > 0, the Sinkhorn distance between two distributions P and
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Q is defined as

W (P7 Q) = fyell"r(lIFf’,Q) {E(x,y)wv [C((L’, y)] + GH(/Y | p& V)} )

where I'(P, Q) denotes the set of joint distributions whose first and second marginal dis-
tributions are P and Q respectively, c(x,y) denotes the transport cost, and H(y | p @ v)

denotes the relative entropy of vy with respect to the product measure |1 Q v:

Hy | p®v) =Egyn {m (%)] ’

where ﬁ stands for the density ratio of -y with respect to u®v evaluated at (z,y). <

Remark 11 (Variants of Sinkhorn Distance). Sinkhorn distance in Definition 11 is based on
general reference measures | and v. Special forms of distance have been investigated in the
literature. For instance, the entropic regularized optimal transport distance WE" (P, Q) [92,
Equation (2)] chooses . and v as the Lebesgue measure when the corresponding P and QQ
are continuous, or counting measures if P and Q are discrete. For given P and Q, one can

check the two distances above are equivalent up to a constant:

WE (P, Q) = W, (P, Q) + Ezyyoy [log (%)}

= W.(P,Q) +E,p [log ( d’;g”))} +E,q [log ( dz;y))} .

Another variant is to chose |1 and v to be P, Q, respectively [129, Section 2]. A hard-

constrained variant of the relative entropy regularization has been discussed in [92, Defini-

tion 1] and [15]:

WERE.Q) = nt {Beons[d(X, V)] Hy [F@Q) < R},

where R > 0 quantifies the upper bound for the relative entropy between distributions ~y
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and P ® Q. s

Remark 12 (Choice of Reference Measures). We discuss below our choice of the two
reference measures |1 and v in Definition 11. For the reference measure |1, observe from the
definition of relative entropy and the law of probability, we can see that the regularization

term in W.(P,IP) can be written as

H(y [ p®v) =Euy~y [log (%) +log (C]ii(xx))>]

_ RGN Niog [ B@)
= Broain [1 ° (df@(x) dy(y)> tEop [1 § (du(x))] |

Therefore, any choice of the reference measure i satisfying P < p is equivalent up to a

constant. For simplicity, in the sequel we will take 1. = P. For the reference measure v,
observe that the worst-case solution P in (Primal) should satisfy that P < v since otherwise
the entropic regularization in Definition 11 is undefined. As a consequence, we can choose
v which the underlying true distribution is absolutely continuous with respect to and is easy
to sample from. For example, if we believe the underlying distribution is continuous, then
we can choose v to be the Lebesgue measure or Gaussian measure, or if we believe the
underlying distribution is discrete, we can choose v to be a counting measure. We refer to

[250, Section 3.6] for the construction of a general reference measure. &

In this paper, we study the Sinkhorn DRO model. Given a loss function f, a nominal
distribution P and the Sinkhorn radius p, the primal form of the worst-case expectation

problem of Sinkhorn DRO is given by

Vi= Sup)\ Esz[f<Z)]a (Primal)
PeB,,(P)

where IB%W(I?”) = {P: We(@, P) < p} is the Sinkhorn ball of the radius p centered at the

nominal distribution P. Due to the convex entropic regularization in WE(I/P\’, IP) [89], the
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Sinkhorn distance WE(I/ES, IP) is convex in P, i.e., it holds that We(@, AP + (1 — A)P,) <
AW (P, Py)+ (1— AW, (P, P,) for all probability distributions P, and P and all 0 < A < 1.
Therefore, the Sinkhorn ball is a convex set, and the problem (Primal) is an (infinite-
dimensional) convex program.

Our goal for the rest of the paper is to derive the dual reformulation and efficient

algorithms to solve the Sinkhorn DRO model.

5.3 Strong Duality Reformulation

Problem (Primal) is an infinite-dimensional optimization problem over probability distribu-
tions. To obtain a more tractable form, in this section, we derive a strong duality result for
(Primal). Our main goal is to derive the strong dual program

Vi = inf {/\p+ \e ]ExNgPs[log]Ezw [e(f(z)—xc(z,z))/(/\e)” }7 (5.1

A>0

where the dual variable )\ corresponds to the Sinkhorn ball constraint in (Primal), and by
convention, we define the dual objective evaluated at A = 0 as the limit of the objective
values with A\ | 0, which equals the essential supremum of the objective function with

respect to the measure v. Or equivalently, by defining the constant
pi=p+elE [ log K., [e—CWVﬂ , (5.2)

and the kernel probability distribution

dQy.(2) == dv(z), (5.3)

we have

Vo = inf {)\,5 +AE, s [log E..q..[e/®/ MH } (Dual)
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The rest of this section is organized as follows. In Section 5.3.1, we summarize our main
results on the strong duality reformulation of Sinkhorn DRO. Next, we provide detailed
examples in Section 5.3.3 and discussions in Section 5.3.2. In Section 5.3.4, we provide a

proof sketch of our main results.

5.3.1 Main Theorem

To make the above primal (Primal) and dual (Dual) problems well-defined, we introduce
the following assumptions on the transport cost ¢, the reference measure v, and the loss

function f.

Assumption 4. (1) The cost function c(x, z) is P @ v-measurable and satisfies v{z: 0 <

c(x,z) < oo} =1for P-almost every x;
a E,.., [e“:(z’z)/ e} < o0 for P-almost every x;
(IIT) Z is a measurable space, and the function f : Z — R U {oo} is measurable.

(IV) For every joint distribution v on Z x Z with first marginal distribution @, it has a

regular conditional distribution vy, given the value of the first marginal equals x.

Assumption 4(I) implies that 0 < ¢(x,y) < oo for P ® v-almost every (x,y). By [247,
Proposition 4.1], the Sinkhorn distance has an equivalent formulation

We(]@, P) = min /log <®(x,y)> dy(z,y), where dK(z,y) = e c@¥)/¢ d@(m) dv(y).
~el'(B,P) dK

Therefore Assumption 4(I) ensures that the reference measure K is well-defined. Assump-
tion 4(II) ensures the optimal transport mapping . for Sinkhorn distance W, (I/P\’, IP) exists
with density value % x e c@v)/¢ Hence, Assumptions 4(I) and 4(II) together
ensure the Sinkhorn distance is well-defined. Assumption 4(III) ensures the expected loss

E.p[f(2)] to be well-defined for any distribution P. Assumption 4(IV) ensures the joint

distribution y can be written as dvy(z, z) = dEA”(x) dv.(z) and the law of total expectation
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holds; we refer to [173, Chapter 5] for the concept of the regular conditional distribution.
Such an assumption is very mild; for instance, it holds if Z is a Polish space [38].

To distinguish the cases Vp < oo and Vp = oo, we introduce the light-tail condition on
f in Condition 1. In Appendix D.3, we present sufficient conditions for Condition 1 that are

easy to verify.
Condition 1. There exists A > 0 such that E..q,  [e/*/9] < 0o for P-almost every .
In the following, we provide the main results of the strong duality reformulation.

Theorem 20 (Strong Duality). Let P € P(Z), and assume Assumption 4 holds. Then the

following holds:
(I) The primal problem (Primal) is feasible if and only if p > 0;
(II) Whenever p > 0, it holds that V' = V.

(IIT) If, in addition, Condition 1 holds and p > 0, it holds that V = V < oo, otherwise
V= VD = OQ.

(IV) Assume in addition that Condition 1 holds and p > 0. Define the event A =
{z : f(z) = esssup(f)} with esssup(f) := inf{t : v{f(z) > t} = 0}. The dual

minimizer \* = 0 if and only if esssup(f) < oo and p > €E__s[log(1/P.q, . {A})].

v

We remark that if p < 0, by convention, V' = —oo and Vp = —oo as well by Lemma 25

in Appendix D.5. Therefore, we have V' = V), as long as Assumption 4 holds.

5.3.2 Discussions

In the following, we make several remarks regarding the strong duality result.

Remark 13 (Comparison with Wasserstein DRO). As the regularization parameter ¢ — (),

the dual objective of the Sinkhorn DRO (Dual) converges to (see Appendix D.4 for details)

Mo+B, 5[ sw {7(2) - ez, 2)}],

ZESupp v
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which essentially follows from the fact that the log-sum-exp function is a smooth approxima-
tion of the supremum. Particularly, when supp v = Z, the dual objective of the Sinkhorn
DRO converges to the dual objective of the Wasserstein DRO [125, Theorem 1]. The main
computational difficulty in Wasserstein DRO is solving the maximization problem inside the
expectation above. All results in Table 5.1 ensure this inner maximization can be efficiently
solved. On the one hand, as Sinkhorn DRO does not need to solve this maximization, it
does not need stringent assumptions on f(-) and thus enables efficient implementation for a
larger class of loss functions for a fixed regularization parameter € (see detailed discussion
in Section 5.4). On the other hand, when the stringent assumptions on f(-) are satisfied,
(data-driven) Wasserstein DRO typically admits a finite-dimensional convex reformulation,
which can be solved more efficiently than Sinkhorn DRO (see our numerical comparison of
CPU times in Appendix D.2.3). The key reason is that, in these special cases, Wasserstein
DRO yields a finitely supported worst-case distribution, whereas Sinkhorn DRO always
results in a worst-case distribution supported over the entire sample space.

We also remark that Sinkorn DRO and Wasserstein DRO result in different conditions
for finite worst-case values. From Condition I we see that Sinkhorn DRO is finite if and
only if under a light-tail condition on f, while Wasserstein DRO is finite if and only if the
loss function satisfies a growth condition [125, Theorem 1 and Proposition 2]: f(z) <

Lyc(z,20) + M,Vz € Z for some constants Ly, M > 0 and z, € Z. s

Remark 14 (Worst-case Distribution). Assume p > 0 and Condition 1 holds, and there
exists (actually, Lemma 5 ensures its uniqueness) an optimal Lagrangian multiplier \* > 0
in (Dual). As we will demonstrate in the proof of Theorem 20, the worst-case distribution
maps every r € supp@ to a (conditional) distribution -y that solves a strictly convex

program (i.e., Problem (5.8)), whose density function (with respect to v) is

o exp ((f(2) = Nelw,2)) /(\'6)),
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* * -1 . P .
where o, := (EZN,, [e(f (2)=A"e(@,2))/ (A E)D is a normalizing constant to ensure the condi-
tional distribution well-defined. The uniqueness of vy, x € supp P ensures the uniqueness

of the worst-case distribution P, whose density becomes

% =E,_s [am - exp ((f(z) — N¢(z, z))/(A*e))] :

As such, the worst-case distribution shares the same support as the measure v.

Particularly, when P is the empirical distribution % > i, 0z, and v is any continuous
distribution on RY, the worst-case distribution P, is supported on the entire R?. In contrast,
the worst-case distribution for Wasserstein DRO is supported on at most n + 1 points [125].
In Fig. 5.1 we visualize the worst-case distributions from Wasserstein/Sinkhorn DRO models.
The loss function and transport cost used in this plot follow the setup described in Example 4.
The Wasserstein ball radius, Sinkhorn ball radius, and entropic regularization value are
fine-tuned to ensure that the optimal dual multipliers for all instances equal 5. Notably, the
support points of the worst-case distributions from the Wasserstein DRO model correspond

to the modes of the continuous worst-case distributions from the Sinkhorn DRO model.

1.0 Worst-case Transport Mapping for Wasserstein DRO Worst-case distribution for Sinkhom DRO (€ = 0.01) Worst-case distribution for Sinkhorn DRO (¢ = 0.05)

o 1 0. Worst-case distribution for Sinkhorn DRO (€ =0.1)

.

06

04 —
0.2

@ Support points (nominal distribution)
©  Support points (worst-case distribution) ®  Support points (nominal distribution)

®  Support points (nominal distribution)

®  Support points (nominal distribution)

0.0~ g g g g J 5 . g g g J 0.0 g g v v \ | . g . g J
0.0 0.2 04 06 0.8 1.0 0.0 0.2 0.4 06 08 1.0 0.0 0.2 04 06 08 10 0.2 04 06 0.8 1.0

Figure 5.1: Visualization of worst-case distributions from Wasserstein DRO (left plot) and
Sinkhorn DRO models (right three plots) with varying choices of e.

The above demonstrates another difference (perhaps advantage) of Sinkhorn DRO
compared with Wasserstein DRO. Indeed, for many practical problems, the underlying distri-
bution is modeled as a continuous distribution. The worst-case distribution for Wasserstein

DRO is often finitely supported, raising the concern of whether it hedges against the wrong
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family of distributions and thus results in suboptimal solutions. The numerical results in

Section 5.5 demonstrate some empirical advantages of Sinkhorn DRO. s

Remark 15 (Connection with KL-divergence DRO). Using Jensen’s inequality, we can see

that the dual objective function of the Sinkhorn DRO model is upper-bounded as
Ap + Aelog (E, 5E.q,. [¢/®/?9]),
which corresponds to the dual objective for the following KL-divergence DRO [24]
sup {E.nplf(2)] : Die(PP°) <p/e}.

Here P° satisfies dP°(z) = E__5[dQy.(2)], which can be viewed as a non-parametric

kernel density estimation constructed from P. Particularly, when P = % S0, 2 =R4

2

and c(z,y) = ||z — y||3, P° is kernel density estimator with Gaussian kernel and bandwidth

€:
dPY(z2)
dz

1 n
= — E K. (z—1z;), ze€R%
n
i=1

where K (z) o< exp(—||z||%/€) represents the Gaussian kernel. By Lemma 4 and divergence
inequality [89, Theorem 2.6.3], we can see the Sinkhorn DRO with p = ( is reduced to the
following SAA model based on the distribution P°:

V=E, po[f(2)] =E,_sE.~q,.[f(2)] 54

In non-parameteric statistics, the optimal bandwidth to minimize the mean-squared-
error between the estimated distribution Py and the underlying true one is at rate € =
O(n=Y4+9) 1143, Theorem 4.2.1]. However, such an optimal choice for the kernel density
estimator may not be the optimal choice for optimizing the out-of-sample performance
of the Sinkhorn DRO. In our numerical experiments in Section 5.5, we select € based on

cross-validation unless otherwise stated.
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We also note that data-driven KL-divergence DRO is typically more efficient to solve
than Sinkhorn DRO. This is because KL-divergence DRO yields a worst-case distribution
supported on the same set as the empirical observations, leading to a finite-dimensional
convex reformulation that can be efficiently solved using off-the-shelf solvers (see the

numerical study of CPU times in Appendix D.2.3). s

Remark 16 (Connection with Bayesian DRO). Bayesian DRO [281] proposed to solve

.5 [sw {Eali)s B},

where P is a special posterior distribution constructed from collected observations, and the
ambiguity set P, is typically constructed as a KL-divergence ball, i.e., P, := {P : D (P||Q,) <
n}, with Q, being the parametric distribution conditioned on x. According to [281, Sec-
tion 2.1.3], a relaxation of the Bayesian DRO dual formulation is given by

inf {/\n +AE, 5 [log E.vo, [ef(z)/’\} ] } :

A>0

When specifying the parametric distribution Q, as the kernel probability distribution in
(5.3) and applying the change-of-variable technique such that X is replaced with \e, this

relaxed formulation becomes

inf {)\(T]E) + )\EEIN@[log EZNQI [ef(z)/(/\e)] :| } '

A>0

In comparison with (Dual), we find the Sinkhorn DRO model can be viewed as a special

relaxation formulation of the Bayesian DRO model. &

5.3.3 Examples

In the following, we provide several cases in which our strong dual reformulation (Dual)

can be simplified into more tractable formulations.
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Example 3 (Linear loss). Suppose that the loss function f(z) = a* z, support Z =R, v is
the corresponding Lebesgue measure, and the transport cost is the Mahalanobis distance,
ie, c(z,y) = 2(z — y)"Q(zx — y), where Q is a positive definite matrix. In this case, the

kernel probability distribution Q, . = N (z,eQ~')., and the dual problem can be written as
o= )

where

atz  adTQ 'a

e + 2\2%¢e

Am()\) = IOgEZNN(x,EQ—l) [eaTz/(Ae)i| _

Therefore
Vo= aTE, la] + vIVaT0 Ta = E, 5[a™s] + /25 - fala-r

This indicates that the Sinkhorn DRO is equivalent to an empirical risk minimization with
norm regularization, and can be solved efficiently using algorithms for the second-order

cone program. s

Example 4 (Quadratic loss). Consider the example of linear regression with quadratic loss
fo(2) = (aT — b)%, where z := (a,b) denotes the predictor-response pair, 0 € R? denotes
the fixed parameter choice, and Z = R, Taking v as the Lebesgue measure and the
transport cost as ¢((a,b), (a',V)) = 3||la — d'[|3 + co|b — V'|. In this case, the dual problem

becomes

, E. -[(aT0—b)2 e ( eeT)}
Vo =E_s[(aT —b)? f g+ =L — “logdet ([ — 5— ) ¢.
D ZNIP’[(a ) ] + )\>12H”9”§ { p + %)\H9H2—2 o 1 2 Og €

In comparison with the corresponding Wasserstein DRO formulation with radius p (see, e.g.,
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[45, Example 4])

, E, 5[(a™0 —b)?
VDWDRO — EZN@[(QTQ — b)Q] + >\>12nuf9u2 {)\p + l;}\”’[‘eHQQ — ] } 7
2 2

one can check in this case the Sinkhorn DRO formulation is equivalent to the Wasserstein

DRO with log-determinant regularization. s

When the support Z is finite, the following result presents a conic programming refor-

mulation.

Corollary 3 (Conic Reformulation for Finite Support). Suppose that the support contains
L. elements, ie., Z = {zz}f:f", and the nominal distribution P = % Yoy s If
Condition 1 holds and p > 0, the dual problem (Dual) can be formulated as the following

conic optimization:

) 1
Vb= min AP+ — Si

A>0,s€R™, n <

aGR"XI‘ =1
Lmax

‘ (5.5)
s.t. Xe> Z Qieig, 1 € [n],

=1

where q;; = PrsziM{z = 2}, with the distribution Q;, . defined in (5.3), and Kex,

denotes the exponential cone Koy, := {(v,\,0) € Ry x Ry X R: exp(d/v) < \/v}

Problem (5.5) is a convex program that minimizes a linear function with respect to linear
and conic constraints, which can be solved using interior point algorithms [234, 299]. We
will develop an efficient first-order optimization algorithm in Section 5.4 that is able to solve

a more general problem (without a finite support).
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5.3.4 Proof of Theorem 20

In this subsection, we present a sketch of the proof for Theorem 20. We begin with the weak

duality result in Lemma 3, which can be shown by applying the Lagrangian weak duality.

Lemma 3 (Weak Duality). Under Assumption 4, it holds that
; z)—Ae(x,z e _
Vggg {)\p—l—)\e E%@[logEzw[e(ﬂ )= Ae(@2))/( )H} = b.

Proof. Proof of Lemma 3. Based on Definition 11 of Sinkhorn distance, we reformulate V'

as

V= s {mmzn Eaes [a(rc, 2) +elog <%)] < p} .

YEP(ZX Z):Projl#'y:@

By Assumption 4, the constraint is equivalent to

E, pEzr, {C(ﬁf, z) +elog ( d%(z))} <y,
14

and the primal problem is equivalent to

V= sup riz) {ExN@EzN% f(z)]: E, sE., [c(x, z) + elog <(:/L((Zz)))] < ,0} :
(5.6)

{’Yz }zesupp P

Introducing the Lagrange multiplier A associated to the constraint, we reformulate V as

V= sup {ig% {)\P +E, pEenr, [f(z) ~Aelz, ) = Aelog < iﬁgﬂ }} '

{12} csuppsCP(Z)

Interchanging the order of the supremum and infimum operators, we have that

. dv.(2)
V<inf ¢ Ap+ sup {EINAEZN ., [f z) — Ae(z, z) — Aelog < )] }
A>0 { (e} s coupp 5CP(Z) Pl | /(2) (z,2) dv(z)
(5.7)
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For z € supp P and A > 0, define

va(\) = sup | {IEZN% [f(z) — Xe(z,2) — Aelog ( d%(’z)ﬂ } . (58

12 €P(Z dv(z)

Note that this function is measurable for any choice of A\ (we omit its proof in Lemma 24).
One can swap the supremum and the expectation operator on the right-hand-side of (5.7) to

further upper bound it as
ve i (o B o]}
By Lemma 23, when there exists A > 0 such that Condition 1 is satisfied, it holds that
ve(A) = XelogE,.,, [e(f(Z)*AC(%Z))/(XE)} < 00,

and the desired result holds. Otherwise, for any A > 0,

P {x : Eong, [ef(Z)/(AE)] — oo} P {:c  E.., [e(f(Z)fAc(w,Z))/(Ae)} — oo} >0,
then intermediately we obtain

V< inf {)\p FACE, 5| log ., [V m/ 0] } = o0,

and the weak duality still holds. 0 [

Next, we show the feasibility result in Theorem 20(I). The key observation is that the
primal problem (Primal) can be reformulated as a generalized KL-divergence DRO problem.

Consequently, Theorem 20(I) holds because of the non-negativity of KL-divergence.
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Lemma 4 (Reformulation of (Primal)). Under Assumption 4, it holds that

dv, —
Ve e {EE [F()]: B, 5., {bg (d«;—(&)] = ”}‘

{’Yz }zésupp P

Remark 17 (Comparison with Infinite-dimensional Convex Analysis). If assuming that

P=1 > iy Oy, is finitely supported, by Lemma 4, (Primal) can be reformulated as a conic

T n

linear program

1
V= sup —
{vitiemCP(2) | T

ol

S E G 5 Y Dbl <

i€[n] i€[n]

Thus, strong duality from infinite-dimensional convex analysis (e.g., [278]) can be applied to
show Theorem 20. However, our strong duality proof, as described below, differs from this
one in several key aspects. First, our approach imposes less restrictive assumptions, holding
for any measurable sample space Z, measurable loss function f, and nominal distribution P.
The strong duality result in [278] requires Z to be convex, f to be upper semicontinuous, and
P to be finitely supported. Second, our approach is constructive: we explicitly characterize
the worst-case distribution for Sinkhorn DRO, whereas a nonconstructive method was
employed in [278]. Third, our approach provides a byproduct — an explicit necessary and
sufficient condition for when the Sinkhorn ambiguity constraint is binding (Theorem 20(1V)).
This insight offers practical guidance on choosing the ambiguity set size to avoid over-

conservativeness. [ 3

Finally, we develop the strong duality. The general proof idea involves deriving the
optimality condition of the dual minimizer, which then guide the construction of the worst-
case distribution of (Primal). In the following, we provide the proof of the first part of
Theorem 20(III) for the most representative case where p > 0, the dual minimizer \* exists

with \* > 0, and Condition 1 holds. Proofs of other cases are moved in Appendix D.5.
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We first develop the optimality condition when the dual minimizer A* > 0, by setting the

derivative of the dual objective function to zero.

Lemma 5 (First-order Optimality Condition when \* > 0). Suppose p > 0 and Condition 1
is satisfied, and assume further that there exists a dual minimizer \* > 0, then the dual

minimizer is unique and \* satisfies

1 E.., [eUG-X @)/ o f(2)]

2\ E, 5 E.., [eUG) -2 e(@2)/07e)]

— (E,  [logE,_, [e/@-Nee)/0]] =

(5.9)

Proof. Proof of Theorem 20(III) for the case where Condition 1 holds and p > 0, \* > 0.

We take the transport mapping 7, such that

dv«(z, 2)

T =% ((f(z) ~ Nz, z))/(/\*e)),

and a, := (E,., [el/H) A el@2)/(M 9] )_1 is a normalizing constant such that Proj, .7, = P.
Also define the primal (approximate) optimal distribution P, := Proj,,7.. Recall the

expression of the Sinkhorn distance in Definition 11, one can verify that

We(@,P*): inf E@ )~y [c(x,2) + €log M
~+€ET (B,P.) dP(z) dv(z)

c(z,z) /e
= inf E g2~y |€log c dr(z,2)
~€ET (B,P.) dP(z) dv(z)

c(z,2)/e 4
e (@, 2) { 1
SEx,ZN* Elog =~ :E{L‘,ZN* —fZ +610g Oy
(2.2)~ < B do2) )] @~ | 3w (2) ()
1 E,., [0 -Xe@)/0% f()] ) )
- | ZE _ - (f(2)=A"c(m,2))/(A"€)
e anP E.., [eUG) X @)/ ¢E, 5 [logE.., [e ]

where the inequality relation is because 7, is a feasible solution in F(@, P, ), and the last
two relations are by substituting the expression of ~,. Since p > 0 and the dual minimizer

A* > 0, the optimality condition in (5.9) holds, which implies that We(@, P,) < p,ie., the
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distribution P, is primal feasible for the problem (Primal). Moreover, we can see that the

primal optimal value is lower bounded by the dual optimal value:

V > Ep,[f(2)] = B 2)mn [f(2)]

B dv.(z, 2) _E .
/) (d@(x) du(z))] P

=\ (p+¢E, 5 [logE..q,. [e/P/*9]]) =1,

E.., [eUE-X @)/ f(2)]

- E.., [e(f@)—Ae@z)/ (0]

EZNV

a~P

where the third equality is by substituting the expression of ., and the last equality is based
on the optimality condition in (5.9). This, together with the weak duality, completes the

proof. Ul [

5.4 Efficient First-order Algorithm for Sinkhorn Robust Optimization

Consider the Sinkhorn robust optimization problem

inf sup E,p[fa(2)]. (5.10)

0cO PeBp,e(ﬁ)

Here the feasible set © C R% is closed and convex containing all possible candidates of
decision vector #, and the Sinkhorn uncertainty set is centered around a given nominal

distribution P. Based on our strong dual expression (Dual), we reformulate (5.10) as

: = N fo(2)/(Xe)
,l\rzlg {/\p + Glg(g E. 5 {/\elog E..q.. [e ] } } ; (D)

where the constant p and the distribution Q. are defined in (5.2) and (5.3), respectively.
In Examples 3 and 4, we have seen special instances of (D) where we can get closed-form
expressions for the above integration. In this section, we develop an efficient algorithm for
solving (D) for general loss functions where a closed-form expression is not available.

A typical approach for solving a stochastic optimization is the stochastic (sub)gradient
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method such as stochastic mirror descent (SMD) [39]. Unlike many other stochastic
optimization problems, one salient feature of (D) is that its inner objective involves a
nonlinear transformation of the expectation. Consequently, based on a batch of simulated
samples from Q, ., an unbiased subgradient estimate could be challenging to obtain. In
Section 5.4.1, we will combine SMD with biased subgradient estimators and bisection

search to solve (D). We will analyze its computational complexity in Section 5.4.2.

5.4.1 Algorithm Framework

We define

F(0;)\) :=E, 5| \elogE.q,, [e//PI] ], (5.11)

and define the objective value of the outer minimization in (D) as
U(A) := Ap+inf F(0;N). (5.12)
0O

Solving (D) involves determining the optimal Lagrange multiplier A of the function ¥,
where evaluating W requires solving the minimization problem in (5.12) to obtain the optimal
decision . We first introduce a biased SMD (BSMD) algorithm for finding the optimal
decision 6 given a fixed Lagrange multiplier A in Section 5.4.1. Then, in Section 5.4.1, we
present a bisection search algorithm to find the optimal Lagrange multiplier. Throughout
this section, we assume the loss function fy(z) is convex in € but it can be a potentially
nonsmooth function. For any function r(6) that is subdifferentiable in #, we use the notation

Vr(0) to denote an arbitrary subgradient from its subdifferential, unless otherwise specified.

BSMD.

In this part, we omit the dependence of A when defining objective or subgradient terms, e.g.,

we write F'(0) for F'(0; \). We first introduce several notations that are standard in the mirror
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descent algorithm. Let w : © — R be a distance generating function that is continuously
differentiable and x-strongly convex on © with respect to norm || - ||, which induces the
Bregman divergence D,,(0,0") : ©x0 = R.: D,(0,6) = w(0')—w(0)—(Vw(0),0 —0).

Define the prox-mapping Prox : R% — © as

Proxy(y) = argmin {(y, 8’ — 6) + D,,(6,6)}.
9'ce

With these notations in hand, we present our algorithm in Algorithm 7, which iteratively

obtains a biased stochastic (sub)gradient estimator and performs a proximal update.

Algorithm 7 BSMD for finding the optimal solution of (5.12) while fixing A

Require: Maximal iteration 7', constant step size h, initial guess 6, fixed multiplier \.
1: fort=0,1,...,7T —1do
2:  Construct a (biased) subgradient estimator v(6;) of F'(6,) using (5.15) or (5.17).
3:  Update 0;,1 = Prox, (hv(@t)).
4: end for R
Output the estimate of optimal solution § = 1 S 6.

At the core of Algorithm 7 lies the crucial task of efficiently simulating the subgradient
estimator in Step 2. It is noteworthy that the minimization in (5.12) is a special condi-
tional stochastic optimization (CSO), as studied in [154, 156, 160]. CSO typically has the
formulation

min B, _s[H" (E.gq,, [H*(6; 2)])], (5.13)

and we specify H'(-) = Aelog(+) and H?(+; z) = exp(f.(z)/()e)) to convert (5.12) into
(5.13). This structure suggests that ideas from CSO-related literature, particularly multi-level
Monte Carlo (MLMC) estimators, can be applied to generate biased subgradient estimators
with controlled bias, enhancing computational efficiency in Step 2. Our framework and
analysis differs from the aforementioned references in several aspects, and see the discussion
in Remark 23.

To generate the subgradient estimator, we first construct a function F*(6), ¢ € N that
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approximate the original objective function F'(6) with O(27¢)-gap:

F'O)=E, 5 Et) om0 [/\elog (% > efﬂ%Wdﬂ , (5.14)
jeR]
where the random variable z¢ follows distribution P, and given a realization of z¢, {20} jep
are independent and identically distributed (i.i.d.) samples from Q. .. Unlike the original
objective F'(f), unbiased subgradient estimators of its approximation F(f) can be easily
obtained. Denote by ¢* = (2, {2} ;c2¢) the collection of random sampling parameters,
and

Upyony (0, C°) := Aelog (# Z efe(2§)/(ke)>7

Mg =Mt 1 JjE€[n1:n2]

1 1
Aé(e’ QZ) = le:?‘Z (‘9’ CE) - §U1:2€_1(9a QZ) - §U2£—1+1:2€ (97 Ce)

We take U,,,.,., (0, ) = 0if [n; : ny] = (. For fixed § and ¢ € N, we define
g'(0,¢") == VU (0,¢"),  GY(0,¢") == V4 A" (0,¢").

The random vector g*(6, ¢*) is an unbiased estimator of V4 F*(6), while the random vec-
tor G*(0, %) is an unbiased estimator of VyF*(0) — Vo F*~1(0). We note that computing
G(6,¢*) involves computing subgradient vectors Vg fo(2}), j € [2‘], and we use the same
subgradient computation across Uj.ge, Uq.oe-1, Use-1,1.9¢ to facilitate the reduction of the
second-order moment of G*(6, ¢*). Using these components, we define two types of subgra-
dient estimators below.

— Stochastic (sub)Gradient (SG) Estimator: Fix the maximum level L € N, . We first

generate the sample set (¥ and next construct the SG estimator
v38(0) = g™(0,¢Ch). (5.15)
— Randomized Truncation MLMC (RT-MLMC) Estimator [49]: Fix the maximum level
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L € N. We first sample a random level v following a truncated geometric distribution

—~ 2t
Py = Pr(ﬁzﬁ):m,ﬁzO,l,,L (516)
Next, we construct the RI-MLMC estimator
YRFMLMC (g) — pﬁzl . GZ(Q,CZ). (5.17)

Remark 18 (Sampling from Q, ). Sampling from Q, . is crucial for the construction
of subgradient estimators. In many cases, it is an easy task: When the transport cost
c(-,) = 3|l = I3 and Z = R, the distribution Q, . becomes a Gaussian distribution
N (x,€ly). When the transport cost (-, -) is decomposable in each coordinate, we can apply
the acceptance-rejection method [9] to generate samples in each coordinate independently,

the complexity of which only increases linearly in the data dimension. s

Bisection Search

In this part, we introduce a bisection search algorithm to solve the one-dimensional convex
minimization problem in (D). The algorithm relies on an efficient oracle to estimate the
objective value of (D). We first define this oracle in Algorithm 8: Given a fixed multiplier A,
it solves problem (5.12) using Algorithm 7 and then estimates the corresponding objective
value. It has m independent repetitions, whose value will be determined later in Section
5.4.2 to achieve the optimal complexity.

To implement Step 3 of Algorithm 8, we again leverage RT-MLMC to efficiently estimate
the objective in (5.11). For given (0, \), let m’ denote the mini-batch size. For i € [m/], we

sample ZZ following the distribution defined in (5.16) and sample an i.i.d. copy of ¢ % that is
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Algorithm 8 Evaluating the objective value of (D)

Require: Fixed multiplier A, error tolerance d, batch size m.
1: forj=1,2,...,mdo R
2:  Obtain a J-optimal solution ¢; of problem (5.12) using Algorithm 7.
3:  Estimate the objective in (5.11) with § = ¢/9\] using RT-MLMC estimator (5.18),
denoted as ﬁ(@, A) .
4: end for R
Output U(\) ;== A\p+ min_ F(0; ).

denoted as Cf Next, we construct the objective estimator at the :-th trial as
~ _ 7 Zz
Fy(0:A) = p - A"(0,G5 ).

To reduce the variance of objective estimator, the final estimator of F'(6; \) is constructed

by averaging the outcomes over all trials, denoted as

1 Zm ~
=1

Given an inexact objective oracle of (D) (e.g., by querying Algorithm 8), we use bisection
search to find a near-optimal multiplier in (D); see Algorithm 9 for details. Unlike con-
ventional bisection that relies on gradient information, this algorithm leverages an inexact
objective oracle U to iteratively shrink the search interval. It begins by dividing the interval
into five evenly spaced points and selecting the minimum among the three central points. In
each iteration, it updates the left, middle, and right points based on the the current minimum
(from among the three middle points) and its two nearest neighbors. Then, it adjusts the
middle-left and middle-right points to maintain evenly spacing. The oracle is queried twice
per iteration, reusing one value from the previous iteration to identify the new minimum
efficiently. This algorithm is adopted from [83, Algorithm 8], but is more efficient, as the
original algorithm only shrinks the interval by 1/3 with each iteration, whereas one can

improve it to factor 1/2. See its performance guarantee in Theorem 22.

120



Algorithm 9 Bisection search for finding the optimal multiplier of (D)

Require: Interval [\, \,] such thatA A < A\ < \,, maximum iterations 7"

Require: Inexact objective oracle U): Ry =R
1: Update ﬁi(o) = 3= ’)\ + == )\ fori=1,...,5 {Divide interval using 5 grid points}
2: Query oracle to obtaln \II(B( )) j=2,3,4
3: Specify i) = arg mln \11(6( N

71=2,3

4: fort=1,..., T’do

5 Update (ﬁft),ﬁg(,t), Wy = (5%) 1175@) Y B((tt)il) {Move left, middle, right points)

(), 50 50 50
6: Update ( ét),ﬁf ) = (B +Ps ,B 5, ) {Move middle-left, middle-right points}

7: Query oracle to obtain \If(ﬁ](-t)),] 2, 4, and update \If(ﬁ(t)) (ﬁl((tt) 1 ).
8 Specify i**!) = argmin \TI(BJ@)

j=2,3,4
9: end for

Output approximate optimal multiplier ﬂ (T, 1y

An alternative approach to solving (D) is to jointly optimize (), §) using BSMD. Al-
though this approach is theoretically sound, updating A could lead to oscillations or diver-
gence if the associated stepsize is not carefully tuned, due to the high variance of gradient
estimators when A is small. In our algorithm, we have developed a bisection method to
update A\, which requires only specifying the maximum iterations, initial interval, and an
inexact objective oracle but does not require tuning the stepsize for updating A. We also
remark that, as a practical alternative, one can solve (5.12) using Algorithm 7 alone and
tune the hyperparameter )\, as tuning the radius p is equivalent to tuning the Lagrangian
multiplier A in (5.12). This corresponds to the Sinkhorn robust learning problem with a soft

Sinkhorn constraint.

5.4.2 Convergence Analysis

In this subsection, we analyze the convergence properties of the proposed algorithms. We

begin with the following assumptions on the loss function fy:

Assumption 5. (I) (Convexity): The loss function fy(z) is convex in 6.
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(I) (Lipschitz Continuity): For any fixed z and 6,0, it holds that |fy,(2) — fo,(2)] <
Ly||6y = 652

(IIT) (Boundedness): The loss function fy(z) satisfies 0 < fy(z) < B for any 6 € © and

z € Z.

Assumption 5(I) ensures the convexity of the objective in Sinkhorn robust optimization,
and enables us to develop globally convergent optimization algorithms. Assumption 5(1I)
is crucial for establishing the bounded subgradient norm condition required by the BSMD
algorithm and deriving its global convergence rate. Assumption 5(III) guarantees the
Lipschitz continuity of the nonlinear operator H'(+) = Aelog(+) in (5.11), ensuring that the
objective in (5.14) approximates (5.11) with O(27¢) gap. This assumption is restrictive in
practice, whereas one can replace it by the following conditions (see the argument in [191,
footnote 2]): (III-1): © is bounded; (III-2): Assumption 5(II); and (II1-3): grelé fo(z1) —
912(% fo(z2) < By, V21,20 € Z.

We note that our algorithm is assumed to have access to two sampling oracles: (1) Oracle
O(P) that generates a sample from P; (ii) Oracle O(Q.,) that, based on the input z €
supp @, generates a sample from Q, .. In practical implementations, the cost of generating
samples from these two distributions can differ. In data-driven applications, sampling
from PP often reduces to randomly selecting observed data points, whereas sampling from
Q. (described in Remark 18) usually involves stochastic noises such as Gaussian. In the
subsequent analysis, we report the sample complexities from Por Q¢ individually. Based
on our algorithm design (see, e.g., objective and subgradient estimators in (5.15), (5.17),
(5.18)), it is also easy to check that the total computational time is roughly proportional to

the sum of these two sample complexities.

Complexity of BSMD.

In this part, we discuss the complexity of Algorithm 7. We say 6 is a d-optimal solution if

E[F(0; \)] — F(0*; X\) < 6, where 6* is the optimal solution of (5.12). By properly tuning

122



hyper-parameters to balance the trade-off between bias and second-order moment of the
subgradient estimate, we establish its performance guarantees in Theorem 21. The explicit
constants and proof can be found in Appendix D.6. Let us define the constant K . p = %
that depends on A, ¢, B.

Theorem 21. Under Assumption 5, when using BSMD (Algorithm 7) to find a d-optimal

solution of (5.12), the following results hold:

(D) If using SG subgradient estimator, the sample complexity from P is O(672), and
that from Q.. is O(Aeexp(2K . g) - 6~3), with O(-) hiding constants depending on
Lf, (90, K.

(D) If using RT-MLMC subgradient estimator, the sample complexity from P is

O(Kxepexp(4Ky e p) - 572),

and that from Q, . is

O(K3, o5 exp(4K ) - 67),

with (5() hiding constants depending on Ly, 0y, s and linearly depending on (log 5°)*.

Theorem 21 shows that the sample complexity from P of BSMD, whether using the SG
or RT-MLMC subgradient estimator, is of the same order with respect to the error tolerance
0. This rate matches the known lower bound for general convex stochastic programming
problems [39]. However, this complexity associated with the RT-MLMC estimator has a
worse constant dependence on the parameters A, €, and B. Despite this, the RT-MLMC
estimator has a lower-order sample complexity from Q, . compared to the SG estimator.
Our numerical experiments in Appendices D.2.1 and D.2.2 further demonstrate that the
RT-MLMC estimator exhibits a significantly faster empirical convergence rate than the SG

estimator.
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Remark 19 (Comparison with Biased Sample Average Approximation). An alternative way
to solve (5.12) is to approximate the objective using finite samples for both expectations. This
leads to a biased sample estimate, called Biased Sample Average Approximation (BSAA).
Under Assumption 5 and apply [154, Corollary 4.2], it can be shown that for BSAA,
the sample complexity from P is n, =0 (dgB? exp(2K ) - 6 2) and that from Q, . is
O(Xeexp(2Ky . 5) -1 - 6~ 1). Our proposed BSMD with the RT-MLMC-based subgradient
estimator has smaller order of the sample complexity from Q,, . (in terms of error tolerance
0). Also, the BSAA method still requires computing the optimal solution of the approximated
optimization problem as the output. Hence, it typically takes considerably less time and

memory to run the BSMD step rather than solving the BSAA formulation. s

Complexity of Bisection Search

We first provide the complexity analysis for Algorithm 8, which produces an estimator
of the objective value of the outer minimization in (D). Define the constant H) g =

max(exp(2K .. 5), \e?).

Proposition 5. Let 1) € (0, 1) and set the batch size m = [log, %} Assume Assumption 5

holds, and we choose hyper-parameters in Step 3 of Algorithm 8 as

Ae® exp(2K),ep)(L +1) log ™.
02 n

- o)

I %ng 2\e exp(QK)\@B)—‘ -

J

With probability at least 1 — 1), the output in Algorithm 8 satisfies |{I\I()\) —U(\)| < 6. When
using RT-MLMC subgradient estimator (5.17) in the BSMD step and RT-MLMC objective
estimator (5.18), the sample complexity from PisO (HyepKxepexp(2Ky.p)-07%) and
that from Q ¢ is 9] (HA7573K§’67B exp(2K )¢ B) - 5*2), with 6() hiding constants depending

on Ly, 0o, k and linearly depending on (log 5)?, (log %)2

Next, we provide the convergence analysis for Algorithm 9.
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Theorem 22. Let ) € (0,1). Assume Assumption 5 holds and 0 < N\ < \* < A, < oo

Specify hyper-parameters in Algorithm 9 as

B
Ly =p+ — [1+exp(Ky.,B)-

’ 3+ 27" A

T = [log2 ( 5

Suppose there exists an oracle U such that for any \ > 0, it estimates V defined in (5.12)
with accuracy level ¢ /4 with probability at least 1 — 1, then with probability at least 1 — ),
Algorithm 9 finds the optimal multiplier with accuracy level § (i.e., it finds \ such that
U(A\) — min  U(\) < 4) by calling the inexact oracle U for O(Ky, . ) times, where

A SAS Ay

O (+) hides constants depending on p and linearly depending on log @ and log %.

Remark 20 (Selection of A\, and \;). Algorithm 9 requires the upper and lower bounds \,, \;
on the optimal Lagrange multiplier \* as inputs. Under Assumption 5, we have a theoretical
upper bound )\, := p !B (see the proof in Lemma 32 in Appendix D.7). For the lower
bound \,, it can be shown that as long as the condition in Theorem 20(IV) does not hold for
fo(+) for any 0, a valid lower bound \; > 0 exists. Unfortunately, deriving the closed-form
expression of \; is infeasible. In practice, choosing an excessively small multiplier values
may lead to solutions that are too conservative (where the Sinkhorn distance constraint
becomes nearly unbinding). To mitigate this, we recommend empirical tuning of \; to ensure
it remains sufficiently bounded away from zero, thereby avoiding degenerate cases. For

examples in Section 5.5.1 and 5.5.2, we set \; = 0.01 and )\, = 500. &

Combining Proposition 5 and Theorem 22, the sample complexity from P for obtaining
a d-optimal solution of (D) with high probability is O (H) . pK3 5 exp(2Ky . p) - 672),

and sample complexity from Q, . is O (Hre.5K3 . pexp(2Ke5) - 072).

Remark 21 (Comparison with Empirical Risk Minimization). The minimax lower bound

of sample complexity from P for obtaining a d-optimal solution from the empirical risk
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minimization (ERM) infoco E__5[fo(x)] with a convex loss function fy(2) (regardless of
the smoothness assumption) is O(672) [39]. The sample complexity from P of solving the
Sinkhorn DRO model matches with its ERM counterpart, differing only by a (near-)constant
factor in terms of error tolerance 6. However, we highlight that the constant factor has

non-negligible dependence on related parameters \;, €, B. s

Remark 22 (Comparison with Wasserestein DRO). Recall from Table 5.1 that Wasserstein
DRO is computationally efficient to solve for a restricted family of loss functions (Table 5.1).

Specially, Wasserstein DRO with P= % > i, 0z, can be formulated as a minimax problem

n

min max Ap+ % Z [fg(z,-) — Ae(zy, zl)]

0€0,0 >0 2;cRd ic[n] 1
1=

When fy(z) is not piecewise concave in z, the above problem generally reduces to the
convex-non-concave saddle point problem, whose global optimality is difficult to obtain.
In comparison, we provided complexity guarantees for solving Sinkhorn DRO model for a
broader class of loss functions.

We also remark that the regularization parameter € is treated as a fixed intentional design
choice when solving Sinkhorn DRO formulation. Our goal is not to use it as a computational
approximation of Wasserstein DRO, even though it converges to Wasserstein DRO as € — (.

Otherwise the constant part in our complexity bounds will explode to infinity. s

Finally, we compare our algorithm design and analysis with existing references on CSO

below.

Remark 23 (Comparison with [154, 156, 160]). Our algorithm and analysis differ from
existing references on CSO [154, 156, 160] in several aspects.

Recall that we apply BSMD with the RT-MLMC subgradient estimator to solve (5.12).
While the BSAA approach proposed in [154] is applicable, it is less efficient (see Remark 19).
The BSMD method using the SG subgradient estimator from [160] can also be applied, but

it results in worse sample complexity from Q, ..
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Although one can apply Hu et al. [156] to consider BSMD with RT-MLMC or vanilla
MLMC (V-MLMC) gradient estimators, their analysis focuses on unconstrained optimization
with S¢-Lipschitz smooth loss functions, i.e., functions that are continuously differentiable
with Lipschitz continuous gradients: Their analysis requires carefully tuning the parameters
of the gradient estimators to balance the trade-off between bias and gradient variance,
with stepsize that depends on the smoothness constant Sy (see [156, Theorem C.1]). This
greatly limits the applicability of their theoretical guarantees, such as the newsvendor
problem and portfolio optimization examples in our numerical study. In contrast, we
demonstrate that the RT-MLMC estimator results in the same complexity bounds even
for nonsmooth loss functions by appropriately balancing the trade-off between bias and
subgradient second-order moment (Lemma 28). Notably, the V-MLMC estimator in [156]
no longer has performance guarantees in nonsmooth case.

Another component of our algorithm requires estimating the objective in (5.12). Refer-
ence [160] used the SG objective estimator that leads to worse sample complexity from Q,, ;
References [156, 160] did not investigate this problem. Our work provided the RT-MLMC
estimator to estimate the Sinkhorn robust optimization objective, demonstrating its superior

efficiency (Lemma 30). )

5.5 Applications

In this section, we apply our methodology to three applications: the newsvendor problem,
mean-risk portfolio optimization, and adversarial classification. We compare our model with
three benchmarks: (i) the classical sample average approximation (SAA) model; (ii) the
Wasserstein DRO model; and (iii) the KL-divergence DRO model. We choose the transport
cost ¢(+,+) = || - — - |1 for 1-Wasserstein or 1-Sinkhorn DRO model, and c(-,-) = || - — - ||3
for 2-Wasserstein or 2-Sinkhorn DRO model. Throughout this section, we take the reference

measure v in the Sinkhorn distance to be the Lebesgue measure. The hyper-parameters are

selected using the holdout method following from [226]. All experiments were conducted
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on a Mac mini computer with 24GB of memory and M4 Pro GPU with 20 cores running
Python 3.9. Further implementation details and experiments are included in Appendices D.1

and D.2, respectively.

5.5.1 Newsvendor Problem

Consider the following distributionally robust newsvendor problem:

min max_ E..p[kf — umin(f, 2)],
PEB,, (P)

where the random variable 2 stands for the random demand, whose empirical distribution
P consists of n independent samples from the underlying data distribution; the decision
variable 6 represents the inventory level; and k£ = 5, u = 7 are constants corresponding to
overage and underage costs, respectively.

In this experiment, we examine the performance of DRO models for various sample sizes
n € {10,30, 100} and under three different types of data distribution: (i) the exponential
distribution with rate parameter 1, (ii) the gamma distribution with shape parameter 2 and
scale parameter 1.5, (ii1) the equiprobable mixture of two truncated normal distributions
N(p=1,0=1,a=0,b=10)and N(u = 6,0 = 1,a = 0,b = 10). We do not report
the performance for 1-Wasserstein DRO model in this example, because it is identical to the
SAA approach [226, Remark 6.7]. As 2-Wasserstein DRO is computationally intractable
for this example, we solve the corresponding formulation by discretizing the support of the
distributions.

We measure the out-of-sample performance of a solution 6 based on training dataset D

using the percentage of improvement (a.k.a., coefficient of prescriptiveness) in [31]:

Prescriptiveness(f) = max | 1 — J(S?A—_J, -1 x 100%, (5.19)
J(O3M) — T

where J* denotes the true optimal value when the true distribution is known, 63 denotes
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the decision from the SAA approach with dataset D, and .J(#) denotes the expected loss of
the solution 6 under the true distribution, estimated through an SAA objective value with
10° testing samples. This coefficient is always bounded between —100% and 100%, and the
higher this coefficient is, the better the solution’s out-of-sample performance.

E3 KL-DRO B8 1-SDRO E3 2-WDRO B8 2-SDRO E3 KL-DRO E8 1-SDRO E3 2-WDRO E8 2-SDRO E3 KL-DRO ES {-SDRO E3 2-WDRO B8 2-SDRO

100% 100%- 100%

100
Sample size n Sample size n Sample size n

% of Improvement
% of Improvement
% of Improvement

Figure 5.2: Experiment results of the newsvendor problem for different sample sizes and
different data distributions in box plots. (a) Exponential distribution; (b) Gamma distribution;
(c) Mixture of truncated normal distributions.
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Figure 5.3: Plots for the density of worst-case distributions generated by the 1-SDRO or
2-SDRO model for newsvendor problem with different data distributions. (a) Exponential
distribution; (b) Gamma distribution; (c) Mixture of truncated normal distributions.

We report the box-plots of the coefficients of prescriptiveness in Fig. 5.2 using 500
independent trials. We find that either 1-SDRO or 2-SDRO model achieve the best out-of-
sample performance over all sample sizes and data distributions listed, as it consistently
scores higher than other benchmarks in the box plots. In contrast, the KL-DRO model does
not achieve satisfactory performance, and sometimes even underperforms the SAA model.

While the 2-WDRO model demonstrates some improvement over the SAA model, the 2-
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Figure 5.4: Experiment results of the newsvendor problem for exponential data distribution.
Subplots from different rows correspond to different training sample sizes n € {10, 30, 100}.
Subplots from the first and second columns correspond to the heatmap plot of the coefficient
of prescriptiveness for 1-SDRO and 2-SDRO models with different radius and regularization
parameters, and the subplots from the last column correspond to the histogram plot of the
coefficient of prescriptiveness for 2-WDRO model with different radius parameters. Each
instance is taken the average of the simulation results over 50 independent trials. For SDRO
models, we add a green triangle for each radius-regularization combination that outperforms
the corresponding WDRO models with the same radius choice.

SDRO model shows more clear improvement. We plot the density of worst-case distributions

for 1-SDRO or 2-SDRO model in Fig. 5.3. When specifying the data distribution as

exponential, gamma, or Gaussian mixture, the corresponding worst-case distributions capture

the shape of the ground truth distribution reasonably well, which partly explains why the

Sinkhorn DRO model achieves superior performance when the data distribution is absolutely

continuous. We report the coefficient of prescriptiveness of SDRO and WDRO models with

different parameters when the data distribution is exponential in Fig. 5.4 (plots for other

distributions are presented in Appendix D.2.4). We observe that there exists a large range of
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parameter choices of SDRO models that lead to the superior performance over the WDRO

models, since almost each row of the heatmap includes many green triangles. This fact

justifies the benefits of adding entropic regularization.

5.5.2  Mean-risk Portfolio Optimization
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Figure 5.5: Experiment results of the portfolio optimization problem for different sample
sizes and dimensions in box plots. (a) fixing data dimension d = 30 and varying sample
size n € {30,50,100, 150,200, 400}; (b) fixing sample size n = 100 and varying data
dimension d € {5, 10, 20,40, 80, 100}.

Consider the following distributionally robust mean-risk portfolio optimization problem

min max

¢ PeB, . (P)

st. 0eO={0ecR’:0"1=1},

E..p[—0"2] + 0 - P-CVaR,(—0"2)

where the random vector z € R¢ stands for the returns of assets; the decision variable § € ©
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represents the portfolio strategy that invests a certain percentage 6; of the available capital in
the i-th asset; and the term P-CVaR,, (—6" z) quantifies conditional value-at-risk [259], i.e.,
the average of the a x 100% worst portfolio losses under the distribution P. We follow a
similar setup as in Mohajerin Esfahani and Kuhn [226]. Specifically, we set a = 0.2, p = 10.
The underlying true random return can be decomposed into a systematic risk factor ¢ € R

and idiosyncratic risk factors € € R%:

Zi:1/1+€i, i:1,2,...,d,

where 1) ~ N(0,0.02) and ¢; ~ N (i x 0.03,7 x 0.025). When solving the Sinkhorn DRO
formulation, we take the Bregman divergence D,, as the KL-divergence when performing
BSMD algorithm in Algorithm 7, allowing for efficient implementation [39].

We quantify the performance of a given solution using the same criterion defined in Sec-
tion 5.5.1 and generate box plots using 500 independent trials. Fig. 5.5a) reports the scenario
where the data dimension d = 30 is fixed and sample size n € {30, 50, 100, 150, 200,400},
and Fig. 5.5b) reports the scenario where the sample size n = 100 is fixed and the num-
ber of assets d € {5, 10, 20, 40, 80,100}. We find that the KL-DRO model does not have
competitive performance compared to other DRO models, especially as the data dimension
d increases. This is because the ambiguity set of KL-DRO model only takes into account
those distributions sharing the same support as the nominal distribution, which seems to be
restrictive, especially for high-dimensional settings. While 1-WDRO or 2-WDRO model
has better out-of-sample performance than the SAA model, the corresponding 1-SDRO or
2-SDRO model has clearer improvements, as it consistently scores higher in the box plots.
Finally, we show the coefficient of prescriptiveness of WDRO/SDRO models with different
parameters for the instance (n,d) = (30, 30) in Fig. 5.6 (other instances can be found in
Appendix D.2.4). Similar as in the newsvendor problem, we observe that there exists a large

number of parameter choices of SDRO models that outperform WDRO models, as indicated
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by many green triangles in heatmap plots.
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Figure 5.6: Experiment results of the portfolio optimization model with (n, d) = (30, 30) in
heatmaps. The four subplots correspond to the heatmap plot of the coefficient of prescrip-
iveness for 1-SDRO, 1-WDRO, 2-SDRO, and 2-WDRO models with varying parameters.
For SDRO models, we add a green triangle for each radius-regularization combination that
outperforms the corresponding WDRO models with the same radius choice.

5.5.3 Adversarial Multi-class Logistic Regression

Adversarial machine learning is an emerging topic in artificial intelligence, aiming to
develop models that are robust against (potentially adversarial) data perturbations. It has
been observed that small perturbations to the data can cause well-trained machine learning
models to produce unexpectedly inaccurate predictions [137]. In real applications involving
high-stake environments, such as self-driving and automated tumor detection, ensuring
model robustness is essential for reliability and safety. Among existing approaches that
produce robust machine learning models [146, 212, 240, 241, 242, 260, 286, 296], stands
out as a particularly effective method and provides certifiable robustness [286]. In this

subsection, we examine the performance of various DRO approaches for multi-class logistic

133



MNIST Dataset with 1-White Noise Attack MNIST Dataset with 1-PGM Attack MNIST Dataset with 2-White Noise Attack MNIST Dataset with 2-PGM Attack
0.200

N 0.175| —e— SAA —e— SAA 0.175] —o— saa
P KL-DRO KL-DRO 0175 KL-DRO KL-DRO
0.150 1-WDRO 0.150 1-WDRO * o 1-WDRO 0.150 1-WDRO
s | —¥— 2-WDRO o —¥— 2-WDRO 7| 20150{ —¥— 2-WDRO B ~¥— 2.WDRO
g g g g
& 4 1-SDRO £ 0.125] -4 1-SDRO 3 4 4 1-SDRO /! £0.125] -4 1-SDRO
= : =
-#- 2-SDRO g -#- 2.SDRO ; £0.125] —e- 2.SDRO £ -#- 2.SDRO
£ 0.100 ] 5 0.100
£0.100 2
4 Z Z
<0075 = =
3 Foors 3 0075
= = =
0.050 0050 0,050
0.025 0.025 0.025 0.025
00 0602 0004 0006 0.0 00 00603 0006 0009 001 00 0.05 01 0.15 02 00 00608 0016 0024 003
Level of Perturbations / Norm of Data Level of Perturbations / Norm of Data Level of Perturbations / Norm of Data Level of Perturbations / Norm of Data
0.375CIFAR-10 Dataset with 1-White Noise Attack CIFAR-10 Dataset with 1-PGM Attack CIFAR-10 Dataset with 2-White Noise Attack CIFAR-10 Dataset with 2-PGM Attack
0400] o sAA 0375 —o— SAA
0350 0375 KL-DRO 0375 KL-DRO
1-WDRO 0350 0350 1-WDRO
0.325 —¥— 2-WDRO o o —¥— 2-WDRO
£0325 2
4 1-SDRO & &(325| ~® 1-SDRO
0300 -+- 2.SDRO £ 0300 g -+- 2.SDRO
g £ 0300
0275 Z Z
%0275 —e— SAA ]
£ . 202715
b 3 o KL-DRO | 7
£ 0250 1-WDRO = 0.250 1-WDRO | = 0.250
0225 - 2-WDRO - . —+— 2.WDRO
e 4 I.SDRO. | 0225) Oy 0225 L7 4 1SDRO | 0225) L=
DY - D .
0200] ¥ 2-SDRO 0.200] ¢ 0.200{ 4 ZSDRO 0.200{ ¢
00 0602 0004 0006 0.0 00 0603 0006 0009 001 00 0.05 01 0.5 02 00 0608 0016 0024 003
Level of Perturbations / Norm of Data Level of Perturbations / Norm of Data Level of Perturbations / Norm of Data Level of Perturbations / Norm of Data
Dataset with 1-White Noise Attack i Dataset with 1-PGM Attack tinyImageNet Dataset with 2-White Noise Attack - tinyImageNet Dataset with 2-PGM Attack
0.70 :
070 0.70
0.65
0.65 0.65
2 2
& £
5060 5 0.60
£ 2 .
£0.55 2055 %
Z SAA Z —e— SAA ,—e— SAA
KL-DRO | § KL-DRO | 3050 KL-DRO KL-DRO
I-WDRO | = 1-WDRO | = I-WDRO | = : 1-WDRO
—¥— 2-WDRO —¥— 2-WDRO 045 —¥— 2-WDRO ¢ —¥— 2.WDRO
- 4 1-SDRO 4 1-SDRO . 4 1-SDRO PUNSS - 4 1-SDRO
040} - -#- 2.SDRO -#- 2.SDRO 040} - -#- 2.SDRO 040 e -#- 2.SDRO
00 0602 0004 0006 0.0 00 00603 0006 0009 001 00 05 ) 0.15 02 00 00608 0016 0024 003
Level of Perturbations / Norm of Data Level of Perturbations / Norm of Data Level of Perturbations / Norm of Data Level of Perturbations / Norm of Data
STL-10 Dataset with 1-White Noise Attack STL-10 Dataset with 1-PGM Attack STL-10 Dataset with 2-White Noise Attack STL-10 Dataset with 2-PGM Attack
—e— SAA 0.22{ —*— SAA 0.18 SAA 020{ —*— SAA
0.16 KL-DRO KL-DRO KL-DRO
1-WDRO 1-WDRO 016 1-WDRO
o ~¥— 2-WDRO ~¥— 2-WDRO o ~¥— 2.WDRO
g g Vs
2014] 4. 1-SDRO 1-SDRO 4 4 1-SDRO
= /
s -#- 2.SDRO Soud -#- 2.SDRO
z /
Zoaz
S
g
0.10
T
008 UG Sa— -
0602 0004 _ 0006 0.0 00 0003 0006 0009 001 00 0.05 01 0.15 02 00 00608 0016 0024 003
Level of Perturbations / Norm of Data Level of Perturbations / Norm of Data Level of Perturbations / Norm of Data Level of Perturbations / Norm of Data

Figure 5.7: Results of adversarial training on various image datasets with different types of
adversarial attack. From left to right, the figures correspond to (a) white Laplacian noise
attack; (b) /;-norm PGD attack; (c) white Gaussian noise attack; and (d) ¢/5-norm PGD
attack. From top to bottom, the figures correspond to (a) MNIST dataset; (b) CIFAR-10
dataset; (c) tinylmageNet dataset; and (d) STL-10 dataset.

regression with data perturbations. Given a feature vector z € R? and its label y € [C],
we denote y € {0, 1} as the corresponding one-hot label vector, and define the negative
likelihood loss

hp(z,y) = —y BTz 4 log (lTeBT”:),
where B := [wy,...,wk] denotes the parameters of the linear classifier. Let P be the
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empirical distribution from training samples. Since the testing samples may have slightly
different data distributions than the training samples, the DRO model aims to solve the

following optimization problem to mitigate the impact of data perturbations:

min max  Eq.~p|hp(z,y)|.
fin e Bgr (e, )]

It is assumed that the data perturbation only happens for the feature vector x but not the
label y.

We conduct experiments on four large-scale datasets: MNIST [188], CIFAR-10 [179],
tinylmageNet [294], and STL-10 [82]. We pre-process these datasets using the ResNet-
18 network [145] pre-trained on the ImageNet dataset to extract linear features. Since
this network has learned a rich set of hierarchical features from the large and diverse
ImageNet dataset, it typically extracts useful features for other image datasets. We then add
different types of perturbations to the testing datasets, such as white Laplace noise, white
Gaussian noise, and (,,-norm adversarial projected gradient descent (PGD) attacks [212]
with p € {1,2}. The level of perturbation is normalized by the averaged ¢, norm of
the feature vectors from testing dataset. See the detailed procedure for generating data
perturbations and statistics on pre-processed datasets in Appendix D.1.3. We use the mis-
classification rate on testing dataset to measure the performance of the obtained classifers.

For baseline DRO models, we solve their Lagrangian relaxation, which adds the penalty
of the statistical distance into the objective to ensure efficient implementation. To make fair
comparisons, we tune the penalty parameter for each method such that the 2-Wasserstein
distance between the nominal distribution and its perturbed one is controlled within g :=
0.05 - E[||||3] (expectation taken with respect to the training dataset). For SDRO methods,
we fix € = 0.1 unless otherwise stated. It is noteworthy that solving the Lagrangian
relaxation of 2-WDRO has global convergence guarantees only when the penalty parameter

is sufficiently large [286], which is not the case for this example. In general, solving 1-
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or 2-WDRO model reduces to solving a convex-non-concave minimax game, and we try

gradient descent ascent [286, Algorithm 1] as a heuristic.
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Figure 5.8: Experiment results of the adversarial classification problem with tinylmagenet
dataset. The subplots from left to right correspond to the misclassification errors of SDRO
and WDRO models with different types of adversarial attack. For SDRO models we vary
the regularization parameter e.

Fig. 5.7 presents the classification results for different types of adversarial attacks with
varying levels of perturbations on the datasets. We observe that as the level of perturbations
on the testing samples increases, all methods tend to perform worse. However, both the
1-SDRO and 2-SDRO models show a slower trend of increasing error rates than other
benchmarks across all types of adversarial attacks and all datasets. This suggests that
SDRO models can be a suitable choice for adversarial robust training. Fig.5.8 presents
the misclassification rates of SDRO models under different types of adversarial attacks
on the TinyIlmageNet dataset (additional results are provided in Appendix D.2.4). For
baseline comparison, we also report the performance of WDRO models. In all subplots,
the perturbation levels (normalized by the data norm) are fixed at 0.004, 0.006, 0.01, and
0.016 for the four adversarial attacks, while the penalty parameter is set to A = 10 for both
WDRO and SDRO models. The figure demonstrates that SDRO outperforms WDRO across

a wide range of regularization parameters.
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5.6 Concluding Remarks

In this paper, we investigated a new distributionally robust optimization framework based
on the Sinkhorn distance. By developing a strong dual reformulation and a biased stochastic
mirror descent algorithm, we have shown that the resulting problem is efficient to solve
under mild assumptions. Analysis of the worst-case distribution indicates that Sinkhorn
DRO hedges a more reasonable set of adverse scenarios and is thus less conservative than
Wasserstein DRO. Extensive numerical experiments demonstrated that Sinkhorn DRO is
a promising candidate for modeling distributional ambiguities in decision-making under
uncertainty.

In the meantime, several topics worth investigating are left for future work. For example,
it is desirable to study the statistical performance guarantees under suitable choices of hyper-
parameters. It is also of research interest to develop and analyze optimization algorithms
with less restrictive assumptions and sharper complexity bounds. Exploring and discovering

the benefits of Sinkhorn DRO in other applications may also be of future interest.
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CHAPTER 6
REGULARIZATION FOR ADVERSARIAL ROBUST LEARNING

Despite the growing prevalence of artificial neural networks in real-world applications, their
vulnerability to adversarial attacks remains a significant concern, which motivates us to
investigate the robustness of machine learning models. While various heuristics aim to
optimize the distributionally robust risk using the co-Wasserstein metric, such a notion of
robustness frequently encounters computation intractability. To tackle the computational
challenge, we develop a novel approach to adversarial training that integrates ¢-divergence
regularization into the distributionally robust risk function. This regularization brings a
notable improvement in computation compared with the original formulation. We develop
stochastic gradient methods with biased oracles to solve this problem efficiently, achiev-
ing the near-optimal sample complexity. Moreover, we establish its regularization effects
and demonstrate it is asymptotic equivalence to a regularized empirical risk minimization
framework, by considering various scaling regimes of the regularization parameter and
robustness level. These regimes yield gradient norm regularization, variance regularization,
or a smoothed gradient norm regularization that interpolates between these extremes. We nu-
merically validate our proposed method in supervised learning, reinforcement learning, and
contextual learning and showcase its state-of-the-art performance against various adversarial

attacks. This work is mainly summarized in [310].

6.1 Introduction

Machine learning models are highly vulnerable to potential adversarial attack on their input
data, which intends to cause wrong outputs. Even if the adversarial input is slightly different
from the clean input drawn from the data distribution, these machine learning models can

make a wrong decision. Goodfellow et al. [137] provided an example that, after adding a
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tiny adversarial noise to an image, a well-trained classification model may make a wrong
prediction, even when such data perturbations are imperceptible to visual eyes.

Given that modern machine learning models have been applied in many safety-critical
tasks, such as autonomous driving, medical diagnosis, security systems, efc, improving the
resilience of these models against adversarial attacks in such contexts is of great importance.
Neglecting to do so could be risky or unethical and may result in severe consequences. For
example, if we use machine learning models in self-driving cars, adversarial examples could
allow an attacker to cause the car to take unwanted actions.

Adversarial training is a process of training machine learning model to make it more
robust to potential adversarial attacks. To be precise, it aims to optimize the following robust

optimization (RO) formulation, called adversarial risk minimization:

ropeiél {Ezwﬁ [R,(0;2)] }, where R,(0; 2) £ Z/:gﬁz) fo(2). (6.1)
Here P represents the observed distribution on data, ¢ represents the machine learning model,
fo(2) is aloss function, and the uncertainty set is defined as B,(z) £ {z € Z : ||z—z]| < p}
for some norm function || - || and some radius p > 0. In other words, this formulation
seeks to train a machine learning model based on adversarial perturbations of data, where
the adversarial perturbations can be found by considering all possible inputs around the
data with radius p and picking the one that yields the worst-case loss. Unfortunately,
problem (6.1) is typically intractable to solve because the inner supremum objective function
is in general nonconcave in z. As pointed out by [287], solving the inner supremum
problem in (6.1) with deep neural network loss functions is NP-hard. Several heuristic
algorithms [63, 137, 185, 212, 241, 296] have been proposed to approximately find the
optimal solution of (6.1), but they lack of global convergence guarantees and it remains an
open question whether they can accurately and efficiently find the adversarial perturbations

of data.
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In this paper, we propose a new approach for adversarial risk minimization by adding a
¢-divergence regularization. Here is a brief overview. By [123, Lemma EC.2], Problem (6.1)
can be viewed as the dual reformulation of the following DRO problem:

min {s%p {Em[fe(z)} t Wao(P, P) < p}}, (0o-WDRO)

where W. (-, -) is the co-Wasserstein metric defined as

‘ ~ is a joint distribution of (; and (»
Woo(P,Q) = inf { ess.sup, [|¢1 — Coff :
K with marginals [P and Q, respectively

Therefore, it is convenient to introduce the optimal transport mapping 7 to re-write prob-
lem (co-WDRO) as

min < sup < Ep[fa(2)] : (6.2)

b6 | p ess.sup, [|G1 — Gl < p

As long as the loss fy(z) is nonconcave in z, such as neural networks and other complex
machine learning models, problem (6.2) is intractable for arbitrary radius p > 0. Instead, we
add ¢-divergence regularization to the objective in (6.2), and focus on solving the following
formulation:
. Proj, v = P, Proj,,v =P
min § sup g Bevp [fo(2)] =Dy (7,%) ,
”y

0co ess.sup, [|G1 — Gl < p
(Reg-co-WDRO)

where 7 is the reference measure satisfying dvy(z, z) = dpP () dv,(z), with v, being the
uniform probability measure on B,(x), and Dy(~y, 7o) is the ¢-divergence [89] between ~y

and . In the following, we summarize several notable features of our proposed formulation.
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Strong Dual Reformulation.

By the duality result in Theorem 23, (Reg-oco-WDRO) admits the strong dual reformulation:

%Iéiél E.__slt,(2)], (6.3a)
where 1, (2) = ;lfeluf{ {,u + Eais, [(00)* (fo(2) = 1)] } (6.3b)

Compared with the original formulation (6.1), we replace the worst-case loss R,(0; z)
defined in (6.1) by ¢, (2), which is a variant of optimized certainty equivalent (OCE) risk
measure studied in [26]. Subsequently, it can be shown that ¢, () is a smooth approximation

of the optimal value R,(6; ).

Worst-case Distribution Characterization.

We characterize the worst-case distribution for problem (Reg-co-WDRO) in Remark 6.2.1
and display its simplified expressions in Examples 5-9. In contrast to the conventional
formulation (co-WDRO) that deterministically transports each data from P to its extreme
perturbation, the worst-case distribution of our formulation transports each data = towards
the entire domain set B, (z) through specific absolutely continuous distributions. This obser-
vation indicates that our formulation (Reg-co-WDRO) is well-suited for adversarial defense
where the data distribution after adversarial attack manifests as absolutely continuous, such

as through the addition of white noise to the data.

Efficient Stochastic Optimization Algorithm.

We adopt the idea of stochastic approximation to solve our reformulation (6.3) by iteratively
obtaining a stochastic gradient estimator and next performing projected gradient update. To
tackle the difficulty that one cannot obtain the unbiased gradient estimator, we introduce and

analyze stochastic gradient methods with biased oracles inspired from [155]. Our proposed
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algorithm achieves (’3(6*2) sample complexity for finding e-optimal solution for convex
fo(z) and general choices of ¢-divergence, and 6(6_4) sample complexity for finding e-
stationary point for nonconvex fy(z) and KL-divergence. These sample complexity results

are near-optimal up to a near-constant factor.

Regularization Effects.

We develop regularization effects for problem (Reg-oo-WDRO) in Section 6.4. Specifically,
we show that it is asymptotically equivalent to regularized ERM formulations under three
different scalings of the regularization value € and radius p: Let 5 be an uniform distribution
supported on the unit norm ball B;(0), and || - || be the dual norm of || - ||. When p,n — 0,
it holds that (Reg-oo-WDRO) = aeicg E_ _slfo(2)] + E(fo; p,n), Where

1 .
PE, p [ffé]% {u + s [0°(C (V)0 - )] H il
E(fipm) = QP E, 5V, i o
2
m : Ez~13 [Varbwﬂ[Vf(z)Tb]}, if% —0.

In other words, when p/n — oo, it corresponds to the gradient norm regularized ERM
formulation; when p/n — 0, it corresponds to a special gradient variance regularized ERM
formulation; when p/n — C, it corresponds to a regularized formulation that interpolates

between these extreme cases.

Generalization Error Analysis.

We investigate the generalization properties of our proposed adversarial training framework.
In particular, the optimal value in (Reg-oo-WDRO) is the confidence upper bound of
its population version up to a negligible residual error. Next, we present the specific

generalization error bound for linear and neural network function classes.
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Numerical Applications.

Finally, we provide numerical experiments in Section 6.6 on supervised learning, reinforce-
ment learning, and contextual learning. Numerical results demonstrate the state-of-the-art
performance attained by our regularized adversarial learning framework against various

adversarial attacks.

Related Work

Adversarial Learning.

Ever since the seminal work [137] illustrated the vulnerability of neural networks to ad-
versarial perturbations, the research on adversarial attack and defense has progressively
gained much attention in the literature. The NP-hardness of solving the adversarial train-
ing problem (6.1) with ReLU neural network structure has been proved in Sinha et al.
[287], indicating that one should resort to efficient approximation algorithms with sat-
isfactory solution quality. Numerous approaches for adversarial defense have been put
forth [63, 137, 185, 212, 241, 296], aiming to develop heuristic algorithms to optimize the
formulation (6.1) relying on the local linearization (i.e., first-order Taylor expansion) of
the loss fy. Unfortunately, the Taylor expansion may not guarantee an accurate estimate of
the original objective in (6.1), especially when the robustness level p is moderate or large.
Henceforth, these algorithms often fail to find the worst-case perturbations of the adversarial

training.

Distributionally Robust Optimization.

Our study is substantially related to the DRO framework. In literature, the modeling of
distributional uncertainty sets (also called ambiguity sets) for DRO can be categorized into
two approaches. The first considers finite-dimensional parameterizations of the ambigu-

ity sets by taking into account the support, shape, and moment information [32, 74, 94,
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135, 253, 265, 298, 318, 338]. The second approach, which has received great attention
recently, constructs ambiguity sets using non-parametric statistical discrepancy, including
f-divergence [22, 24, 108, 161, 315], Wasserstein distance and its entropic-regularized
variant [13, 44, 73, 124, 226, 249, 305, 309, 319, 324, 336], and maximum mean discrep-
ancy [290, 337].

There are many results on the computational traceability of DRO. Sinha et al. [287]
showed that replacing oo-Wasserstein distance with 2-Wasserstein distance in (co-WDRO)
yields more tractable formulations. Unfortunately, their proposed algorithm necessitates
a sufficiently small robustness level such that the involved subproblem becomes strongly
convex, which is not well-suited for adversarial training in scenarios with large perturbations.
Wang et al. [305] added entropic regularization regarding the p-WDRO formulation to
develop more efficient algorithms. We highlight that their result cannot be applied to the
entropic regularization for co-WDRO setup because the associated transport cost function is

not finite-valued.

Stochastic Gradient Methods with Biased Gradient Oracles.

Stochastic biased gradient methods have received great attention in both theory and ap-
plications. References [4, 68, 151, 153] construct gradient estimators with small biases
at each iteration and analyze the iteration complexity of their proposed algorithms, ignor-
ing the cost of querying biased gradient oracles. Hu et al. [155, 157] proposed efficient
gradient estimators using multi-level Monte-Carlo (MLMC) simulation and provided a
comprehensive analysis of the total complexity of their algorithms by considering both
iteration and per-iteration costs. This kind of algorithm is especially useful when con-
structing unbiased estimators can be prohibitively expansive or even infeasible for many
emerging machine learning and data science applications, such as ¢-divergence/Sinkhorn
DRO [191, 305, 335], meta learning [158, 167], and contextual learning [104]. We show

that our formulation (Reg-oco-WDRO) can also be solved using this type of approach.
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Notations. Denote by Proj, 7, Proj,,y the first and the second marginal distributions of ~,

respectively. For a measurable set Z, denote by P(Z) the set of probability measures on Z.

Denote by supp PP the support of probability distribution P. Given a measure . and a measur-

able variable f : Z — R, we write E,,[f] for [ f(z) du(z). Given a subset E in Euclidean

space, let vol(E) denote its volume. Let 0* € arg rgin F(0). We say a given random vector
€

0 is a d-optimal solution if E[F(0) — F(6*)] < 4. In addition, we say 0 is a d-stationary

2
L[ — Proje (6 - 0V F(®))] | < 5*

point if for some step size v > 0, it holds that E
For a given probability measure 2 in R?, denote by fu the pushforward measure of y by

f: R =R,

6.2 Phi-Divergence Regularized Adversarial Robust Training

In this section, we discuss the regularized formulation of the adversarial robust training
problem (6.2). Define the reference measure v, as the uniform probability measure supported
onB,(z) C Z,ie,

dr.(w)  HweBy(2)

}ay-igiy )
dw  vol(B,(2)) =V, Hw e B,y(2)}, (6.4)

where we denote V, = vol(BB,(z)), since the volume of B,(z) is independent of the choice

of z. Next, we take the reference measure y,, a transport mapping from Z to Z, as
dyo(z,2') = dP(2)dv.(¢), Vz,2 € Z.

Such a reference measure transports the probability mass of P at z to its norm ball B »(2)
uniformly. With such a choice of 7, each probability mass of P is allowed to move around its
neighborhood (the norm ball of radius p) according to certain continuous probability density
values, which takes account into a flexible type of adversarial attack. With these notations,
we add the following ¢-divergence regularization on the formulation (6.2). Notably, it

ensures the worst-case distribution is absolutely continuous.
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Definition 12 (¢-divergence Regularization). Let ¢ : R — R, U {oco} be a convex lower
semi-continuous function such that (1) = 0,¢(x) = oo if x < 0. Given an optimal

transport mapping v € P(Z?), define the ¢-divergence regularization

dv(z, 2
D¢(7a 70) - E(%Z/)N% |:¢ (%)] ' &

For simplicity, we focus solely on the inner maximization and omit the dependence of

the parameter 6 on the loss fy(z). Now, the regularized formulation of (6.2) becomes

Proj, VZﬁ,PfOJQ y="P .
sup § E.p [f(2)] — 1Dy (7, 70) : * i . (Primal-¢-Reg)
o ess.sup, [|G1 — G2f < p
By convention, we say for an optimal solution (P,,~*) to (Primal-¢-Reg), if exists, the

distribution P, is its worst-case distribution, and ~* is its worst-case transport mapping.

Define the dual formulation of (Primal-¢-Reg) as

E..p [}féafa {u +Eornn, [(090)"(f(2) — 1)] H : (Dual-¢-Reg)

The following summarizes the main result in this section, which shows the strong duality
result, and reveals how to compute the worst-case distribution of (Primal-¢-Reg) from its

dual. The proof of Theorem 23 is provided in Appendix E.2.

Theorem 23 (Strong Duality). Assume that Z is a measurable space, f : Z — R U {oo} is
a measurable function, and for every joint distribution v € P(Z x Z) with Proj, 47 = ]3,
it has a regular conditional distribution v, given the value of the first marginal equals z.

Then for any n > 0, it holds that
(D) (Primal-¢-Reg) = (Dual-¢-Reg);,

(Il) Additionally assume that for P-almost surely every z, there exists a primal-dual pair
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(uk, C*) such that

ez E.CI=1 (W) =0m9)"[flw)—ul, (6.5)

then there exists a worst-case distribution P, having the density

dP,(w)

= VR, B[ € By} )]

Theorem 23 requires « having a regular conditional distribution v, given the value of its
first marginal equals z. It simply means that for any given z € supp P, v, is a well-defined
transition probability kernel, which always holds for Polish probability space. We refer to

[173, Chapter 5] for a detailed discussion of the regular conditional distribution.

6.2.1 Discussions

In the following examples, we show that for some common choices of the function ¢,
Condition (6.5) can be further simplified such that one can obtain more analytical expressions

of the worst-case distribution P,.

Example 5 (Indicator Regularization). For o € (0, 1], consider the indicator function ¢
such that ¢(x) = 0 for x € [0,a™'| and otherwise ¢(x) = oco. Let u’ be the left-side
(1 — a)-quantile of f4v,, which is also called the value-at-risk and denoted as V@R,, ,,_(f),
and define ((w) = ot - I{f(w) > u’}. One can verify that (%, () is a primal-dual

optimal solution to (6.5), and therefore the worst-case distribution P, has the density

dP,(w)
dw

=(aV,) " E, p [1{(w € B,(2)) /\ (f(w) = V@Ra"’Z(f))H'

Define the average risk-at-risk (AVaR) functional AVAQR,, p(f) = inf { p+a B plf(2) —
m

:u]-‘r}a then
(Dual-g-Reg) = E___s | AVOR,,.(f)|. &
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Example 6 (Entropic Regularization). Consider ¢(x) = xlogx —x+ 1,2 > 0. In this case,
it can be verified that the primal-dual pair to Condition (6.5) is unique and has closed-form

expression:

pr =mnlog By, [eXp <T>] (;(w) = a; - exp (f—>

-1, ..
where o, == (Ewwz [ef (w)/ ”]) is a normalizing constant. Consequently, the worst-case

distribution P, satisfies

=V '.E A[az - €Xp (%) Hw e By(2)},

and Problem (Dual-¢-Reg) simplifies into an expectation of logarithm of another condi-

tional expectation, which corresponds to the objective of conditional stochastic optimiza-

tion (CSO) [154, 159]:

(Dual-¢-Reg) = E__p [ear(zin)],  where  thpa(z;n) = nlogEoe, [eXp (%) } '

Compared with the original formulation (6.1), the entropic regularization framework
replaces the worst-case loss sup, e () f(2') by Yeur(2;n). Based on the well-known
Laplace’s method (also called the log-sum-exp approximation) [61], this framework pro-

vides a smooth approximation of the optimal value in (6.1). s

Example 7 (Quadratic Regularization). Consider ¢(z) = %(z*> — 1),z > 0. By Condi-

1
2
tion (6.5), one can verify that 1% is a solution to the scalar equation B, [f(w) — ]+ =1

and G (w) = (f(w) — p3) .- Hence, the worst-case distribution P, has the density

T (v B[ 1o € By(2)) - (F0) - 1), .
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Additionally,

) 1 ,
OuboRep < [ { B -+ Deub]

Compared to entropic regularization, this method requires solving a one-dimensional min-
imization problem before determining the worst-case distribution density or evaluating
the dual reformulation, which can be accomplished using a bisection search algorithm.
Consequently, the computational cost may be higher. However, this regularization is more
stable, especially for small values of n, whereas using small n in entropic regularization can
lead to numerical errors due to the log-sum-exp operator. Besides, quadratic regularization
implicitly promotes sparsity on the support of the worst-case distribution, as the density

corresponding to support point w equals zero when f(w) < pt for P-almost sure z.

Example 8 (Absolute Value Regularization). Consider ¢(z) = |x — 1|,z > 0. Assume

[ fllv. 00 := ess-sup, f = max f(2') < oo (6.6)

2'€B,(z)

for P-almost surely z. One can verify that

oo 2 0.

pe= =0 [ flloer Clw) = 1{ @) + 20— |1f

Hence, the worst-case distribution P, has the density

=V, B p[1{w € By(2) A ) + 20 = |l = 0}].
In this case,
(Dual-¢-Reg) =E__ 5[ fllv..00 = 20+ Eoro | F(Z') = [| Fllv o0 + 277} J - L

Example 9 (Hinge Loss Regularization). Consider ¢(z) = (x — 1), o > 0. Under the
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same assumption as in Example 8, one can verify

e ==+l CGlw) =1{f(w) — p; = 0}.

Hence, the worst-case distribution P, has the density

o =V B[t € B A 1= 1l 2 0}]

In this case,

(Dual-¢g-Reg) = E, 5 [||f||uz,oo —n+ B, [f(zl) ~ I lleoe + 77} J ' 4

Remark 24 (Connections with Bayesian DRO). Our formulation is closely related to the
dual formulation of Bayesian DRO [282, Eq. (2.10)] with two major differences: (i) we treat
the reference measure v, as an uniform distribution supported on B,(z), while the authors
therein consider a more general conditional distribution; (ii) we fix the regularization value

1, while the authors therein treat it as a Lagrangian multiplier associated with the hard

constraint ., [¢ (izzgjgﬂ < 1’ for some constant '’ > 0. )

Following the discussion in Example 6, we are curious to study under which condition
will the regularized formulation serve as the smooth approximation of the classical adversar-
ial training formulation as the regularization value vanishes, called the consistency property.

Proposition 6 gives its sufficient condition. Its proof is provided in Appendix E.2.

Assumption 6. Assume either one of the following conditions hold:
(1) Timy 0 49 < 00

D) limy_eo 22 = oo, dom(¢) = R,.

o =
Proposition 6 (Consistency of Regularized Formulation). Suppose Assumption 6 holds,

and for any 1 > 0 and P-almost sure z, the minimizer to the inner infimum problem in
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(Dual-¢-Reg) exists and is finite. Then, as n — 0, the optimal value of (Primal-¢-Reg)

converges 10 B__5 [max.iep,(-) f(2)] .

Assumption 6 is widely utilized in the ¢-divergence DRO literature [207]. Within this
context, Assumption 6(1) is referred as popping property and the first condition of 6(II) is
referred as non-popping property. Under the non-popping property, we further assume that
the domain of ¢ is R . This assumption is crucial: the indicator function in Example 5 does
not satisfy this assumption, and consequently, the consistency property in this case does not
hold. However, as demonstrated in Proposition 6, the divergence choices in Examples 6-9 do
satisfy this consistency property. As we will demonstrate in the next subsection, by taking
the regularization value n — 0, the worst-case distributions from Examples 6-9 indeed

concentrate around the worse-case perturbation area.

6.2.2 Visualization of Worst-case Distribution

In this subsection, we display the worst-case distributions studied in Examples 5-9 using a
toy example. We obtain the densities of these distributions by discretizing the continuous
distribution v, using 10* grid points. The loss f(-) is constructed using a three-layer
neural network, whose detailed configuration is provided in Appendix E.7 and landscape
is displayed in Figure 6.1. We take P = d9, and the domain of adversarial attack as
B,(z) = [-5,5]. The inner maximization problem corresponding to the un-regularized
formulation (6.1) amounts to solve the optimization problem max.c[—55 f (z). From the
plot of Figure 6.1, we can see that solving the un-regularized adversarial learning problem
is highly non-trivial because the inner maximization problem contains many local maxima,
and it is difficult to find the global maxima.

The worse-case distributions are provided in Figure 6.2, in which different columns
correspond to different regularizations (i.e., indicator, entropic, quadratic, absolute value, or
hinge loss), and different rows correspond to different choices of parameters: for indicator

regularization, we tune the risk level o € (0, 1], whereas for other regularizations, we tune
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Figure 6.1: Landscape of the 1-dimensional objective f(-)
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Figure 6.2: Worse-case distributions for different kinds of regularizations
choices of parameters (including risk level « and regularization level 7).

the regularization level 7). Our findings are summarized as follows.

and different

(I) For indicator regularization, the worst-case distribution does not vary w.r.t. the choice

of regularization value 7 but the risk level . From the plot, we can see that the
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worst-case distribution for &« = 1 becomes the uniform distribution around the domain,
whereas as « decreases, it tends to center around the worst-case perturbation area, i.e.,

the area close to x = 5.

(II) For entropic regularization, we find for large 7, the worst-case distribution tends to
be uniform over its support, whereas, for small 7, the worst-case distribution tends
to center around the worst-case perturbation area. Compared to the plot for indicator
regularization, the worst-case distribution here demonstrates greater flexibility by

allowing unequal weight values across different support points.

(IIT) For quadratic regularization, we obtain similar observations as in entropic regularization.
Besides, the maximum density value does not increase to infinity at such a quick rate,
which demonstrates that the quadratic regularized formulation is more numerically
stable to solve. One should also notice that even for small 7, the support of the worst-
case distribution from entropic regularization is still the whole domain [—5, 5], whereas
most density values can be extremely small. In contrast, the support of that from

quadratic regularization only takes a tiny proportion of the whole domain.

(IV) For absolute value and hinge loss regularizations, unlike entropic or quadratic regular-
ization, the worst-case distributions here are constructed using histograms with equal
weights assigned to different support points. This indicates that these two choices lack

the flexibility needed to represent a meaningful worst-case distribution.

Based on the discussions above, we recommend using entropic or quadratic regular-
ization for adversarial robust learning in practice. Since these two regularizations are
special cases of the Cressie-Read family of ¢-divergences [90], exploring other types of

¢-divergences as regularizations opens an interesting avenue for further research.
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6.3 Optimization Algorithm

We now develop stochastic gradient-type methods to solve the proposed formulation (Reg-co-WDRO).

We first re-write it as

min {F(e) —E__; [R(6;2)] } (6.7a)

where R(0;2) = sup {Em[fe@)]—nEM {¢(d”(zl)>]}, Vz.  (6.7b)

YEP(Z) dyz(z’)

The formulation above is difficult to solve because each z € supp p corresponds to a lower-
level subproblem (6.7b). Consequently, Problem (6.7) necessitates solving a large number
of these subproblems, given that the size of supp Pis typically large or even uncountably
infinite. In contrast, we will provide an efficient optimization algorithm whose sample
complexity is near-optimal and independent of the size of supp P.

Throughout this section, we assume the divergence function ¢ is strongly convex with
modulus x, which is a standard condition studied in literature. Thus, for each z, the
maximizer (denoted as 7,) to the lower level problem (6.7b) is unique and guaranteed to
exist. Therefore, we update ¢ in the outer minimization problem according to the projected

stochastic gradient descent (SGD) ! outlined in Algorithm 10.

Algorithm 10 Projected SGD for solving (6.7)
Require: Maximum iteration 7', initial guess 6, constant stepsize 7
I: fort=1,...., T —1do
2:  Obtain a stochastic estimator of the (sub-)gradient V F'(6,).
3:  Update 0,1 = Projg <9t - TV(@Q).
4: end for
Output iteration points {6;}7_,.

The Step 2 of Algorithm 10 requires the construction of the gradient of the objective at

IThe projection Projg () can be replaced by the generalized projection mapping defined by the proximal
operator. This modified algorithm is called stochastic mirror descent, which incorporates the geometry of the
constraint set © and results in the same order of complexity bound but with (potentially) lower constant.
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the upper level. According to the Danskin’s theorem, it holds that

VE®) =E, p[VR(0;2)] = E, pEons. [V fo(2)].

In the following, we discuss how to construct the stochastic (sub-)gradient estimator V() in

Step 2 of Algorithm 10. More specifically, how to construct the estimator of VR(0; z).

6.3.1 Gradient Estimators

Since VR(#; z) is challenging to estimate, we first construct an approximation objective
of R(0; z) whose gradient is easier to estimate. Denote the collection of random sampling
parameters (* := (2, {2/ };c2), Where z ~ P and {2 }icppr are 2° i.i.d. samples generated

from distribution v,. Then, we define the approximation function
FY(0) = Ege | R(0: {=1}icn) . (6:8)

where for fixed decision #, sample z, and sample set {z]} consisting of m samples, define

R(0:{=0)) = max %} olzh) = % g{% Bm) ¢ (6.9)
The function 1?2(0; {2/}) can be viewed as the optimal value of the ¢-divergence DRO with
discrete empirical distribution supported on {z.}. The high-level idea of the approximation
function F“(6) is to replace the lower-level problem (6.7b), the ¢-divergence DRO with
continuous reference distribution, using another ¢-divergence DRO with its empirical
reference distribution. As the number of samples of the empirical reference distribution
goes to infinity, one can expect that '*(#) approximates the original objective F'() with
negligible error.
It is easy to generate gradient estimators for the approximation function F*(6). For

fixed random sampling parameter ¢, assume there exists an oracle that returns 7,,.,, as
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near-optimal probability mass values for ﬁ(@; {z }ie[mm]) , and define the gradient

VE<07{Z;}16[7117L2]): Z (%nynz)ivaQ(z;)- (610)

1€[n1:m2)

Due to the near-optimality of 7,,, .., it holds that

VE(97 {Zz/'}ie[nli'@]) ~ VE(67 {f%}ié[npng]) .

Next, we define

g'(0.¢") = VR(0: {}}icp2n) (6.11)
53 1 D / D /
G(0,¢") = VR(O: {l}iean) — 5 | VRO A=l ) + VRO {biepr11120)
(6.12)

Now, we list two choices of gradient estimators at a point 6:
Stochastic Gradient (SG) Estimator. For fixed level L, generate n} i.i.d. copies of ¢ L

denoted as {¢F}. Then construct
1 n
V() = — —> g™ (6.13a)
"L

Randomized Truncation MLMC (RT-MLMC) Estimator. For fixed level L, generate n¢

—L

1.1.d. random levels following the truncated geometric distribution IP’( =()=557,0=
0,...,L,denoted as Ll, e En% . Then construct
1ok o
VEIMINME () = — N "P(L = L)™' - G*(0, (). (6.13b)
"L

The SG estimator is a conventional approach to estimate VF*(6). Instead, the RT-MLMC

estimator has the following attractive features:
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(I) It constitutes a gradient estimator of the approximation function £'*(6) with a small

bias. More specifically, RT-MLMC and SG estimators have the same bias:

RT-MLMC T 1 1Ly L
BVENNE)] = By, | o Bn6R 0 >]]
= 1 ¢ ¢
— ;P(L =0)- [P(Z — E¢ [G“(0,¢ )]]

and the bias vanishes quickly as L. — oo.

(I) Since Vﬁ(&; {z}ien2e), Vﬁ(@; {z}icpze-1y), and Vﬁ(@; {2 }icppr-111.00) are gen-
erated using the same random sampling parameters (*, they are highly correlated, which
indicates the stochastic estimator G*(#, ¢*) defined in (6.12) has small second-order
moment and variance thanks to the control variate effect [261], making it a suitable

recipe for gradient simulation.

(IIT) The construction of SG estimator requires generating n$ - 2L = O(2%) samples, while
the (expected) number of samples for RT-MLMC is n§ - # = O(L). As aresult, the

computation of RI-MLMC estimator is remarkably smaller than that of SG estimator.

6.3.2 Solving penalized ¢-divergence DRO with finite support

In the last subsection, it is assumed that one has the oracle for solving the generic penalized

¢-divergence DRO with m support points { fi, ..., fm }:

R = max Z vifi — % Z o(my;) ¢ - (6.14)

1A e i€[m]
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The formulation (6.9) is a special case of this problem by taking f; = fp(2!),Vi. In the
following, we provide an algorithm that returns returns the optimal solution to (6.14) up to

precision €. We write its Lagrangian reformulation as

mgngelﬂ%ﬁ {EO\"Y) = Z Yifi — Z P(mi ‘1‘#(1 - Z ’Yz)}
" i€[m)

ze m] 1€[m]

Based on this minimax formulation, we present an efficient algorithm that finds a near-
optimal primal-dual solution to (6.14) in Algorithm 11, whose complexity analysis is
presented in Proposition 7. The complexity is quantified as the number of times to query

samples f1, ..., fm. Its proof is provided in Appendix E.3.

Algorithm 11 Bisection search for solving (6.14)

Require: Interval [, 1], maximum iteration 7', constant K = lim,_,o4 ¢'(s).
1: fort=1,...,T do
2: Update pu = 3(p + 1)
3:  Obtain index set N = {z em|: fi<p+ nK}.

Compute h(p) :== = Y i (@) (ﬁ;“) - 1.
Update 77 = p if h(p) < 0 and otherwise p = p.
end for B
Obtain v* such that 3; = 0if ¢ € A and otherwise 7; = = (¢’ )*1(f—;“)
Output the estimated primal-dual optimal solution (v, ;1) and estimated optimal value
h(p).

A A

Proposition 7 (Performance Guarantees of Algorithm 11). Fix the precision € > 0. Suppose

we choose hyper-parameters in Algorithm 11 as

1 o 1 1
T =l 2} = O(log =
&@mg) (%Q,

iv

I=
I

—n(f - if ¢'(s) — —ocas s — 0+,

f—nK, ifd(s) = K> —ocoass— 0+,
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where 9 =1 — i, [ = min;e(y f;, and f= maX;e(m] fi- As a consequence, Algorithm 11

finds a primal-dual solution to (6.14) such that
(I) the estimated objective value R satisfies |7€ —R|<e¢

(Il) the difference between the estimated primal solution v and the optimal primal solution
v* is bounded: ||y — v |loo < =, /g—;;

(IIT) the distance between the estimated dual solution . and the set of optimal dual solutions

S* is bounded: D(p1,S*) < 0-27T = (2nre)'/?;
(IV) its worst-case computational cost is O(mT) = O(mlog +).

Most literature (such as [133, 155, 231]) provided algorithms for solving hard-constrained
¢-divergence DRO problem, but they did not study how to extend their framework for penal-
ized ¢-divergence DRO in (6.14). One exception is that Levy et al. [191] mentioned this
problem can be solved using bisection search as in Algorithm 11 but did not provide detailed

parameter configurations.

Remark 25 (Near-Optimality of Algorithm 11). For some special choices of the divergence
function ¢, the optimal solution of problem (6.9) can be obtained with closed-form solution,
such as the entropy function ¢(s) = slogs — s + 1. However, Algorithm 11 is applicable
to solving problem (6.9) for general choices of the divergence function. When considering

¢(s) = slog s — s+ 1, the optimal solution to (6.14) becomes

Computing this optimal solution requires computational cost at least Q)(m). Compared with
the complexity in Proposition 7, Algorithm 11 is a near-optimal choice because it matches

the lower bound up to negligible constant O(log %) 3
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6.3.3 Complexity Analysis

In this subsection, we provide the convergence analysis of our projected SGD algorithm
using SG and RT-MLMC gradient estimators. Throughout this subsection, the computational
cost is quantified as the number of times to generate samples z ~ Por samples 2z’ ~ v, for

any z € supp P. We consider the following assumptions regarding the loss function.

Assumption 7 (Loss Assumptions). (I) (Convexity): The loss fy(z) is convex in 0.

(I) (Lipschitz Continuity): For fixed z and 01, 05, it holds that | fg, (2) — fo,(2)| < Ly||61 —

65 ||o-
(IIT) (Boundedness): for any z and 0, it holds that 0 < fy(z) < B.

(IV) (Lipschitz Smoothness): The loss function fy(z) is continuously differentiable and for

fixed z and 6y, 05, it holds that ||V fy, (2) — V fo,(2)|l2 < S¢]|61 — 022

Nonsmooth Convex Loss
To analyze the convergence rate, we rely on the following technical assumptions.

Assumption 8. (I) For any data points {f1, ..., fm}, the optimal probability vector v* in
the data-driven penalized ¢-divergence DRO problem (6.14) satisfies D2 (7", %1,,1) <
C.

(IT) For each 6 € © and z € supp 16, the inverse cdf of the random variable (fg) v, is

Giqe-Lipschitz.

Assumption 8 is relatively mild and has originally been proposed in [191, Assump-
tion Al] to investigate the complexity of solving standard ¢-divergence DRO. Assump-
tion 8(I) holds by selecting proper divergence function ¢, such as quadratic or entropy
function in Examples 7 and 6. As long as the probability density of f5(Z) is lower bounded
by Y within its support, Assumption 8(II) holds with Giq; = T~1. Now, we derive statistics

of SG and RT-MLMC estimators.
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Proposition 8 (Bias/Second-order-Moment/Cost of SG and RT-MLMC Estimators). Fix
the precision ¢ > 0. Suppose Assumption 8(I) holds, and during the construction of SG/RT-

MLMC estimators, one query Algorithm 11 with optimality gap controlled by €. Then it
holds that

(I) (Bias): Suppose, in addition, Assumption 8(11) holds, then
E[V54(9)] = E[VTMINC(G)] = VE(),

where |F(0) — F(0)] < e 4 G - 27L.

(IT) (Second-order Moment):

E[VECO)5 < 2L7 [1+ (2¢)/(sm)]

96 L>
B[V < = (24 +6(L + 1)L5C

(III) (Variance):

< 2L% [1 + (2¢)/(kn)]

Var[V54(0)] . :
nr
1 [96L2
Var[VRIMIMC gy < — | =L (9ke) 4+ 6(L + 1) L2C| .
ny | KN

(IV) (Cost): Generating a single SG estimator requires cost O(n$ - 2% log 1) whereas
L €

generating a single RT-MLMC estimator requires expected cost O(n9 - Llog %)

Let the estimated solution returned by the projected SGD algorithm be Orr = % tT:1 0;.
Based on Proposition 8, we derive complexity bounds for solving (6.7) when the loss
function is convex and Lipschitz continuous. We formalize our results in the following

theorem. Its proof is provided in Appendix E.3.
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Theorem 24 (Complexity for Nonsmooth Convex Loss). Suppose Assumptions 7(1), 7(II), 8
hold, and 6 > 0 is a sufficiently small precision level. During the construction of SG/RT-
MLMC estimators, let the optimality gap of querying Algorithm 11 controlled by € = g,
and specify the hyper-parameters of SGD algorithm with SG or RT-MLMC estimators as in

Table 6.1. As a result,

(I) (SG Estimator) The SGD algorithm with SG estimator finds a d-optimal solution to

(6.7) with computational cost O(T - ng 2" log 1) = O(6*log ).

(II) (RT-MLMC Estimator) The SGD algorithm with RT-MLMC estimator finds a d-optimal

solution 1o (6.7) with computational cost O(T - ng Llog 1) = O(6%(log 3)*).

Table 6.1: Hyper-parameters used in the projected SGD algorithm with SG/RT-MLMC
gradient estimators for nonsmooth convex loss.

Method Batch Size n¢, Max Level L Max Iteration T' Step Size v
SG 1 log G 0(1/6%) O(6)
RT- 1 log 8Ciu O((log 1/6)2/82) | O((log 1/5)-26)
MLMC 875 & &

Smooth Nonconvex Loss

When the loss fy(z) is nonconvex in ¢, we focus on finding the near-stationary point of (6.7)
instead. The key in this part is to build the bias between our gradient estimator in (6.13a)
or (6.13b) and the true gradient of the objective. Unfortunately, such a result for general
choice of ¢-divergence regularization is hard to show. In this part, we only investigate the
convergence behavior of entropic regularization (see Example 6). In such a case, we have
the closed-form expression regarding the optimal solution of the lower-level problem (6.7b),

and therefore, Problem (6.7) can be reformulated as

min {F(0) =E,_p {nlogEsz,,z [exp <f9§72/)>H 3 (6.15)

0cO
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Similarly, the approximation function F'* defined in (6.8) becomes

FY(0) = e |nlog % > exp (@) . (6.16)

i€[2¢]

In this case, we do not use (6.11) or (6.12) but adopt the following way to construct the

random vectors ¢°(0, ¢*) and G*(0, ¢*): define

/

1 fo(2})
o (0,CH =1l e — 227
Un o 0,€°) = o m_nlﬂj%m]exp( =)

and construct

g°(6,¢") = VU, .28, ("), 6.17)

1 1
G£(97 Ce) = Vy | U2 (97 Ce) - éUl:QZ—1(9> Cg) - §U2£—1+1:24(97 Cé) . (6.18)

The following theorem presents the complexity of obtaining a d-stationary point for our
projected SGD algorithm using either SG or RT-MLMC estimator. Its proof is provided in
Appendix E.3.

Theorem 25 (Complexity for Smooth Nonconvex Loss). Under Assumptions 7(1I), 7(111),
and 7(IV), with properly chosen hyper-parameters of the RI-MLMC estimator as in Table 6.2,

the following results hold:

(D) (Smooth Nonconvex Optimization) The computation cost of RI-MLMC scheme for

finding e-stationary point is 0f5(6*4) with memory cost (’3(6*2).
(Il) (Unconstrainted Smooth Nonconvex Optimization) Additionally assume the constraint

set © = R%, then the memory cost of RT-MLMC improves to (5(1)

Remark 26 (Comparision with Sinkhorn DRO). Sinkhorn DRO [305] introduces entropic

regularization to the ambiguity set constructed using the p-Wasserstein distance, resulting
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Table 6.2: Hyper-parameters used in the projected SGD algorithm with SG/RT-MLMC
gradient estimators for smooth nonconvex loss.

Scenarios Hyper-parameters Comp./Memo.
~ Comp. = T(nyL =
Smooth Nonconvex L=0(og%), T=0(? 60111})4 Oz L))
Optimization ~ 2 () ~
ny =0(e?), v=0(1) Memo. = O(ny L) = O(e™?)
~ C = O(T(nSL =
Unconstrainted Smooth | L = O(log %), T =0(e*) 6om_p4 (T(ni L)
Nonconvex Optimization ~ (€ ~
ng =0(1), v=0() Memo. = O(ny L) = O(1)

in a dual reformulation that closely resembles (6.15), with the key modification of replacing
the uniform distribution v, with certain kernel probability distributions. The primary
distinction lies in the fact that the authors of the original work provide only the SG or
RT-MLMC estimator for nonsmooth convex loss, whereas we extend their analysis to the
smooth nonconvex loss setting. A crucial aspect of the convergence analysis is that for
the constrained smooth nonconvex case, as highlighted in [132], a large mini-batch size
n§ is required at each iteration to estimate the gradient with sufficiently small variance to
ensure convergence. In contrast, for the unconstrained case, a mini-batch size n§ = O(1)

is sufficient. [ )

Remark 27 (Comparison with co-WDRO). When solving (0o-WDRO), the involved sub-
problems are finding the global optimal value of the supremum sup_.cg () f(z) forx €
supp ﬁ, which are computationally challenging in general. Various heuristics [137, 185,
212] have been proposed to approximately solve it by replacing f(z) with its linear approx-
imation f(x) + V f(x)Tz. It is worth noting that such an approximation is not accurate,
especially when the radius p of domain set B,(z) is moderately large, which corresponds
to large adversarial perturbation scenarios. For example, for the loss f(z) depicted in
Figure 6.1, its linear approximation around v = 0 will yield a wrong global maximum
estimate. In contrast, we proposed stochastic gradient methods to solve the regularized

formulation (Reg-oo-WDRO) with provable convergence guarantees, which avoids solving
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such a hard maximization subproblem. Numerical comparisons in Section 6.6.1 also suggest
that our method outperforms those heuristics when adversarial perturbations are moderately

large. &

6.4 Regularization Effects of Regularized Adversarial Robust Learning

In this section, we provide an interpretation on how our proposed formulation (Reg-co-WDRO)

works by showing its close connection to the regularized ERM problem:

Igéiél E, 5lfo(2)] +R(fo; p,n)

for certain regularization R(fy; p,n). As we focus on small-perturbation attacks, it is
assumed that p, 7 — 0. Also, we omit the dependence of f, on 6 for simplicity. Subsequently,
we derive the regularization effects of (Reg-co-WDRO) by considering different scaling of
p and 7). To begin with, we define regularizer £ as the difference between regularized robust

loss in (Primal-¢-Reg) and non-robust loss:

Es(f; p,m) = Optval(Primal-¢-Reg) — E5[f]. (6.19)

Besides, we define the following regularizations. Let 5 be the uniform probability distribu-

tion supported on B, (0), and define

Ri(fipn) =p-E, 5 [ireluf% {u + éEbN5 [¢* (C (Vf(2) - u))] H  (6.20a)

Ra(fi0.m) = pE. p|IVF(:)]). (6.20b)
2

Rs(fip,m) = 2n+¢”(1) E_5 [Varbwﬁ[v f(z)Tb]}, (6.20c)

where C' > 0 is some constant to be specified. These three regularizations correspond to the

asymptotic approximations of the regularizer under three different scaling regions of p and
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We impose the following smoothness assumption on the loss f, which is a standard tech-

nique assumption when investigating the regularization effects of Wasserstein DRO [123].

Assumption 9 (Smooth Loss). The loss f(-) is smooth with respect to the norm || - || such

that ||V f(x) = Vf(@)|« < S(x) - ||z = 2], Ve, 2.

We now present our main result in this section in Theorem 26, whose proof is provided

in Appendix E.4.

Theorem 26 (Regularization Effects). Suppose Assumption 9 holds, and p — 0,11 — 0, we

have the following results.

() (OCE Regularization) When p/n — C € (0, 00), it holds that
Ep(fip:m) — Ru(fipim)| = olp).

() (Variation Regularization) When p/n — oo and suppose additionally Assumption 6

holds, then

Ep(fip,m) — Ra(f5p,m)| = o(p).

(1) (Variance Regularization) When p/n — 0 and suppose additionally that ¢(t) is two

times continuously differentiable in a neighborhood of t = 1 with ¢"(1) > 0, then
Ep(fip:m) — Rs(fip,m)| = olp).

The proof idea is to consider the surrogate of £5(f; p,n), by replacing f with its first-

order Taylor expansion, which leads to

Esfipm) =p-E, p {;gﬂg {M + p/LnEM {(b* <§ (Vf(2)'h— M))] H . (6.21)
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Based on Assumption 9, it can be shown that £5(f; p,n) = ENﬁ(f; p,n) + O(p?). Thus, it
suffices to derive approximations of & under different scaling regimes of p/7n. Below, we

provide interpretations on this main result for each scaling regime.

Case 1: p/n — C € (0,00).

In this case, the perturbation budget p and regularization level 7 decay in the same order. It
is noteworthy that the drived regularization Ry (f; p,n) in (6.20a) has close connection to
the optimized certainty equivalent risk (OCE) measure studied in [26]: Define the OCE of
random variable X with parameter 7 as
00 =0 2o (X )]} = g oo (552

then Ri(f;p,m) =p-E__5 [61/0 <(Vf(z))#6)} , where (V f(2))x0 is the pushforward
probability measure of /3 by the linear projection map (-, V f(z)). Namely, the regularization
term R1(f; p,n) represents the averaged value of OCE across the projection of the loss
gradient V f(z) with random projection directions.

Interestingly, it can be shown that the regularization R, (f; p, n) converges to Ra(f; p,n)
as the constant C' — oo, and converges to R3(f; p,n) as C' — 0. When p/n — C' for some

C > 0, the corresponding regularized ERM is an interpolation between the regularized

ERM formulations corresponding to other two extreme cases.

Case 2: p/n — 0.

In this case, the convergence rate of the regularization level 7 is faster than that of the pertur-
bation budget p. We showed that (6.19) is asymptotically equivalent to the gradient norm
regularization in (6.20b). Recall that Gao et al. [123] showed the standard co-Wasserstein
DRO can be approximated using the same regularization term, and the authors therein call it

the variation regularization. Therefore, our finding in this case matches our intuition since

167



the regularization level 7 has little impact on the regularization effect.

Case 3: p/n — 0.

Finally, we consider the case where the convergence rate of p is faster than that of the regular-
ization 1. We showed that (6.19) is asymptotically equivalent to the variance regularization
(6.20c) in terms of the projected gradient of the loss f. Note that the regularization effect
for this case requires the assumption that the divergence function ¢(¢) should be two times
continuously differentiable and locally strongly convex around ¢ = 1, which is a common
condition in the study of general ¢-divergence DRO [48, 107, 107, 186].

Recall that [48, 107] showed the ¢-divergence DRO with a sufficiently small size of
ambiguity set can be well-approximated by the ERM with variance regularization in terms of
the loss. By taking the first-order Taylor expansion regarding the loss, these regularizations
relate to each other. An intuitive explanation is that the impact of regularization level domi-
nates in this case, which corresponds to the regime where the worst-case transport mapping
(Primal-¢-Reg) is sufficiently close to the reference mapping. This indeed corresponds to

the case studied in the aforementioned reference.

6.5 Generalization Error Bound

In this section, we investigate the generalization properties of our proposed adversarial
learning framework in (Reg-co-WDRO). To simplify our analysis, we focus on the multi-
class classification setup, i.e., the loss function fy(z) is defined as fy(z) = ¢ (gg(x), y),
where the data point z = (x,y) represents the feature-label pair, gy(x) is the predictor
function parameterized by 6, and ¢ : RX x {1,...,K} — [0,1] denotes a K-class
classification loss function such as the cross-entropy loss. Throughout this section, we take

the norm function that appears in the co-Wasserstein metric as

Iz =2l = [lz = 2lloc + 00 - Ky # ¢/},
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where z = (z,y) and 2’ = (2/,y’) are two different data points.Thus, we take into account
only the distribution shift of the feature vector and omit the label distribution shift. Let
S = {z;}", denote the set of n i.i.d. sample points generated from Py, and [P, be the
empirical distribution supported on S. For fixed parameter 60, let fzadv(e) be the objective

value of (Reg-co-WDRO) with P = P,,, and R4, (0) be its population version, i.e.,

Proj1#7 = Pirue, Proj2#7 =P

Ragy(0) = sup 4 Eqyyr [£(90(2), y)] — nDs(7,70) *
" ess.sup, [|G1 — Gaf| < p

= Eo)~Pin {iﬁnﬁ {M + Eip [(00)" (¢g0z +),9) = 1)) H |

where the last equality is based on the strong duality result in Theorem 23, and b ~ S is a
random vector uniformly distributed on B,(0), the || - ||oo-ball of radius p centered at the
origin. One of the most important research questions in learning theory is to provide the gap
between the empirical regularized adversarial risk fiadv(ﬁ) and the population regularized
adversarial risk R,y (0) (see, e.g., [10, 11, 330]). We answer this question leveraging the
covering number argument.

Let us begin with some technical preparation. Let ¢ > 0 and (V, || - ||) be a normed
space. We say C C V is an e-cover of V if for any V' € V), there exists V' € C such that
|V — V’|| < e. The least cardinality of C is called the e-covering number, denoted as
N(V,e | -]). Forany z, 2" € V", we take the norm ||z — 2’| = max;cp, ||z; — 2}]|. Define

the regularized adversarial function class

Gaav = {(:uy) ~ inf {u +Eps [(19)" (C(g0(x +0),y) — )] } A @} :

For dataset S = {2}, = {(x;,y;)},, define

gadv|s = {(g($1,y1)7- e 7g<xnayn)) g S gadv}-
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An intermediate consequence of the covering number argument is the following.

Proposition 9 ([276, 330]). Suppose the range of the loss function (x,y) — ((ge(z),y) is
[0, 1]. With probability at least 1 — & with respect to P =P,, it holds that for all € O,

P 24 [ log(2/0
Raan(0) SRadV(e)‘FiI;% <8a+%/a \/10g/\/(gadvs,e,|.|)d€> 43 og(2/ )

n
(6.22)

The remaining challenge is to provide the upper bound on the covering number NV (Gaays, €, |-

|). Define the new function class of interest as
G = {(@.y) = Ugo(wt),y) eR¥O 00}, G ={(glwr,m).- . g(anm) : g€ G}

and the associated norm [[g|[c = Supyeg, (o) [9(b)[, Vg € G. The following proposition

controls the covering number of G,qy|, using that of Gs.

Proposition 10. Assume that ¢ is strictly convex. Then, it holds that N (Gua|s, €, ] - |) <

N<g|s7€7 H ’ HOO)

Proposition 10 gives an estimate of NV (Gaays, €, | - |) by taking G|, that involves the
perturbation set B, (0) into account. The advantage is that the covering number N (G, €, || -

||o) can be easily computed. The following presents several applications of Propositions 9

and 10.

Example 10 (Linear Function Class). Let us model the predictor go(x) using the linear

function class
go(z) =Wz, 00O := {W e RE W |o < Ay, [[W ]2z < A},

where the feature vector v € R? is assumed to be bounded: sup, ||z|s < V. Next, we
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consider the ramp loss { : RX x {1,... K} — R,

(

L if M(t,y) <0,
1
0, if M(t,y) > o,
where M (t,y) = t,—max, 4, t,,. By [229, Lemmas 4.4 and 5.2], it holds that log N (G|, €, ||-

o) = 5(%), where O(-) hides constant logarithmically dependent on related

parameters. As a consequence, the generalization bound (6.22) further simplifies to

Radv(e) S ﬁadv(e) + 3

log(2/3) 8 (A\/_ (U +vd p))
4240 .
n n ov/n

Example 11 (Neural Network Function Class). We next consider the predictor gy(x) be-
longs to the L-layer and m-width neural network function class with 1-Lipschitz nonlinear

activation o:

[(@) =W o (Wi o(Wia)),
where the feature vector v € RY satisfies sup, ||z||» < U, and the model parameter

heco = {(Wl,...,WL): Wl < an, Wiy < sil=1,...,L—1

WPl < @z, W o < s, W o < 51 -

When considering the ramp loss in (6.23), according to [229, Lemma 5.14],

~ L2d\11+
log N (Grgvc. || - [l) = O | 2244 fp 31K Za’

le[L) le[L) 51
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Then, the generalization bound (6.22) becomes

Radv<0) S ﬁadv(9> + 3 + O

n n o/n

log(2/0) , 8, 5 L\/E(\If%—\/c_lp).l—[sl_ Za_%

lelL] le[r)

Remark 28. Compared to the generalization analysis of the unregularized adversarial
robust learning formulation in (6.1) (see, e.g., [11, 174, 321, 330]), our error bound for
the regularized case is similar. It aligns with the state-of-the-art error bound for the
unregularized case. The novelty in our theoretical analysis lies in upper bounding the
covering number of G,a,s in Proposition 9 by that of G|s. Based on the lower bound
of Rademacher complexity for neural network function classes [20, Theorem 3.4], our
generalization bound for the linear function class matches the lower bound in terms of
the parameters VU, A, and n, but introduces an additional O(d) term. For neural network
function classes, our bound introduces an additional O(Ld - \/ >, g) term. While these
additional terms are relatively small, developing new proof techniques to further tighten the

generalization analysis would be desirable.

6.6 Numerical Study

In this section, we examine the numerical performance of our proposed algorithm on three
applications: supervised learning, reinforcement learning, and contextual learning. We
compare our method with the following baselines: (i) empirical risk minimization (ERM),
(i1) fast-gradient method (FGM) [137], (ii1) and its iterated variant (IFGM) [185]. Those

baseline methods are heuristic approaches to approximately solving the co-WDRO model.

6.6.1 Supervised Learning

We validate our method on three real-world datasets: MNIST [187], Fashion-MNIST [320],
and Kuzushiji-MNIST [81]. The experiment setup largely follows from Sinha et al. [287].

Specifically, we build the classifer using a neural network with 8 X 8, 6 x 6, and 5 X 5
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convolutional filter layers and ELU activations, and followed by a connected layer and
softmax output. After the training process with those listed methods, we then add various
perturbations to the testing datasets, such as the ¢-norm and /,-norm adversarial projected
gradient method (PGM) attacks [212], and white noises uniformly distributed in a /5 or ¢
norm ball. We use the mis-classification rate on testing dataset to quantify the performance
for the obtained classifers. For fair comparison, we take the same level of robustness
parameter p = 0.45 for all approaches, and specify the number of epochs (i.e., the number
of times the data points are passed through the model) as 30 and use Adam optimizer with
stepsize v = 1e-3. For PGM attack and FGM/IFGM defense, we specify the stepsize for
the attack step as @. 1. The number of iterations for the attack step of PGM attack and IFGM
defense is set to be 15. Since the scaling of 7 that satisfies p/n — C' for some constant C'
corresponds to an interpolation of gradient norm and gradient variance regularized ERM
training as suggested by Section 6.4, we specify the regularization value n = 2 - p in this
experiment. Since the loss is highly nonconvex, we examine our regularized adversarial
training using entropic regularization only, with RI-MLMC gradient estimator and the
maximum level L = 7.

Figure 6.3 presents the mis-classification results of various methods. Specifically, three
rows correspond to different kinds of datasets (MNIST, Fashion-MNIST, and Kuzushiji-
MNIST), and four columns correspond to different types of perturbations (¢2/¢., adversarial
attack, and /5 /(.. white noise attack). For every single plot, the z-axis corresponds to the
magnitude of perturbation (eypie O €,4y) Normalized by the average of the norm overall
feature vectors (in terms of 2- or co-norm, denoted as C'y or C, respectively). From these
plots, we find that all methods tend to have worse performance as the perturbation level
increases, but the regularized adversarial risk model consistently outperforms all baselines.
Especially, it performs well when the perturbation levels are large. This suggests that our

model has superior performance for adversarial training in scenarios with large perturbations.
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Figure 6.3: Results of adversarial training in terms of mis-classification rates. From top to
bottom, the figures correspond to (a) MNIST; (b) Fashion-MNIST; (c¢) and Kuzushiji-MNIST
datasets. From left to right, the figures correspond to (a) /o-norm white noise attack; (b)
{+.-norm white noise attack; (c) {s-norm PGM attack; and (d) /.,-norm PGM attack.

6.6.2 Reinforcement Learning

Next, we provide a robust algorithm for reinforcement learning (RL). Consider an infinite-
horizon discounted finite state MDP represented by a tuple (S, A, P, R, ), where S, A
denotes the state and action space, respectively; P = {P(s' | s,a)}ss.q is the set of
transition probability metrics; R = {r(s, a)}s, is the reward table with (s, a)-th entry being
the reward for taking the action « at state s; and v € (0, 1) is the discounted factor. Similar
to problem (co-WDRO), robust reinforcement learning seeks to maximize the worst-case
risk function suppeg E[D>, v'7(s¢, ar)], with 9 represents the ambiguity set for state-action

transitions. For simplicity, we consider a tabular ()-learning setup in this subsection. The
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standard (Q-learning algorithm in RL learns a ()-function @) : S x A — R with iterations

Qs a") «+ (1—ay)Q(s", a") +ayr(s', a') —yay main(—Q(sHl,a)), s~ P(- | st at).

(6.24)
We modify the last term of the update (6.24) with an adversarial state perturbation to take
oo-Wasserstein distributional robustness with entropic regularization into account, leading

to the new update

Q(s',a") + (1 —a,)Q(s", a") + ayr(s', a') — yoy min {7] log ]EyﬂN5(5t+1;p)e’Q(§t+1’“)/"} ,

Table 6.3: Performance of ()-learning algorithms in original MDP and shifted MDP envi-
ronments. Error bars are produced using 10 independent trials.

Environment ‘ Regular Robust

Original MDP 469.42 +19.03 487.11 + 9.09
Perturbed MDP (Heavy) | 187.63 +29.40 394.12 + 12.01
Perturbed MDP (Short) 355.54 +£28.89 443.17 + 9.98

Perturbed MDP (Strong ¢) | 271.41 £20.7 418.42+ 13.64

where (3(s'*1; p) denotes an uniform distribution supported on a || - ||o-norm ball of s+
with radius p. Standard fixed point iteration analysis [292, 312, 327] can be modified to
show the convergence of the modified ()-learning iteration. Our proposed algorithm in
Section 6.3 can be naturally applied to proceed the updated ()-learning iteration.

We test our algorithm in the cart-pole environment [59], where the objective is to balance
a pole on a cart by moving the cart to left or right, with state space including the physical
parameters such as chart position, chart velocity, angle of pole rotation, and angular of pole
velocity. To generate perturbed MDP environments, we perturb the physical parameters
of the system by magnifying the pole’s mass by 2, or shrinking the pole length by 2, or
magnifying the strength of gravity g by 5. We name those three perturbed environments as
Heavy, Short, or Strong ¢ MDP environments, respectively.

Figure 3 demonstrates the training process of regular and robust ()-learning algorithms
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Figure 6.4: Episode lengths during training. The environment caps episodes to 400 steps.

on the original MDP environment. Interestingly, the robust ()-learning algorithm learns
the optimal policy more efficiently than the regular MDP. One possible explanation is that
taking account into adversarial perturbations increase the exploration ability of the learning
algorithm. Next, we report the performance of trained policies in original and perturbed
MDP environments in Table 2, from which we can see that our proposed robust ()-learning

algorithm consistently outperforms the regular non-robust algorithm.

6.6.3 Contextual Learning

Contextual stochastic optimization (CSO) seeks the optimal decision to minimize the cost
function V¥ involving random parameters Z, whose distribution is affected by a vector of
relevant covariates denoted as X. Since one has access to covariates X before decision
making, we parameterize the optimal decision using fy(-) that maps from X to the final
decision. This paradigm, inspired by the seminar work [31], has achieved phenomenal
success in operations research applications. See the survey [262] that summarizes its recent

developments.
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Distributionally robust CSO with oo-type casual optimal transport distance has gained
great popularity in recent literature [121, 329]. It seeks the optimal decision parameter # to
minimize the worst-case risk, where the worst-case means we simultaneously find the casual
optimal transport « that maps P, the empirical distribution from available data {(z;, 2;) }s,
to P up to certain transportation budget, Its strong dual reformulation can be reformulated

as a special case of (co-WDRO):
min {ngﬂ [ sup E. 5 [\Il(fg(x'),/i)]] } (6.25)
0 X | 2'eB, ()

Similar to adversarial robust learning, Problem (6.25) can be challenging to solve because
computing the optimal value of the inner maximization problem is usually NP-hard. Instead,

we replace the inner maximization with OCE risk, leading to the approximation problem

min B, [inf {4 B [(00) o, 0020 - 0]} ], 620

71X=3
where v denotes the uniform distribution supported on B, (7). Alternatively, we can express
(6.26) as a special case of (Reg-oo-WDRO). See the detailed discussion in Appendix E.6.
In the following, we test our algorithm in the application of data-driven personalized
pricing problem, using the similar setup in [329, Example 6]: Let w € R denote price, x €
R denote side information, and z € R? denote price sensitivity coefficient that describes

w

how price influences customer demand. The loss ¥(w, 2) = —wz" , denoting the

1

negative revenue under price w and coefficient z. Assume z depends on x in a nonlinear
way:

tanh (38} =
Z = ! ) + N(O, IQ),
exp(—24; x)
where 31, By ~ U([—0.1,0.1]'%) and z ~ N(0, ;). We solve this problem using the linear

decision rule approach, by taking fy(z) = 0% g(z), where g : R — R!% is a random
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feature model:
g(x) = (cos(wiTx + bi))z‘e[loo] ;o w; ~N(0,Lp),b ~ U([0, 27]).

Throughout the experiment, we take hyper-parameters p = 0.45 and 7 = 0.9. When creating
training dataset, we generate M € {25,50, 100,200} samples of x, denoted as {z; }ic[u,
and for each z;, we generate m € {10, 30, 50, 100, 200} samples of z from the conditional

distribution of z given x = x;.

Sample size M=25 Sample size M=50 Sample size M=100 Sample size M=200
20% = — 10%-  » ' 10% . 5 = 10%
- 3 - . 0 . g B - R
g T i g ? é é = = 5 H s = & 4+ 5 RS C S T e B £y
5 ™ %'?-é%ém- 5 o 5 o
> . . . > ° . ° > " > ° . Method
g % 3 - g g $ = &= = & T = = [ Casual DRO
E E o0 $ E 0% ' ' E 0% ° : B3 Regularized Casual DRO
5 -10% : . 5 N 5 : . B
® . B . : . . ® . B
-20% o -20% * —-20% -20%
10 30 50 100 200 10 30 50 100 200 10 30 50 100 200 10 30 50 100 200
Sample size m Sample size m Sample size m Sample size m

Figure 6.5: Results of co-type Casual DRO and its regularized version in terms of percentage
of improvements. From left to right, the figures correspond to M = 25,50, 100, 200,
respectively.

We quantify the performance of a given decision 6 using the percentage of improvements

(compared to ERM) measure:

R(0) — R*
R(QERM) — R*’

JE) =1~

where R* denotes the ground truth optimal revenue provided the distribution of (z, 2) is
exactly known, fggry denotes the decision obtained from the ERM, the non-robust training
approach, and R(6) denotes the expected revenue of the decision ¢ under the ground truth
distribution. The plots in Figure 6.5 report the percentage of improvements obtained either
by solving the standard casual CSO problem (6.25) using the heuristic FGM method or
its (KL-divergence-)regularized formulation (6.26). The error bars are reproduced using
50 independent trials. For all scenarios, we can see the regularized robust CSO model
outperforms the un-regularized one. Besides, the un-regularized DRO model has negative

improvements in general, mainly due to the computational intractability of Problem (6.25).
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6.7 Conclusion

In this paper, we proposed a ¢-divergence regularized framework for adversarial robust train-
ing. From the computational perspective, this new formulation is easier to solve compared
with the original one. From the statistical perspective, this framework is asymptotically
equivalent to certain regularized ERM under different scaling regimes of the regularization
and robustness hyper-parameters. From the generalization perspective, we derived the
population regularized adversarial risk is upper bounded by the empirical one up to small
residual error. Numerical experiments indicate that our proposed framework achieves state-
of-the-art performance, in the applications of supervised learning, reinforcement learning,

and contextual learning.
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CHAPTER 7
CONCLUDING REMARKS

In this thesis, we leverage advanced statistical and optimization techniques to tackle two
decision-making under uncertainty problems: hypothesis testing and distributionally robust
stochastic optimization (DRO). Our proposed framework not only provides decisions with
satisfactory out-of-sample performance but also aligns with key ethical and societal princi-
ples, including robustness and interpretability. We develop efficient algorithms with solid
computational guarantees and favorable statistical properties, and validate their superior

performance in many real-world applications.

7.1 Future Directions

In addition to the future directions outlined in previous chapters, we discuss additional topics
that merit further investigation.

Robust Hypothesis Testing. Existing work typically assumes the input data for hypothesis
testing follows the independent and identically distributed probability distribution, which
may not always hold in reality. There have also been several trials to develop robust methods
to tackle this issue for hypothesis two-sample testing [126, 164, 214, 309, 314]. I aim to
incorporate DRO to design more effective algorithms for large-scale, high-dimensional, and
noisy data. I am also interested in providing robust approaches for other hypothesis testing
problems such as independence testing and multi-class hypothesis testing.

DRO with Nonconvex Objectives. Traditional DRO framework typically assumes the
training objective is convex to obtain global convergence guarantees. 1 plan to develop
global optimization algorithms for solving DRO with nonconvex objectives. On the one
hand, it is promising to leverage mixed-integer optimization techniques to solve those

problems up to moderate problem size. On the other hand, the preliminary understanding
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of the landscape of special nonconvex problems with hidden convexity suggests that I can
develop customized first-order algorithms to achieve global convergence. I foresee these
nonconvex problems finding important applications in inventory control [70], pricing, and
reinforcement learning [71].

Deep Learning Applications. Deep learning has ushered in a new era of data science. Its
applications in hypothesis testing and DRO areas have achieved some success [75, 303, 326],
as neural networks are powerful in function representation and are adaptive to the structure
of data. I aim to use the state-of-the-art tools of deep learning, including generative/large-
language models, to enhance the performance of decision-making, problem-solving, and

analytics.
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Appendices



APPENDIX A
PROOFS AND ADDITIONAL DETAILS OF CHAPTER 2

A.1 Preliminary Technical Results

Theorem 27 (Pinsker’s Inequality [89]). Consider two discrete probability distributions

p={pi}i, and q = {q;}_,, then it holds that
- pi 1
> pilog= > ~|p—qlff.
i=1 G 2

Proposition 11 (Lipschitz Properties of Retraction Operator [56]). There exists constants

Ly, Ly such that the following inequalities hold:

[Retr(C) — ]| < L[]

IRetrs(¢) — (s + Q)| < LalICI*.

Inspired from Appendix A.3 in [169], we are able to compute the constants in Proposi-

tion 11 explicitly: L; = 1 and L, = 3. The proof is provided below.

Proof. By definition, we have that

oz |l s+¢ 2
HRetI‘S(C) 8”2 - ‘ HS 4 CH )

1
2 (1 - |rs+<||2)

—2(1- (1+ZC§)‘”2>
<> G =<l
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where the second and the third equality is by using the relation s*¢ = 0, and the inequality
is based on the relation 2(1 — (1 + 2)7Y/2) < z with z = Y, (% Then it holds that
[Retr(€) — (s + Q)2 < lI<]l-

Secondly, we can see that

s+ C 2

s +¢ll

Retr,(C) — (s + O[3 = \ (5+0)

2

= (1= [ls +¢[l2)"

=1- 14> ¢

1
< Il

2

where the inequality is based on the relation that (1 — (1 + 2)¥/2)2 < 22/4 with z = Y, (2.

Consequently it holds that ||Retr,(¢) — (s + ¢)|[2 < 1]/C[]* O

Theorem 28 (McDiarmid’s Inequality [217]). Let X,,..., X, be independent random
variables, where X; has the support X;. Let f : X1 X Xy X -+ X X,, = R be any function

with the (ci,...,c,) bounded difference property, i.e., for i € {1,...,n} and for any

(1, ..., xp), (2, ..., x)) that differs only in the i-th corodinate, we have

|f(xy, . wn) — f(2, . 2))] < e

Then for any t > 0, we have

Pr{\f(Xl,...,Xn) SR (X X)) t} < 2exp (—%) |

Lemma 6 (Equivalent Definition for Sub-Gaussian variables (Lemma 2.3.2 in [134])).
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Assume that E[(] = 0 and

t2
2072

for some C > 1 and o > 0. Then the random variable ( is sub-Gaussian with constant

52 = 12(2C + 1)o2.

Theorem 29 (Poincare’s Inequality). Denote by ju" the product of pn on @1 \R% and ji €
P(R?) satisfies the Poincare’s inequality, i.e., there exists M > 0 for X ~ u so that
Var(f(X)] < ME[||V f(X)|[?] for any f satisfying E[f(X)?] < co and E[||V f(X)|[3] < oo.
Consider a function f on @7 R? satisfying E|f(X)| < oo and >, [|[V.f(X)]]* < a2,
and maxi<;<, ||V f(X)|| < B almost surely. Then the following inequality holds for
X~

Pr{f(X) —E[f(X)] > t} < exp (—%min(t/ﬁ,tQ/oﬂ)) .

A.2 Introduction to Manifold Optimization

A brief introduction to manifold optimization can be found in [152]. In this section we list
some related operators for solving manifold optimization problems. Traditional manifold
optimization concerns with solving the following problem:

min f(x), (A1)

where M is a Riemannian manifold and f is a real-valued function on M. A tangent vector
(. to M at a point z is defined as a mapping so that there exists a curve v on M satisfying

d(u(~(1)))

7(0) =, Cl’[u] = dt

|t:07 \V/U € Q(M)v
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where (M) stands for the collection of real-valued functions defined in a neighborhood of
x. Denote by T, M as the collection of all tangent vectors to M at a point x, which is called
the tangent space to M at x. Define P,(z) as the projection of z into the tangent space
at . Based on definitions listed above, we can define necessary operators for manifold
optimization. The Riemannian gradient of f at x is denoted as Gradf(z), which can be
obtained by projecting the gradient of f at x in the Euclidean space into the tangent space to
M at z:
Gradf(z) = P.(V(2)).

Typical Riemannian manifolds include the Sphere and Stiefel manifold defined as follows:

Sphere(n — 1) := {z € R" : ||z[|s = 1},

St(n,p) == {X e R X'X =1}

We can express the tangent space together with the projection operator for these two types

of manifolds in analytical form:

T,Sphere(n — 1) = {z: zT2 =0}, P.(2) = —x2")z
X'Z+7"X

T,St(n,p) ={Z: Z'" X+ X'Z =0}, Px(2)=7Z-X 5

When using first-order methods to solve a manifold optimization problem, one also needs to
define the retraction operator associated with M, which is denoted as Retr. It is a smooth
mapping from the tangent budle U, (7, M to M satisfying that for any x € M,

* Retr,(0,) = z, where 0, denotes the zero element in 7;, M

. Retry (¢)—
d llmCGTx./VLC—ﬂ) [Retr (?l)CH("B‘FC)_H = 0.
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When M is a sphere, we choose the following retraction operator which can be implemented

efficiently:
x4+ C

Retr, (O) = o

x € Sphere(n — 1).

See [110] and [316] for discussions of retraction operators on the Stiefel manifold. The
general iteration update of first-order methods for manifold optimization problem can be

expressed as

' = Retr,: (—7'¢"),

where 7' is a well-defined step size and (* is the Riemannian gradient at 2. The computation
of the projected Wasserstein distance relates to the optimization on a Stiefel manifold, while
the computation of the KPW distance relates to the optimization on a sphere. A recent paper
[56] investigated the Riemannian gradient methods that are guaranteed to converge into
stationary points globally, the key proof technique of which relies on Proposition 11. We
follow the similar proof idea to establish the convergence analysis for computing the KPW

distance.

A.3 Technical Proofs in Section 2.2

Proof of Remark 1. When taking the kernel function K (z,y) = (z,y), the space
F={a:ad"a<1}.

Note that the cost function c(z,y) = ||z — y||3 satisfies c¢(mx, my) = m?c(x,y) for any

m € R. Hence we can argue that the maximizer of the KPW distance is obtained when

ata=1,ie.,

KPW (u,v) = e W (f#u, f#v) .
f(z):aTz,aT;zzl

This indicates that the KPW distance reduces into the PW distance. O]

Proof of Proposition 1. It is easy to see that ;1 = v implies KPW (p, v) = 0. Now we show
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the converse. For fixed € X,y € R? and a distribution i, define the operator K, with the

action y as a mapping K,y : X — R so that

K = [ (K@) du(o) = [ K a)yap(o)
When KPW (u,v) = 0, we can see that

f#u = f#v, VfeF,
which implies

0= sup || Eppulz] — Epplyl]],
follflE <1

= sup sup (Equ(x)? a>] - EVKf(y)’ CL>])

FollflI3,<1 a: Jlall2<1

= sup sup (Equ,KxaM]—Ey[<f,Kya>H])

fof13,£1 @ flall2<1

= sup sup (f, (K, — K,)a)

flIflI5 <1 a: [lall2<1

= sup [[(Ku = Ky)allu.

a: |la]|2<1

Equivalently, ||(K, — K,)al|% = 0 for any a so that ||al|; < 1. Since H is a Hilbert space,
we imply that (K, — K, )a is a zero function for any « satisfying ||a||2 < 1. For any function

f € C(X), we make the expansion

1B [f ()] = B [£ ()]l

<|Eulf ()] = Eulg(@)]ll, + [Bulg(2)] = Eulg()]ll, + 1E[g(w)] = E[F (W),

The first term satisfies that

[Eulf ()] = Eulg(@)]ll, < Bulllf(2) — g(2)]l2] <&,
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and the third term can be upper bounded likewise. For the second term, we have that

IE.[g9(2)] = Eu[g(w)]ll,

= sup (Eu[(g(x),aﬂ—EVKQ(?J)va)D

a: |la]2<1

= sup (E.[(g, K.a)] — E,[(g, K,a)])

a: ||lall2<1

= sup (¢,(K,— K,)a) =0,

a: ||la]2<1

where the last equality is because that (K, — K, )a is a zero function for any a satisfying

|lall2 < 1. Hence,

E.[f(z)] = E,[f(y)]|l, < 2¢ forany ¢ > 0 and f € C,(X). Then we

conclude that the distribution p = v. [

A.4 Technical Proofs in Section 2.3

A.4.1 Deviation of Duality Reformulation

We first present the proof of the dual reformulation of the inner minimization problem in

(2.4). By definition, the primal formulation can be expressed as:

I7lr’l>lgl {Z T4,5Ci5 — Wzﬂi,j(logﬂ-z’,j — 1) . Zﬂ-i’j = %, Zﬂ-i’j = %} . (A2)
- 1,J 1,J J i

The Lagrangian function becomes
L(m,u,v) = Z TijCij — 1] Z 7 ;(logm; ; — 1)
) .3

oS (En 1)+ £ (k)
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Then the dual problem becomes

mex {mm Lru,o)}

u,v >0

1 .
= =2 D Dy 3wl + o] - (o 1)

_n;z}jx ——Zul——Zv] Zmax{ Tij cz]—l—uz%—v]]%—nﬂzj(logﬂu 1)}

i, >0

= max __ZUZ ZUJ Z ) (ui + v + i)
i __Zuz__zvj _nzexp< u)

Ui

where ¢(w) = wlogw — w and ¢* denotes its conjugate [258]. Moreover, the dual
optimal value equals the primal optimal value because the Slater’s condition [58] for finite-
dimensional optimization is satisfied. Take u, = —u;/n and U;» = —v,/n, the dual problem

becomes
maX—Zu+nZv —nZeXp( ’]—i—u —I—v).

Therefore, the whole problem (2.4) becomes

%11?? g;uﬁ—%;w—n;exp <—%+ui+vj).

Or equivalently, we write it as the minimization problem:

‘"X{%}SE—%ZW Z“ﬁ@“p(‘_’““@*”)}

Remark 29. By adding the entropic regularization term nH (), we are able to derive an
unconstrained optimization formulation on the sphere, thus reducing the computational cost
for computing KPW distance. Besides, the induced optimal transport mapping between

projected samples is usually stochastic instead of deterministic, which is robust to potential
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data outliers.

A.4.2 Proof of Theorem 1

Assume that f is an optimal solution to the problem (2.2). Let S be the subspace

S = {Xn: Xm:(Km — Ky)ai;: a;; € Rd} :

i=1 j=1

Denote by S the orthogonal complement of S. Given a set X', denote by fx a function
that lies in the set X'. Then by the projection theorem, there exists fs and fs . such that
f="Ffs+ fs, and || fI1% = IIfsl|% + IIfs, |I2,- It remains to show that fg shares the same
objective value with f . For fixed 7, j, we have that

1f(:) = Fys)ll2 = ) J:IHI;??(”QSI<J?(%) — f(y;) aig)

= max <f<Ii>>ai,j> - <f(yj)=az’,j>

a; it |lai jl2<1

= max <f, Ky.ai;) — <f7 Kyﬂ@j)

a; gt llai,jll2<1

.

= max <f, (le - Kyj>ai:j>

a; 5t |lai,jll2<1

= max <f5'7 (K, — Kyj)ai7j> = ||fs($z‘) - fs(%‘)”m

g0 llaill2<1

S
S

where the second last equality is because fs | is orthogonal to the subspace S. It follows that
1 (z:) = fu)ll3 = Il fs(zs) — fs(y;)||3. Therefore, there always exists an optimal solution
that lies in the subspace S, which means that there exists an optimal solution to (2.2) that

admits the following expression:

f = Z Z(sz - Kyj)aivj'
i=1

Defining a,; = > i
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Remark 30. From the proof we can also see that the representer theorem holds if replacing
the square of the (5 norm in (2.2) with any p-th power of the {5 norm for p > 2. However,
we find the development of optimization algorithms for the square of the {5 norm case is the

simplest.

A.4.3 Proof of Theorem 2

In the following we give a iteration complexity analysis about Algorithm 2, the proof of
which largely follows the idea in [163]. In particular, we first establish the descent lemma
for the update of each block of variables and then argue that the objective function is lower
bounded. Based on these two facts, we finally build the iteration complexity result for

Algorithm 2.

Lemma 7 (Lipschitzness of V F(u, v, s)). Let {u',v', s'}, be the sequence generated from

Algorithm 2. The following inequality holds for any s € S*"+™)~1 and X € [0, 1]:

IVF @™ 0™ As + (1= A)s') = VoF(@u"™ 0" )| < oAlls” — ],

where 9 = 2”AUH°° + 4HAU”°° and ||AU||oo = max; ; || A;;U||2.

Proof of Lemma 7. An intermediate result is that

2 magu T, Zexp (__Cm ]+u”1) exp (")
1/m

— Zexp (——cm T+ ut+1) exp (v!) S e (W o 5
1 Z 7"-2,]( 7U 7St>

N mZz T‘—Zv](ut—’—l vt St)

=1/m.

Then we can assert that ), 7 j(u'*", 0", s') = 1. For fixed s, define s* = As + (1 — \)s’
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Then we have that

||VSF(UH_1, Ut+1, St) o VSF(UH_I, ?}t+17 SA)H

2
== Z g (u T ot st)UTAEjAZ-JUSt — Z m(u ot SA)UTAEin’jUS)\
TS i
2
<z Zﬂ'i,j<ut+lavt+17 St>UTA;1:jAZ'7jU(St _ S/\)
n >
2
Lz Z U7 [y (ut*h oL sty =y (utt ot s’\)}AZjAMU
n 07
2
<= Zﬂi,j(ut—’_lavt—i_l, St)UTA;J;jAmU ”S)\ _ StH
n 07
2
+ " Z [ (w0 st — (W ot SA)}UTA;FJAMU
1]

where the first inequality is based on the constraint that ||s*|| < A||s|| + (1 — \)[|st|| = 1.

To upper bound the first term, we find

t41  t+1 _t\77T 4T
E mi(u T U A; AU
/Z:7j

<Y (T | UT AT AU < max || A U3
— ’ ,J
27]
To bound the second term, we find that

Z [Wi7j<ut+17vt+17 st) — ﬂ_i’j<ut+17vt+17 S’\)}UTAEin,jU

Z‘?j

< H%EJLX ||Ai7jU||%||7T(ut+lv Ut+1v SA) - 7T<ut+17 Ut+1> St)Hl:

where

||7T(uzt+17 Ut-l—l’ S)\) _ 7T(ut+1,vt+1, 5t)||1 — Z ‘Wi,j(UH_l,'UH_l, S/\) _ Wi,j(UtH, Ut—i—l’ St)|.

1,J
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Denote by H (7, s;7) the objective function for (2.3). Based on the strong convexity property,

we have that

(VaH (r(u™* 0", %), 5% ) = VeH (m(u' o™ ), ), w1 ot 6d) — m(ut™ o)

ZUHW(UH—l,UH—l, S/\) _ 7T(ut+1,’ut+1, St)H%

Moreover, by simple calculation we find

1,7

VoH(m(u,v,s),s) = [c;+nlog(m (u,v,s))]

= [U(Uz + Uj)]i,j 5

where the second equality is by substituting the formulation of =; ;(u, v, s). Hence, we find

that the gradient V. H (w(u, v, s), s) only depends on u and v, which implies

<VWH(7T(UH_1,UH_1, St)7 St;n) . Vﬂ-H(ﬂ'(UH—l, Ut—H, St), S)\; 77)’ ﬂ(ut"'l,vt"'l, S)\) . 7T(’LLH_1,’UH_1, St)>
277H7T(ut+1,vt+l, S)\) . 7T(ut+1,vt+17 St)H%

It follows that

n||7r(ut+1,vt+1,s/\) o W(ut+1,vt+1, St)Hl

< VRH (r(u ot s, s ) — Ve H (w(u o s, %)
ZHZR}XHMLJUSAH% — |1 4;,;Us"13)|

<2max 1A U3 1ls™ = s']).
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where the inequality is by applying the following relation:

[ Az |3 = [[Az2ll3 = (21 — 22) (AT Azy) + 25 AT A(21 — 25)
< oy — @o|[[[ AT Az || + [log ATA [|21 — 2]

< 2| A |21 — 2.
In summary, the second term can be upper bounded as

Z [m’j(utﬂ,vtﬂ, St) _ mJ(utH,th, SA):| UTA;I:inJU

0,
2
§2 (maXiJ “A%JUH%) ”S)\ _ StH'
Ui
Then applying the condition that ||s* — s|| = \||s — s!|| completes the proof. O

Lemma 8 (Decrease of F'in s). Let {u’, v', s'}, be the sequence generated from Algorithm 2.

The following inequality holds for any k > 1:

1
F(ut+1,vt+1, St—i—l) _ F(ut+1,vt+1,$t> <

_ 4112
S “SAUIELLojn 2012 1S |

Proof of Lemma 8. Note that

‘F(ut-&-l’vt-i-l’ s = F(ut! ot st) — (W, F(ut™, o, st), st — st>‘

1
/ <V F( t+1 t+1,ASt+1 4 (1 - )\) ) \V4 F( t+1 t+1,8t)78t+1 o St) d\
0

1
S/ |’VSF(ut+l,Ut+1,>\8t+1 4 (1 - /\) ) \V4 F( t+1 Ut+1,8t)||HSt+l o StH d\
0
1

< [ ol = sy
0

=2l = ') = 2 |[Retrye ( = m¢) — &'

QTL

E7 T et+1))2
<E e,
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where the second inequality is by applying Lemma 7, and the last inequality is by applying

Proposition 11. Moreover, we have that

(V F(u™ o sh) st — sty
=(V,F(u™ 0" ), =€) + (Vo F(ut o' ') Retrge ( — 787 — (s — 7))
< =7l + IV F (™ o™ 8N [l Retrge (= 7671) — (s — )|
< — 7€+ IS o - Lar?(l€H?

2||AU||%, LyT?

< —rler + €71

Combining those inequalities above implies that

20 AU L2 | ¢
TJF—L? B [Sand

. . 1 . .
Taking 7 = TATTZ La/ntol? S1Ves the desired result. [

Lemma 9 (Decrease of F' in v). Let {u’, v, s}, be the sequence generated from Algorithm 2.

The following inequality holds for any k > 1:

1
Fu™ o s') = F(u'™, 0 s') < —5lI1/m— m(u™h ot s T

where

1
11/m — m(ut™, ot )|, = Z - Zﬁid(ut-&-l’vt’(st) ‘

196



Proof of Lemma 9. According to the expression of I, we have that

F(utH,UHI, St) - F(ut+1,vt, St)
1 m
_ Zﬂ_i,j(ut-&-l’vt—i—l? st) — ZWI‘J(UHla ot st) + E Z (vl — v;f.ﬂ)
_ 1 t+1 =
- Z Zlog ut“ vt sty

where the second equality is because that

1
t+1 t+1  _t\
§ :ﬂ-i,j(u U 78)__7
- m
KA
1
n

Zﬂ-i,j(u“_la Ut, St) _
J

Therefore, applying the Pinsker’s inequality in Theorem 27 implies that

F(utﬂ,vt“,st) o F(ut+1,vt,8t) < _% (

)2.

Lemma 10 (Decrease of F' in u). Let {u’, v, s'}, be the sequence generated from Algo-

1
E _ Z Wi,j(UtH, Ut’ St)
K3

]

rithm 2. The following inequality holds for any t > 1:
1
F(u'™™ 0t s") — F(u!, 0", s") < —§||1/n —m(ut, vt s)1][3.

where

2
1
Hl/n - ﬂ-(utvvtvst)ng = Z E - Zﬂi7j<ukvvkﬂtk)
( J

Proof of Lemma 10. For fixed i € [n], define

1 1/n
b — Zﬂ-' A(ut-&-l ot St) _ Zﬂ-' A(ut ot St) — Zlog
: - g T - BT no 7Y mg(ut vt st)
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According to the expression of F/,
F(u'™, 0, s") — F(u', 0", s") Zh“

and it suffices to provide an upper bound for h;, i € [n]. By substituting the expression of

u*! into h;, we have that

1/n 1 1/n
hy = (b ot st -1 — =1
;W ,](u Uy S ) Z-ﬂ'i,j(utavtv St) n 08 Zj wi’j(ut,vt St)

1 1 1
=— — (7(u', 0", s")1). — = o /n
n n (ﬂ(ut,vt,st)l)z
Define the function
1 1 1/n
14 = — —1z— —log — —1/n).
(0) =~ == —log " 4+ (2 1/n)

We can see that this function attains its maximum at x = 1/n, with £(1/n) = 0. It follows

that
1

< - (i, 1Y

n
The proof is completed. [
Lemma 11. Ler {u’,v', s'}; be the sequence generated from Algorithm 2, which is termi-

nated when the following conditions hold:

lE ) < er, 1/n—m(u’ o', s") 11/m—m(u' ™ ot st

€2
1 1< —=.
I < At )k < graoE

Then {u”,vT, sT} is an (e1, €2) stationary point of (2.5).

Proof of Lemma 11. The condition ||| < ¢; directly implies that

|Grad, F(u”, o™, s)|| < €.
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Suppose that

T T T>1:7’,

m(u v, s Tl s =,

where [|[1/n — 7|2 < e/ (4||AU||%,) and ||1/m — |1 < e2/(4]|AU||%,). Then we find that

T T T
Flu ,v',s") = mln {g mi M ; —nH(m E Tij = Ti, E 7Ti7j:Cj},
1,7 A

and

1
: T
rzl}vnF(u,v,s )= IIllIl {E i i M;; —nH(m E Tij = ,E ﬂ-i’jzg}’
Z] 7
where M, ; = || A; ;Us"||3. It follows that

Fu® v, s7) — riuvn F(u,v,s")

<nlog(mn) + 2||1/m — ci[l; x [AU[, < e,

where the last inequality is by taking n = €,/(2log(mn)).
]

Lemma 12 (Lower Boundedness of F'). Denote by (u*,v*, s*) the global optimum of (2.5).
Then we have that

1
F(u*,v*,s%) >1— —||AU|%.
Ui

Proof of Lemma 12. 1t is easy to show that
Zmd(u*,v*,s*) =1.
1,]
Moreover, for any (i, j), we have that ¢; ; < ||AU||%.. It follows that

1
exp (——HAUHgO +u; + vj) <m; <1,
n
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and therefore u; + vj < %HAU |2, for any (7, 7). Hence we conclude that

* * * 1 g 1 i 1
DT v s) = 2 Y jwi— =) v 2 1= AU
1,J i=1 j=1

In the following we give a re-statement of Theorem 2 and the formal proof.

Theorem (Re-statement of Theorem 2). Choose parameters

1 62 2 AVI, | 44U
T = , = ——, = ,
AU Lo/n + oL3" "~ 2log(mn) " P
and Algorithm 2 terminates when
€2 t+1 t \T €2
L <e, |1/n—n(ul vt sl < ———,  ||1/m—n(u!Tt ol )T < —.
€+ < e, 1/ M < gt IW/m=n( Ih < G

We say that (1,0, 8) is a (€1, €2)-stationary point of (2.5) if

||GradsF(7fL, A7‘§)H S €1,

F(u,0,8) —min F(u,v, §) < €,

U,V

where GradsF (u, v, s) denotes the partial derivative of F with respect to the variable s on

the sphere S ™) =1 Then Algorithm 2 returns an (e, €;)-stationary point in iterations

T-0 (log(mn) . FS + QLD |

Proof of Theorem 2. We can build the one-iteration descent result based on Lemma 8,
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Lemma 9, and Lemma 10:

F(ut+1,vt+1,8t+1) _ F(ut,’Ut,St)

< —(=l1/n —a(ul ot sH1E + )1 /m — m(u'Th ot s T2+ - 2)

(I/m = m(ut, ot sOUB + 1 /m = w0, 51T

Ul (S >
2| AU|I3,n(2Ly + L3) + 4| AU |14, LT

1
2

+

Then we have that

F(u® o7, sT) — F(u®,2°, s°)

~
_

< - <H1/n - TF('LLt7 Uta St)l”g + ”1/m - Tr(utJrla vt7 St)TlH%

N

t

Il
=)

21| ~t+11|12
N PICH >

2| AU|[3n(2Le + LT) + 4| AU|14, LT

1 1
< — —-min< 1,
T2 { 2||AU||§O77(2L2+L?)+4HAU|§0L%}
T-1
x Y (I1/n —m(ut ot LS+ [[1/m = m(u, 0!, s T+ 0?16 3)
t=0
1 1 €2 €3
<— =T -min{ 1, - min 62, 2 , 2 }
-2 { 2HAUII§O77(2L2+L%)+4HAUH§OL?} { 1 16[| AU, 16]| AU

Therefore,

T <[P(u, 0", 1) — F(u” 0", s max {2, 4| AU|Zn(2Ls + L2) + 8] AU||. L)
{1 16] AU, wwuw;}

2 2 ) 2
€] €5 €5

A 2
< (P ) = 14 0 Y (2, 4401 n(oL + 2 + slAvILLY

{1 16]| AU |5 16||AU||f§o}
ax 6—2,
1

2 ) 2
€5 €5

(oo [1+])

201



A.5 Technical Proofs in Section 2.4

A.5.1 Proof of Theorem 3

Proof of Lemma 1. Denote F = {f € H : || f|lx < 1}. By the bias-variation decomposi-

tion, we have that

E[(KPW (fin, 1))"?] < sup E[(W (£#/tn F#m)7)

+E {sup (W (i, FA0)7 = ELOW (f#tn f#u))”p])] -

ferF

For fixed f € F, we can see that

E{(W<f#ﬂn7 f#/l‘))l/p] S Cpnim(log n)(p,d/p
where c,, is a constant depending only on p and

1, ifd=2p,
gp,d =

0, otherwise.

Now we start to upper bound the variation term. Define the empirical process

Xy = (W(fHiin, f#0)"7 — E[W (Fitn, fH#0))"7].

It is easy to see that E[.X'y] = 0. Moreover, we can show that for fixed f, the random variable
X is sub-exponential. Denote by Z = {z;} ; and Z' = {2/}, i.i.d. samples from f#/.
Take g(Z) = (W (f#fin, f#1))"". Then we have that

9(Z) = g(Z{y)| < W (f#in, f#I))? <n VP2 — 7).
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It follows that

Z IVig(Z)|P < n=/ ) max ||Vig(Z)|| < 077

1<i<n

Then the Poincare’s inequality in Theorem 29 implies that
Pr{X; >t} <exp (—K_l min{tn'/?, thQ/(QVp)}) )

Hence we conclude that X ; is sub-exponential with parameters (/K /2n~Y/@VP) (K /2)n=1/P).

For the function space F, define the corresponding metric

d(f, f) = IIf = Flla
Let X ~ p. Then for any f, f' € F, we have that

| Xr— Xp|
E[ (W (f#fin, ['#itn)) " + (W (Fp, f#0)) 7]
E[ (W (f#fin, f'#i1n)) 77+ (W (f 4, f#00)) 7]

1/p
<2 (E||f(X) — £/ (X)I5) " + (Zuf H)

[( Z I7ex >||2> 1/1 .
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Note that the following upper bound holds for any f, f € F and x € RP:

1f(z) = f(@)ll2 = max (f(z)— f(z) a)

a: |la]|2<1

= max (f@),a) — (f'(x),a)

= max <f,Kma>HK—<f/,Kxa>HK

a: |la]|2<1

= max — ', K,a
a: flala<1 <f f >7'1K

SN = Flinge x - max (| Kaall,

a: |lall2<1

=[If = f'llue x max /aTK(z,z)a
a: ||la]l2<1

= VB||f = f'll#s-

As a consequence, substituting this upper bound into the relation above implies that
X7 = Xp| < 4VBd(f. ).

Applying the e-net argument similar to the Dudley’s entropy integral bound [300, Theo-

rem 5.22] gives
E[sup Xf] < inf {4\@6 +V2En V@) flog N(F.d, €) + (K /2)n~ /P log/\f(f,d,e)}.

feF

Taking NV (F,d,€) = [1] and e = n="/7 implies that

E {sup Xf} <n VP flog(n) +n~ VP log(n).
feF

Proof of Lemma 2. We start to upper bound the variance term

(KPW (fin, 1))'? = E[(KPW (fin, 12))""].
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Denote by X = {x;}; and X' = {z}, i.i.d. samples from p, and let g(X) =

(KPW (fu, 11))*/*. Based on the triangular inequality, we find that

eF
i=1 f

n 1/p
< il (Zum : x;u)
=1

< n—l/(2vp)L1/p||X _ X/H-

n 1/p
|9(X) = g(X)| <777 ( max || f(z:) — f(ﬂfé)Hz)

It follows that

Y IVig(2)|F < n EPLP max ||Vig(Z)] < VP,
1=1

1<i<n

Then the Poincare’s inequality in Theorem 29 implies that
Pe{ | (KPW (fin, 1)) /P — E[(KPW (fin, u))l/P]\ >t} <exp (—K*l min{tn'/PL=1/P, t2n2/(2Vp)L’2/p}) .

Substituting the right-hand-side with o completes the proof. 0

Proof of Theorem 3. Based on the triangular inequality, we can see that
[ CPW (i, 2))* = (KPW (11, )7 | < (KPW (fi, o))" - (KKPW (8, 1)) 7

It suffices to upper bound (KPW (fi,, 11))** and (KPW (i, v))"/” separately. By the

bias-variance decomposition,
(CPW (fin, 1))/ < BIKPW (fin, 1))7] + (UCPW(an,u))”p - E[(icpwmn,u»“p]),

where the first term quantifies the bias for empirical estimation, and the second term
quantifies the variance of estimation. The bias term can be upper bounded by applying

Lemma 1, and the variance term can be upper bounded by applying Lemma 2. In summary,
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with probability at least 1 — «, it holds that

(KPW (fin, 1))*? < max {n_l/pKlog(l/a),n_l/(wp)\/}(log(l/a)} LYP

+ @V (log n)%»/P 4 n =Y @VP), /log(n) + n~Plog(n).

The upper bound for (KXPW (£, )"/ can be proceeded similarly.

A.5.2 Testing Performance

Based on the finite-sample guarantee in Theorem 3, we are able to characterize the perfor-
mance of the KPW test. To make the type-I error below than «, we reject the null hypothesis

as long as the empirical statistic PW (fi,, U1n) > Yin.n, Where

9alt, ~ ma { NV log(1/a), N7V /K log(1]a) } L7

+ N~ @va (log N)/? + N~V @) flog(n) + N=/P log(n).

For the alternative hypothesis, assume that target distributions x and v satisty PW (u, v) >

Ym,n- Then the type-II error can be upper bounded as

Pry, (/CPW(/ln, Um) < ’ym,n>
=Pry, <IC73W(/ln, Um) — KPW (u,v) < Y — KPW (1, y))
=Pry, <IC77W(M, v) — KPW (fin, Om) > KPW (u,v) — fym,n>

<Pry, (|fc7>w<u, v) = KPW (jin, 7)| > KPW (1, ) — W)

_E(KPW (1, v) = KPW (jin, 7))
T (KPW(,v) = Ymn)’
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A.5.3 Finite-sample Guarantee for p € [1,2)

In this subsection, we discuss the finite-sample guarantee for KPW distance with p-
Wasserstein distance for p € [1,2). Note that it is not necessary to rely on the Poincare
inequality or projection poincare inequality to obtain the result. We first present several

technical lemmas before showing the final result.

Lemma 13. Based on Assumption 1, for f € {f € H : || f|lu < 1}, we have
If(@)ll. < VB, VzeR”.

Proof of Lemma 13. For fixed z € X, the norm of f(x) can be upper bounded as the

following:

1f @2 = {f (@), f@)) = {f Ko f @)n < NIl Ko f (@)l < 1K f (2) -

In particular,

1K f ()3 = (Ko f (2), Ko f(2))n
= ((Kef(2)) f (), f(2))
= (K(z, f(x))f(2), f(2))
= f(2) K(, f(2))f(2)

< Bl f(2)l3

Combining those two relations above implies the desired result. [

Lemma 14. For p € [1,2), the bias term of empirical KPW distance can be upper bounded
as

E[(KPW (ji, M))l/p] < n" @V (log n)Cp,d/p + pl/2-tp log(n) + n~p.
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where Cpq = 1 if d = 2p and (, 4 = 0 otherwise.

Proof of Lemma 14. Following the similar argument as in Lemma 1, we can see that

E[(KPW (i, 1)) "/*] < sup E[(W (f#itn, f#1))")

E [sup (W S0 = BIOV i, £00) 7).

feF

and the first term can also be bounded similarly. To upper bound the second term, define the
empirical process { X} as in Lemma 1. For fixed f, the random variable X ; can be shown
to be sub-Gaussian. Denote by Z = {z;}_; and ZEi) the sample set so that the i-th element

is different. Take g(Z) = (W (f#fin, f#1))"". Then we have that

1/p
9(2) — o(Zi)| < O (i, 00 < (5150 - SCDIE)

< n~YPo\/B.

Therefore, applying the McDiarmid’s inequality in Theorem 28 implies

U2

Applying Lemma 6 implies that for fixed /, the random variable X is sub-Gaussian with
the parameter 0> = 36 5n'~2/?. Then applying the e-net argument similar to the Dudley’s

entropy integral bound [300, Theorem 5.22] gives

E {Sup Xf} < inf {4\@6 +V/36Bn1-2/r\/21og N'(F, d, e)} .
fE]: >0

Taking NV(F,d,€) = [1] and e = n="/7 implies that

E [sup Xf} < pt/27YPy flog(n) + n~ P,
feFr
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Lemma 15. For p € [1,2), with with probability at least 1 — «, it holds that

< nl/z_l/p\/QBlogz.
o

Proof of Lemma 15. Denote by Z = {z;}, and Z; the sample set so that the i-th element

(KPW (fun, 1))'? = E[(KPW (fi, 12)) "]

is different. Take g(Z) = (KPW (fin, 12))"/. Then we can see that
9(2) = 9(Z{y)| < (KPW (i, ji))""" < ™' 72V/B.
Then applying the McDiarmid’s inequality in Theorem 28 implies

Pr{| (PW (i, 1)) ~ EIICPW (jun, )"

U2

]

Based on Lemma 14 and Lemma 15, we obtain the uncertainty quantification result in

Theorem 4.
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A.6 Implementation Details for Computing KPW Distance

The variable s is initialized to be a uniform random vector over sphere. The dual variable
v is initialized to be a Gaussian random vector with unit covariance. When updating the
block of variables ™! and v'*!, we make the change of variables (u/)'"! = exp(u'™!) and

(v)! = exp(vi™!). We update (u/)"** and (v')'™! instead to accelerate the computation:

1/n

> exp (—%cm + (v;)t) i
1/m

S exp (=i + (u) )

(u/>t+1 —

(U/>t+1 —

J

and we further store the matrix A with A4;; = exp (—%Cm) in advance to reduce the
computational cost. The transport mapping 7'+ £ (7, ;(u!*!, v+, s!)); ; can be formulated

without going through a for loop but only with multiplication operators:
7T_t+1 — (u/)t-i-l x A x [(U/)t+1]T,

where the operator . * means we multiply two objects componentiwisely in terms of array

broadcasting. When updating (!, we first formulate the matrix V**! with

t+1 __ t+1 AT
Vii = E :7% Aj A

/[:7j
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Figure A.1: Mean computation time for computing KXPW (fi,,, ©,,) for varying n. Results
are averaged over 10 independent trials.

and then continue the matrix multiplication procedure in (2.61). Denote by G; the i-th row

block of the gram matrix GG, then

Vit = Zﬁ“ G+ Grij) " (Gi + Gryy)

i?j

= Zﬂt—i_l GTG + Gn-‘r]Gn-H + Gn—i—]G + GTG?H—])

Consequently, we can compute each of the four components in the formula above without
executing double for loops and then sum them up to obtain the matrix V1. During the
numerical implementation, we also find that the computation is sensitive to the choice of
7. This phenomenon has also been observed when using Sinkhorn’s algorithm to compute
Wasserstein distance or projected Wasserstein distance. When 7 is too small, the iteration
update may have numerical instability issues. When 7 is too large, the obtained solution is
far away from the optimal solution to the original KPW distance. We have tried the best to
tune this parameter to make the algorithm maintain the best performance. How to tune this

hyper-parameter systematically is left for future works.
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A.7 Details about Experiment

A.7.1 Sample Complexity

In this experiment, we fix hyper-parameters 02 = 1, p = 0.5 for computing KPW distances.
The values of empirical KPW distances across different choices of sample size are reported
in Figure 2.1, and the corresponding computation time is reported in Figure A.1. From the
plot we can see that it is efficient to compute KPW distances with reasonably small sample

size n and projected dimension d.

A.7.2  Configurations

All methods are implemented using python 3.7 (Pytorch 1.1) on a MacBook Pro labtop with
32GB of memory. When running the code, there is no swapping of memory and the average
CPU frequency is 3.2 GHZ. We compute the projected Wasserstein distance based on the
official code in https://github.com/fanchenyou/PRW. We run the MMD-O test based on
the code in https://github.com/fengliu90/DK-for-TST. We run the MMD-NTK test based
on the code in https://github.com/xycheng/NTK-MMD. From extensive experiments we
realize that MMD-NTK is the most computationally efficient test, but its power does not
scale the best. On the other hand, this method can be useful when performing a test for the
large-sampled case, while our method may be intractable to compute in short time. We run

the ME test based on the code in https://github.com/wittawatj/interpretable-test.

A.7.3 Implementation of Cross-Validation

The candidate choices of hyper-parameters p and o2 are within the set

{(p,0*): 0> =a-6%: a€{0.5,1,2},p € {0.25,0.5,0.75}},
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Table A.1: Average type-I error and standard error for two-sample tests in MNIST dataset
across different choices of sample size.

N ‘ MMD-NTK MMD-O ME PW KPW

200 | 0.057+£0.0010 0.056+0.0006 0.04440.0003 0.056£0.0004 0.061+£0.0005
250 | 0.051£0.0003 0.060+0.0001 0.06540.0002 0.04640.0003 0.048+0.0002
300 | 0.068+0.0006 0.055+0.0003 0.05940.0007 0.056£0.0002 0.053+0.0001
400 | 0.049£0.0007 0.058+£0.0002 0.041+£0.0002 0.061+0.0006 0.056=+0.0006
500 | 0.061£0.0006 0.054+0.0004 0.060+0.0002 0.049+0.0003 0.047£0.0004

Avg. ‘ 0.057 0.056 0.053 0.054 0.053

where 62 denotes the empirical median of pairwise distances between observations. To
choose p and o2, we further split the training set into the training and validation dataset,
which contain 70% and 30% data, respectively. For each choice of hyper-parameters we use
the training dataset to obtain a nonlinear projector and examine its hold-out performance on
the validation dataset, which is quantified as the negative of the p-value for two-sample tests
between two collection of samples in the validation dataset. We choose hyper-parameters p

and o2 with the best hold-out performance.

A.7.4 Tests for Synthetic Datasets

When studying tests on Gaussian distributions, we take both the training and testing sample
sizes N to be 50. When reproducing the experiments corresponding to the left two figures in
Fig. 2.3, we take the dimension D € {20, 40, 60, 80, 100, 120, 140, 160}. When reproducing
the experiments corresponding to the right two figures, we take the sample size n = m €

{80,100, 140, 180, 250}.

A.7.5 Tests for MNIST handwritten digits

Table A.1 present the type-I error for various tests in MNIST dataset, from which we can

see that all tests have the type-I error close to o = 0.05.

213



A.7.6  Human activity detection

The pre-processing of data is as follows. We first remove frames in which the person is
standing still or with little movements. Then we delete the first few frames to make the
action of bending consist of 500 frames. Next we delete the last few frames to make the
action of throwing consist of 355 frames. We take the window size W = 100. To perform
online change point detection, we pre-train a nonlinear projector using the data before time
index 300 and compute the null statistics for many times to obtain the true threshold. Then
we compute the detection statistic by comparing the distribution between the block of data
before time 300 and the data from the sliding window. We reject the null hypothesis and
claim a change is happened if the statistic is above the threshold. The plot of the detection
statistic over time after the time index 400 is presented in Fig. A.2, and the delay detection

time corresponding to all users are reported in Table 2.2.

A.8 Impact of Hyper-parameters

A.8.1 Impact of Projected Dimension d

We prefer to choose the projected dimension d with relatively small values since the testing
statistic will have poor sample complexity rate and is expansive to compute for large d. In
this section, we examine the testing performance for different choices of d. In particular,
we perform the KPW test on Gaussian distributions (with diagonal covariance matrices,
D = 128 and n = m = 50) and Gaussian mixture distributions (with D = 100 and
n = m = 100) following the setup in Section 2.5.1, the results of which are reported in
Fig. A.3. From the plot we can see that the testing power is generally better for d > 1, which
suggests that using vector-valued RKHS is better than using classical scalar-valued RKHS.
Moreover, we observe the performance is insensitive to the choice of d as long as we take

d> 1.
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Figure A.2: Comparison of detection statistics from bending to throwing for various testing
procedures. Black dash line indicates the true change-point. Each row corresponds to
detection results for each user.

A.8.2 Impact of Entropic Regularization Parameter n

As pointed out in [128], the entropic regularization in (2.4) could alerady improve the sample
complexity result of Wasserstein distance. We perform experiments in this subsection to
validate the impact of the entropic regularization parameter 7 for the performance of KPW
test. The generated data follows Gaussian distributions (with n = m = 100) or Gaussian
mixture distributions (with n = m = 200) with different choices of dimension D and fixed
sample size. Benchmark methods include 1) KPW test with n = 0 (here Wasserstein distance
is computed exactly and we apply alternating optimization procedure as a heuristic); 2)

Sinkhorn test with the same 7 as in the KPW test (in which we take the Sinkhorn divergence
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Figure A.3: Average power for KPW test across different choices of projected dimension d.
Left: Gaussian distribution; Right: Gaussian mixture distribution. Results are averaged over
10 independent trials.

as the statistic and all training and testing samples are used); 3) Sinkhorn+ (using all data
and post-selecting 77 with the best performance). Experiment results are reported in Fig. A.4,
from which we can see that even Sinkhorn+ test has the curse of dimension issue. Moreover,
the KPW test with 7 = 0 has similar performance as the KPW test. Hence, we can assert
that the KPW test is capable of alleviating the curse of dimension mainly due to the kernel

projection operator instead of the entropic regularization.

—— KCPW v KPW (n=0) —<— Sinkhorn Sinkhorn+
Power for Covariance Shifted Gaussian Power for Gaussian Mixture
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Figure A.4: Average power for KPW tests and Sinkhorn tests across different choices of data
dimension D. Left: Gaussian distribution; Right: Gaussian mixture distribution. Results are

averaged over 10 independent trials.
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APPENDIX B
PROOFS AND ADDITIONAL DETAILS OF CHAPTER 3

B.1 Comparison with Optimal Transport Divergences

Table B.1: Time and sample complexity of empirical OT estimators in terms of the number
of samples n. Here Ji,,, ,, represent two empirical distributions based on i.i.d. n sample
points in R%. p denotes the order of the metric defined in the cost function of standard
Wasserstein distance.

Reference Estimator Name Time Complexity | Sample Complexity
[116] Wp(Bin, Un) Wasserstein distance O(n3logn) O(n=1/4)
[128] Sp,e(lin, Un) Sinkhorn Divergence O(n?) per iteration | O(n~1/2(1 4 €¥/2))

Max Sliced Wasserstein distance -
[239] M8y (Fin, Dn) O(n?d) O(n~1/(max{k.2}))

with k-dimensional projector

[230] SWop(fin, Un) Sliced Wasserstein distance O(nd) O(n=1/2)

[307] and this work | KMSy, (i, Un ) | Kernel Max Sliced Wasserstein Distance O(n2d3) O(n=1/2)

In Table B.1, we summarize the time and sample complexity of various OT divergences.
Notably, the sample complexity of the standard Wasserstein distance suffers from the curse
of dimensionality. While the Sinkhorn divergence mitigates this issue, its sample complexity
depends on €%/2, which can be prohibitively large when the regularization parameter e is
very small. For Max-Sliced (MS) and Sliced Wasserstein distances, their sample complexity
is independent of the data dimension. However, they rely on linear projections to analyze
data samples, which may not be optimal, particularly when the data exhibits a nonlinear
low-dimensional structure. This limitation motivates the study of the KMS Wasserstein
distance by Wang et al. [307] and in our work. In Example 1 and Section 6.6, we numerically

validate this observation and demonstrate its practical advantages.
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B.2 Proof of Theorem 6 and Corollary 1

The proof in this part relies on the following technical results.

Theorem 30. (Finite-Sample Guarantee on MS 1-Wasserstein Distance on Hilbert Space,
Adopted from [50, Corollary 2.8]) Let 5 € (0,1], and p be a probability measure on a
separable Hilbert space H with [, ||z| du(z) < oco. Let Xy,...,X, be iid. random

elements of H sampled according to y, and [i,, = % > i, Ox,, then it holds that

EMS: () < C- ([ el duto)) oy,

where C' > 1 is a universal constant.

Theorem 31 (Functional Hoefffding Theorem [300, Theorem 3.26]). Let F be a class of
functions, each of the form h : B — R, and X1, ..., X,, be samples i.i.d. drawn from p on

B. Fori € [n|, assume there are real numbers a;, < b;, such that h(x) € [a; , b; 1] for any

x € B,h € FU{—F}. Define

1 n
L= sup - Z (bin — aip)?.

heru{-r} N

For all 6 > 0, it holds that

< nd?
su exp| ——= | .
P =P\ a2

We first show the one-sample guarantees for KMS p-Wasserstein distance.

PILE

Proposition 12. Fix p € [1,00), error probability o € (0,1), and suppose Assumption 2

holds. Let C' > 1 be a universal constant. Then, we have the following results:

D) EXMS, (1, in) < AQCHP) - n~1/C0)
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(II) With probability at least 1 — «, it holds that

1/p
1
KMS, (i, fin) < 21717 A (C’ + 44 /log —) RRRAC 28
a

Proof of Proposition 12. Recall from (3.3) that
KCMS, (1, v) = MS, (@41, v

Therefore, it suffices to derive one-sample guarantees for MS, (QD# 14 qD#ﬁn).

(I) Observe that under Assumption 2, we have
A? > K(QI,ZE) - <KI7K9E> - ”KJJH%U

and therefore ||®(x)||y = || K.||x < A,Vz € B. In other words, for every probability
measure 1 on B, the probability measure ® /1 is supported on the ball in H centered at

the origin with radius A. By Theorem 30 with § = 1, we obtain

~ N\ AC
EXMS, (1, 7in) = EMS, (CI)#,U, <I>#un) <

Since @y and @4 [i,, are supported on the ball of # centered at the origin with radius

A, it holds that
~ N P
MSP (q)#,u, CD#,un> < |:M81 (CI)#LL, q)#/vbn> : (2A)p } .

In other words,

1/
KMS, (11, 7in) < [KMS: (11, 72) - 2471 B.1)
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It follows that

EKMS, (1, in) = EMS, (q># “, cp#gn>
< E[MSl (fb#u, CI)#ﬁn) - (24)P
< {E [MSl <(I>#,u, @#ﬁn> : (2A)p—1:| }l/p

1/p
< ﬂ - (24)P71 — ol=1p ACt/p . =1/ (2p)
— ﬁ

} 1/p

() For the second part, we re-write KMS(p1, fi,) with i, = 37" | 6, using the

kantorovich dual reformulation of OT:

n

KMS1(p, 1in) = sup
feR: Ifln<t,
g is 1-Lipschitz with g(0) = 0

)

S|

(9(/ () = Easlg(F @)

i=1

where the additional constraint g(0) = 0 does not impact the optimal value of the OT

problem. In other words, one can represent

I

. 1<
KMS: (. i) = sup |~ > h(z;)
=1

hesy T2

where the function class
6= {& = g(/(2)) ~ Eaplg(f(@)) : gis 1-Lipschitz with g(0) = 0, f € H, || f]l < 1}.
Consequently, for any z,

9(f@)] = lg(/ (@) = 9O < 17 @) = (. K)ol < I el Kol < A.

One can apply Theorem 31 with F = 9, a,, = —A — E,,[9(f(2))], bip, = A —
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Evplg(£(x))], where h(x) = g(f(x)) — Eanplg(f(x))], to obtain

R R n52 n(52
IP{/CM&(M, fin) > E[KMS; (u, un)]+5} < exp <—4(2A)2) = exXp (_ 16A2) '

Or equivalently, the following relation holds with probability at least 1 — o
1 1
KMS, (1, in) < EKMS (1, i) +4An" 2 [log — < An~1/? (C’ +44/log —) :
o !
By the relation (B.1), we find that with probability at least 1 — «,

KMS, (1. 7in)

(0%

1 1/
< [An_l/2 (C +44/log —) : (2A)p_1} !
1/p
—2l-1/r g (C +44/log l) VG,
et

]

We now complete the proof of Theorem 6. By the triangle inequality, with probability at

least 1 — 2q, it holds that

KMS,(fin, D) < KMS, (1, i) + KMS, (v, )

1/p
<92.91Wry (C’ + 44 /log l) .Y (2p)
o
1 1/p
<4A <C’ + 44/ log —) oY)
«

Then, substituting « with /2 gives the desired result.

Proof of Corollary 1. It remains to show the type-II risk when proving this corollary. In
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particular,

Type-Il Risk = Py, { KMS,([in, U) < A(n, )}
=Py, {KMS, (11, v) — KMS,([in, ) > KMS,(p1,v) — A(n, ) }

< P {|KMS, (1, v) — KMS, (i, 7)| = KMS, (1, v) — Aln, o) }

]E‘ICMSP(M7 7/) - lCMSp(//Zm /V\n)‘
- KMS,(p,v) — An, o) ’

where the last relation is based on the Markov inequality and the assumption that MS,,(p, v)—

A(n,a) > 0. Based on the triangular inequality, we can see that
E|ICMSP(,LL, u)—/CMSp(ﬁn,ﬁn)‘ < EKMS, (1, fin) | HE[KMS, (v, 1,,)] < 2ACYP.p1/2P),
Combining these two upper bounds, we obtain the desired result. [

B.3 Sufficient Condition for Positive Definiteness of Matrix (G

To implement our computational algorithm, one needs to assume the gram matrix
G =[K("a"), —K (", y"); —K(y",2"), K(y",y")]

to be strictly positive definite. By the Lemma on the Schur complement (see, e.g., [25,

Lemma 4.2.1]), It can be showed that its necessary and sufficient condition should be
G' = [K(z",2"), K(z",y"); K(y",2"), K(y",y")]

is strictly positive definite. By Wendland [317], this requires our data points {x1, ..., 2", y1,...,Yn}
are pairwise distinct and K (x,y) is of the form K (x,y) = ®(x — y), with ®(-) being con-
tinuous, bounded, and its Fourier transform is non-negative and non-vanishing. For instance,

Gaussian kernel K (z,y) = e~ 1#7v13/* or Bessel kernel K (z,y) = (¢ + ||z|2) %,z
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R?, 3 > d/2 satisfies our requirement.

B.4 Reformulation for 2-KMS Wasserstein Distance in (KMS)

In this section, we derive the reformulation for computing 2-KMS Wasserstein distance:

1 2
R o T J\Zi) — j . B.2
e IfI <1 | meln 2 alf (i) = f(y;)] (B.2)

Based on the expression of f in (3.7), we reformulate the problem above as
2
max min Z Tij Z a1 K (x5, 21) — Z ay K (y;, y1) , (B.3a)

ag,ay€ER™ mel'y
1,j€[n] le[n]

subject to the constraint

2

Z ayz 1

= 'H

:<Z al,iK('?'xi) - Zay,iK('ayi)Zax,iK Zayz z
=1 =1 =1

(B.3b)
= Z i, (K L T5)) + Z ay.ity i (K (- y:), K (-, y5))
1,j€[n] 1,j€[n]
-2 Z azzayj Iz)vK(hy])) < L.
1,5€[n]

One can re-write (B.3) in compact matrix form. If we define

s = [ag; ay),

M ;= [(K (i, 1) — K (yi, 20) Diepnls (K (5,90 — K (26, 91) Diem]

G = [K($n7 $n)> _K(xn, y"); —K(y”, :En)’ K(y”’ y”)] c R2n><2n’
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Problem (B.3) can be reformualted as

. 2
max < min E 7r2-7j|5TMi’j‘: sTGs<13p. (B.4)
s€R2n wely = ’

i,j€[n]

Take Cholesky decomposition G~ = UU™ and use the change of variable approach to take

w = U~'s, Problem (B.4) can be further reformulated as

: Tas \\2. T
max | min ’;]mﬂ-((w,U M) ww<ly. (B.5)
i,j€[n

After defining M; ; = U TMZ-’J» and observing that the inequality constraint w™w < 1 will

become tight, we obtain the desired reformulation as in (3.9).

B.5 Proof of Theorem 8

The general procedure of NP-hardness proof is illustrated in the following diagram: Prob-
lem (3.9) contains the (Fair PCA with rank-1 data) as a special case, whereas this special
problem further contains (Partition) (which is known to be NP-complete) as a special case.

After building these two reductions, we finish the proof of Theorem 8.

Give integers aq, ..., an,
i T T determine whether binary
) . max minw A;Aw ‘
wer o {m Z”i-J(MLW}- D wi flwlz=1i€fm] " D) variables {z:}X, € {~1,1}"
o exist such that >°."; a;z; = 07

9))  |(Fair-PCA with rank-1 data
®) ( (Partition

Figure B.1: Proof outline of Theorem 8

Claim 1. Problem (3.9) contains Problem (Fair PCA with rank-1 data).

Proof of Claim 1. Given vectors Ay, ..., A,, we specify

Ml,: é {Ml,la M1,27 ey Ml,n} = {AL s 7An}7
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and M;. & {M;y, M;,...,M;,},i = 2,...,n is specified by circularly shifting the
elements in M, . by ¢ — 1 positions. For instance, My, = {A,,, Ai, ..., A,_1}. For the inner
OT problem in (3.9), it suffices to consider deterministic optimal transport 7, i.e.,

1n, ifj=oli)

Tij =
0, otherwise

for some bijection mapping o : [n] — [n]. The cost matrix for the inner OT is actually a

circulant matrix:

(Aw)? (Aw)?® - (Aw)?

Aw)? (Aw)? - (A,_w)?
<(MEJW)2>M _ (Apw)® (Aw) ( )

(Aw)? (Asw)? -+ (Aw)?

When considering the feasible circularly shifting bijection mapping (e.g., o(i) = (i + j)
mod n,Vi € [n] for j =0,1,...,n — 1), we obtain the upper bound on the optimal value

of the inner OT problem in (3.9):

miri ij(ngw)Q < 5161[17{]1 (Arw)? = {161[173 wfA;ATw.

On the other hand, for any bijection mapping o, the objective of the inner OT problem in

(3.9) can be written as a convex combination of (ATw)?, ..., (ATw)?, and thus,

min Doms(MEwP 2 min  { T a(Afw) ) 2 min (4T)?

Since the upper and lower bounds match with each other, we obtain

min g mij(M;Lw)? = min w' A AT w,
1]
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and consequently,

max min g Wij(MiTjw)Q = max <{min w A4A W,
mely 4 ’ ’ i€[n]

w: ||w|l2=1 w: [|w|l2=1

which justifies Problem (3.9) contains Problem (Fair PCA with rank-1 data). ]

Claim 2. Problem (Fair PCA with rank-1 data) contains Problem (Partition).
It is noteworthy that Claim 2 has previously been proved by [283]. For the sake of

completeness, we provide the proof here.

Proof of Claim 2. Consider the norm minimization problem

P = min {Hng : rn[ir]l(o.JTAi)2 > 1}. (B.6)
w i€(n
and the scaled problem
max {m[l% (Wr4;)? w3 = P}. (B.7)
w i€[n

We can show that Problem (Fair PCA with rank-1 data) is equivalent to (B.7), whereas

(B.7) is equivalent to (B.6). Indeed,

* For the first argument, for any optimal solution from Problem (Fair PCA with rank-1
data), denoted as w*, one can do the scaling to consider w* = \/ﬁw, which is also

optimal to (B.7), and vise versa.

* For the second argument, let w;, wy be optimal solutions from (B.6), (B.7), respec-
tively. Since P is the optimal value of (B.6), one can check that w; is a feasible
solution to (B.7). Since min,ep,) (wi A;)* > 1, by the optimality of ws, it holds that
min;ep, (wg A;)? > 1, i.e., wy is a feasible solution to (B.6). Since [|ws||3 = P, wo
is an optimal solution to (B.6). Reversely, one can show w; is an optimal solution

to (B.7): suppose on the contrary that there exists @w; such that [|@,[|2 = P and
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min;ep, (0f 4;)% > mingep, (wi 4;)% > 1, then one can do a scaling of @, such that
min;e, (0] A;)* = 1 whereas ||, ||3 > P, which contradicts to the optimality of P.

Combining both directions, we obtain the equivalence argument.

Thus, it suffices to show (B.6) contains Problem (Partition). Define a = (a;)icn), @ =
I, +aa", and assume () admits Cholesky factorization () = STS. Then we create the vector

A; = S~ Te;, where ¢; is the i-th unit vector of length n. Then, it holds that

(B.6)
— min {kug - min((57w)Te))” > 1}
w i€ln
— min {stug min(a"e;)* > 1}
w 1€
=min {xTQx Dl > 1}
n n 2
= min { 7 + (Z ail’i) Ll > 1} (*)
=1 =1

where the second equality is by the change of variable z = S~'w, the third equality is by
the definitions of S and e;, and the last equality is by the definition of (). The solution to
Problem (Partition) exists if and only if the optimal value to Problem (*) equals n. Thus,

we finish the proof of Claim 2. 0

B.6 Algorithm that Finds Near-optimal Solution to Optimal Transport

In this section, we present the algorithm that returns e-optimal solution to the following OT

problem:

min E T iCi s (B.8)
€D, £— 1,007
i,]
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where {¢; ; }; ; is the given cost matrix. Define ||C||o. = max; ; ¢; ;. In other words, we find

7 € T, such that
optval(B.8) < Y "7, ;ci; < optval(B.8) + €.
1,J

Entropy-Regularized OT. The key to the designed algorithm is to consider the entropy

regularized OT problem

mel'y

min E 7Ti7jCi,j+77 E .5 log(m-yj),
i,J (2]

whose dual problem is
1 n
i Gv) =— h; , B.9
ggﬁgnn{ () == (v)} (B.9)

where

Vj — Cij — 1
hi(v) = nlogZexp (%) — EZU]- +n(1 4+ logn).
J J

Given the dual variable v € R", one can recover the primal variable 7 using

l ’Ujfciyjfn
Lexp (1=t

v -/701-’ =M
Eyemern (“5)

m(v) =

Algorithm 12 essentailly optimizes the dual formulation (B.9) with light computational

speed.

Theorem 32 ([325, Theorem 3]). Suppose we specify Ty, = O(LlV00y 7 — y the pum-

ber of total iterations (including outer and inner iterations) of Algorithm 12 is O(% ln")

with per-iteration cost O(n). Therefore, the number of arithmetic operations of Algorithm 12

n2||C|loovVInn
( [IC]] )

€

for finding e-optimal solution is O
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Algorithm 12 Stochastic Gradient-based Algorithm with Katyusha Momentum for solving
OT [325]
1: Input: Accuracy € > 0,7 =
maximum inner iteration 7.
2: Take (o, 20, Nos Ao, Co, Do) = (0,0,0,0,0,0)
3: fort=0,...,Ty,— 1do

¢ = ———, maximum outer iteration 7, and

€
> - . o
8logn 6 max; j c; ;

4: 7'1,t:t%4;%:97—?’t

5: Ut = v¢(>\t)

6: forj=0,...,7T—1do

7: k=j+tT _

8: Akl = T2k + %)\t + (% — T14) Yk

9: Sample ¢ uniformly from [n], and construct

Hyp = w + (Vhi<>‘k+l) - Vhi&wﬁ))

10: Update zj,11 = 2, — v - Hpp1/2 and ypy10 = Mgy — 1Hgy1/9

11:  end for

12: Update /\H—l = % Z?:l YtT+5

13:  Sample \, uniformly from {Ner41, - s Mrr ) and take Dy = Dy + vec(w(/)\\t)) /T
14: Cy=C+1/m,

15: w1 = Dy /Cy

16: end for

17: Query Algorithm 13 to Round 7 := 77, to 7 such that 71, = 11, and 7'1,, = 21,
18: Return 7

B.7 Proof of Theorem 9

To analyze the complexity of Algorithm 3, we first derive the bias and computational cost of

the supgradient estimator v(.S) in (3.12).

Lemma 16 (Bias and Computational Cost). The following results hold: (1) (Bias) v(S)
corresponds to the gradient ofﬁ(S) =i i (ML M; 5, S), where T is defined in (3.12)
and |F(S) — F(S)| < ¢

(II) (Cost) The cost for computing (3.12) is O (C - n*\/logne ™), with O(-) hiding some

universal constant.

Next, we analyze the error of the inexact mirror ascent framework in Algorithm 3.
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Algorithm 13 Round to I';, ([6, Algorithm 2])

1: Input: 7 € R}

2: X = diag(xy,...,x,), with z; = min{1
of .

31 = Xm.

4: Y = diag(y1, ..., Yn), with y; = min{1, — ) } Here c;(7") denotes the j-th column
sum of 7’.

s5: ' =7'Y.
e, =11, —r(n"),e. = 11, — ¢(«”), where

r(@”) = (ri(@") )i c(7”) = (¢;(7")) jeim.

o } Here r;(7) denotes the i-th row sum

7. Return 7"’ + e,el /||e. ||

Lemma 17 (Error Analysis of Algorithm 3). When taking the stepsize v = 1%5\/23 , the

output §1:T from Algorithm 3 satisfies

log(2n)
TE

0< F(S*) = F(Syr) < 2+ 2C

Combining Lemmas 16 and 17, we obtain the complexity for solving (SDR).

Proof of Lemma 16. For the first part, it is noteworthy that v(.S) is associated with the

objective

Zm] MEM; ;. S),

where 7; ; is the e-optimal solution to

F(S) = mmZﬂ” (M5 M; 5, S).

mely

By definition, it holds that

The second part follows from Theorem 32. [

The proof of Lemma 17 replies on the following technical result.
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Lemma 18 ([233]). Let {Si}1_, be the updating trajectory of mirror ascent aiming to solve

the maximization of G(S) with S € Sy, ie.,

Sk+1 = argmax y(v(Sg), S) + V(S,8), k=1,...,7—1.
SeSo,

Here v(S) is a supgradient of G(S), and we assume there exists M, > 0 such that
lv(S) I, := Trace(v(S)) < M,, VS € S,.
Let §1;T = % 22:1 Sk, and S* be a maximizer of G(S). Define the diameter

D, = max h(S) — min h(S) = log(2n).

For constant step size
_ Dg, log(2n)
T MNT T MAT

it holds that

0< G(S*) — G(Gir) < M. 41%(2”).

Proof of Lemma 17. Let $* and S* be maximizers of the objective F/(-) and F(-), then we

have the following error decomposition:
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where the first inequality is because ||F' — ﬁ||Oo < e and
[F(57) = F(5)]] < & |[F(Sir) = F(Sur)]| < &

and the second inequality is because F° (§ ) — F (§1:T) < 0. It remains to bound []/7\ (§ *) —
F\(§1;Tﬂ. It is worth noting that
[[0(S)[|l = Z%HM Ml <Y my-C=C.
i,
Therefore, the proof can be finished by querying Lemma 18 with M, = C' and stepsize
__ log(2n)
=ovr -

Proof of Theorem 9. The proof can be finished by taking hyper-parameters such that

J log(2n) ¢

2¢ < — 2C < =

=9 T =2
In other words, we take € = £ and T = [M] We follow the proof of Lemma 17 to
take stepsize v = log(@n) 0

CcVT
B.8 Proof of Theorems 10 and 12

We rely on the following two technical results when proving Theorem 10.

Theorem 33 (Birkhoff-von Neumann Theorem [37]). Consider the discrete OT problem

min Zﬂ-@jcid’ . (BIO)

ﬂ'EFn

There exists an optimal solution 7 that has exactly one entry of 1 /n in each row and each

column with all other entries .

Theorem 34 (Rank Bound, Adopted from [198, Theorem 2] and [195, Lemma 1]). Consider
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the domain set

D= {S €St : Trace(S) = 1}

and the intersection of N linear inequalities:
€= {S € R™M . (8 A) > byi € [N]}.

Then, any feasible extreme point in D N & has a rank at most 1 + [/2N +9/4 — 3/2].
Such a rank bound can be strengthened by replacing N by the number of binding constraints

ink.

Proof of Theorem 10. By taking the dual of inner OT problem, we find (SDR) can be
reformulated as

1 & T .
max ﬁz(fl +gi) 0 fitgi <(Mi;M,;,S), Vi j€[n],. (B.11)

SESQ’IL .
f,geR™ =1

Let S* be the optimal solution of variable .S to the optimization problem above. Then for
fixed S*, according to Theorem 33 and complementary slackness of OT, there exists optimal
solutions (f*, g*) such that only n constraints out of n? constraints in (B.11) are binding.
Moreover, an optimal solution to (SDR) can be obtained by finding a feasible solution to the

following intersection of constraints:

17‘77

Find S € 82nﬂ8 = {S: Ji+9g; < <Mi,jM'T S), i,j € [”]}

By Theorem 34, any feasible extreme point from S»,NE has rank at most 1+ b /2n + % — %J .

Thus, we pick such a feasible extreme point to satisfy the requirement of Theorem 10. [

Proof of Theorem 12. Recall that

S>0,Trace(S)=1,rank(S)=1, .
Jgern =

1 n
(KMS) = max {ﬁ (fi+9i): fi+g < (MM, S), Vije [n]}
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and

1 n
_ - ) - ) < Vs o ]
(SDR) smommax. {n Z;(fz +g):  fitg < (Mi;M5L,S), Vije [n]}
f,geR™ =

It is easy to see Optval(KMS) < Optval(SDR). On the other hand, let (§, f, g) be an
optimal solution to (SDR) such that rank(§ )<k&1+ b /2n + % — %J . Next, take

It can be seen that S = 0, Trace(S) = 1,rank(S) = 1. Then, for any £ € (0, 1] and p > 0,

it holds that

Pr <MZJMT §> > e (ﬁ"i_/g\j)a Vlaj € [n]}

1’7.77

>Pr

(Mig M, 8) = & (MM, 5), vij € [n]

Z?j’ Zh],

—Pr{ (Mi; M5, 8) > = - B[(M M5, (CT)], Vi, j € n]}

(M; ;M5 ¢CY) - NiClla? > e - B[(M; MY, ¢CT)), o Viyj e [n]}

=IT

= A S

ZPI‘ <Mi,jMEj7

“T>Z§'E[<MwMM<T>L vijelnl ¢ > n)

6™y < = Bl M5, ¢} - e{ Tl > -}

9,77
(4,9)€ln]

>1—n?. — [

=

As long as we take 1 = 33/100, e = 4 - (33/100)3 /n?, it holds that

17]7

Pr{<Mi,jM.T Sy>e-(fi+g), Vije [n]} > 1/100.

In other words, there exists & such that

~

(e fi) + (- G)) < (Mg, €€%), Vi je ],  [lEla=1.
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Algorithm 14 Rank reduction algorithm for (SDR)

1: Run Algorithm 3 to obtain J-optimal solution to (SDR), denoted as S.

// Step 2: Find n binding constraints

2: Run Hungarian algorithm [184] to solve OT (3.11) with S = S , and obtain an optimal
assignment o : [n] — [n] together with dual optimal solutoin ( f*, g*).

// Step 3-9: Calibrate low-rank solution using a greedy algorithm
3: Initialize 0* = 1
4: while 6* > 0 do R
Perform eigendecomposition S = QAQT, where A = diag(\,...,\,.) with
rank(S) = r
6:  Find a direction Y = QAQ", where A € 8" is some nonzero matrix satisfying

W

Trace(A) = 07 <QTMi,a(i)ngQa A> = 07 Vi e [n]

If such Y does not Exist, thell break the loop.
Take new solution S(0*) := S + 6*Y, where

§* = arg max {5 : Amin(A + 0A) > o}.

6>0

9:  Update S = S(5*)
10: end whilAe
11: Return S

This indicates that (€7 ¢ - f, e - g) is a feasible solution to (KMS), and consequently,

n

£ ~ .
> . f. L) = £ - .
Optval(KMS) - E (e- fi+e-g)=¢c-(KMS)

=1

B.9 Rank Reduction Algorithm

In this section, we develop a rank reduction algorithm that, based on the near-optimal
solution (denoted as S ) returned from Algorithm 3, finds an alternative solution of the same
(or smaller) optimality gap while satisfying the desired rank bound in Theorem 10.

Step (i): Find n binding constraints. First, we fix S = S in (3.14) and finds the optimal
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solution (f*, g*) such that only n constraints out of n? constraints are binding. It suffices to

apply the Huangarian algorithm [184] to solve the following balanced discrete OT problem

1 & R
o, {g S(fitg): fitg< } = i {Z }

i=1 ij=1

where ¢; ; = (M, ; M} S ). The output of the Huangarian algorithm is a deterministic

l’]’
optimal transport that moves n probability mass points from the left marginal distribution
of 7 to the right, which is denoted as a bijection ¢ that permutes [n] to [n]. Thus, these n

binding constraints are denoted as

Ii +g;(i) < <Mi,jM‘T S), 1 €|nl.

l’] ’

We denote by the intersection of these n constraints as &,,.

Step (ii): Calibrate low-rank solution using a greedy algorithm. Second, let us assume
S is not an extreme point of Sy, N &, since otherwise one can terminate the algorithm to
output S following the proof of Theorem 10. We run the following greedy rank reduction

procedure:

(I) We find a direction Y # 0, along which S remains to be feasible, and the null space

of S is non-decreasing.

(II) Then, we move S along the direction Y until its smallest non-zero eigenvalue vanishes.

We update S to be such a new boundary point.
(IIT) We terminate the iteration until no movement is available.

To achieve (I), denote the eigendecomposition of S with rank(§ ) =ras

N A O
(o) (2 1) o )
0 0
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where A = diag(\y,...,\,) with Ay > -+~ > X\, > 0and Q € R*™". To ensure

S+ 0Y € Sy, N E, while Null(S + ) D Null(S), for some stepsize § > 0, it suffices to

A0
Y = (Q o) (@T 0) = QAQ",
0 0

take

where A € 8"\ {0} is a symmetric matrix satisfying
Trace(A) =0, (M;; M5, QAQ") =0, i€ [n].
To achieve (II), it suffices to solve the one-dimensional optimization

§* = arg max {5 : Amin(A £ 0A) > 0}, (B.12)

620

where A\pin(+) denotes the smallest eigenvalue of a given matrix. the optimization above
admits closed-form solution update. Let eigenvalues of A be \| > --- > ). It suffices to

solve

§* = arg max {(5 : min (A +0A]) > O}.

5>0 i€lr]
Aslong as A, > 0, we return 0* = 0. Otherwise, let 7 be an index such that \; > 0 > X} _,.
We take 0" = max;j<, —i—i as the desired optimal solution.
The overall algorithm is summarized in Algorithm 14. Its performance guarantee is

summarized in Propositions 13, 14, and Theorem 11.

B.10 Proof of Theorem 11

The proof of this theorem is separated into two parts.

Proposition 13. The rank of iteration points in Algorithm 14 strictly decreases. Thus,

Algorithm 14 is guaranteed to terminate within 2n iterations.

Proof of Proposition 13. Assume on the contrary that rank(§ (6*)) = rank(S) = r. Since

237



-~

S(6*) = Q(A + §*A)QT, the positive eigenvalues of §(5*) are those of the matrix A + §*A.
According to the solution structure of (B.12), this could happen only when A + §*A > 0,
i.e., either 0* = 0 or A > 0. For the first case, this algorithm terminates. For the second
case, since Trace(A) = 0, A € §", it implies that A = 0, which is a contradiction.

Thus, the rank of the iteration point reduces by at least 1 in each iteration. [
Proposition 14. Let S* be the output of Algorithm 14. Then, it holds that
(D) S* is a 6-optimal solution to (SDR).

(I1) The rank of S* satisfies

/ 9 3
rank(S*) <1+ { 2n + 1 2J

Proof. Recall the solution S obtained from Step 1 of Algorithm 14 satisfies

Zh]’

F(g) = min Zﬂi,j<Mi,jM'T §>

,gER™
te 1=1

Since Step 2 of Algorithm 14 solves the OT problem exactly, we obtain
1 - * * rad .
=Y (f7 +9;) = F(5) > objval(SDR) — &
n
i=1
Since Step 3-7 always finds feasible solutions to the n binding constraints

fi* +g;(i) < <Mi7jM'T S>7 XS [TL],

l’j ’

for any iteration points from Step 3-7, denoted as S, the pair (§ , f*,g") is guaranteed to be
the d-optimal solution to (3.14), a reformulation of (SDR). Hence we finish the proof of

Part (I).
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For the second part, assume on the contrary that r = rank(S*) > 1 + b [2n+ § — %J :
It implies n + 1 < r(r + 1)/2. Recall that Step 6 of Algorithm 14 essentially solves a linear
system with n + 1 constraints and r(r + 1) /2 variables, so a nonzero matrix A is guaranteed
to exist. Thus, one can pick a sufficiently small § > 0 such that A, (A + dA) > 0, which

contradicts to the termination condition 6* = 0. Thus, we finish the proof of Part (I[). [
Combining both parts, we start to prove Theorem 11.

Proof. Algorithm 14 satisfies the requirement of Theorem 11. For computational complexity,
the computational cost of Step 2 of Algorithm 14 is O(n?). In each iteration from Step 3-7,
the most computationally expansive part is to solve Step 6, which essentially solves a linear
system with n + 1 constraints and r(r + 1)/2 variables. The conservative bound r < 2n.
Hence, the worst-case computational cost of Step 6 (which can be achieved using Gaussian
elimination) is

O((n+14+7r(r+1)/2)-(n+1)?2) =0(n),

Since Algorithm 14 terminates within at most 2n iterations, the overall complexity of it is

O(nd). O

B.11 Numerical Implementation Details

B.11.1 Setup for Computing KMS Wasserstein Distance

When implementing our mirror ascent algorithm, for small sample size (n < 200), we
use the exact algorithm adopted from https://pythonot.github.io/ to solve the inner OT;
whereas for large sample size, we use the approximation algorithm adopted from https:
//github.com/YilingXie27/PDASGD to solve this subproblem. For the baseline BCD approach,

we implement it using the code from github.com/WalterBabyRudin/KPW _Test/tree/main.
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B.11.2  Setup for High-dimensional Hypothesis Testing

For baselines Sinkhorn Div, SW, MS, we implement them by calling the well-established
package POT [113]. For the ME baseline, we implement it using the code from https:
//github.com/wittawatj/interpretable-test.

Next, we outline how to generate the datasets for two-sample testing experiments in

Fig. 3.4

(I) The Gaussian covariance shift dataset was generated by taking
H= N’<Oajd)>y :N(Oajd +PE)>
where the dimension d = 200, the sample size n = 200, and F is the all-one matrix.

We vary the hyper-parameter p from 0 to 0.06.

(II) The Gaussian mixture dataset was generated by taking
1 1 1 1
= §N(Od, [d)+§/\/'(0.5-1d, Iy, v= §N(Od, [d+0.05E)+§N(O.5-1d, 1,+0.05EF),

where the dimension d = 40, and we vary the sample size n from 100 to 700.

(IIT) For MNIST or CIFAR10 examples, we take ;4 as the uniform distribution subsampled
from the target dataset, denoted as p = pqa. We take v as the one having a change of
abundance, i.e., ¥ = 0.85Dgaa + 0.15Ddata of 1abel 1> WHETe Ddata of 1abel 1 COITEsponds to the

distribution of a subset of the class with label 1.

Finally, we outline the procedure for practically using the KMS Wasserstein distance for

two-sample testing, based on the train-test split method:

(I) We first do the 50%-50% training-testing data split such that 2" = 2™ U 2™ and

yn — yTr U yTe.
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(IT) Then we compute the optimal nonlinear projector f for training data (™, 3™). We

specify the testing statistic as the Wasserstein distance between projected testing data

(fax™, fay™).

(IIT) Then we do the permutation bootstrap strategy that shuffles (™, ™) for many times,

e ye), and we

e.g., L = 500 times. For each time ¢, the permuted samples are (m(t), Yy
obtain the testing statistic as the Wasserstein distance between projected samples (using

the estimated projector f, denoted as WW( f#as(Tf), f#y(Tf)).

(IV) Finally, we obtain the threshold as (1 — «)-quantile of the testing statistics for permuted

samples, where the type-I error o = 0.05.

B.11.3  Setup for Human Activity Detection

The MSRC-12 Kinect gesture dataset contains sequences of human body movements
recorded by 20 sensors collected from 30 users performing 12 different gestures. We
pre-process the dataset by extracting 10 different users such that in the first 600 timeframes,
they are performing the throwing action, and in the remaining 300 timeframes, they are

performing the lifting action.

B.11.4 Setup for Generative Modeling

We follow Deshpande et al. [97] to design the optimization algorithm that solves the problem
ming D (Paatas (fo) #Pnoise ), Where pga denotes the empirical distribution of MNIST dataset,
Pnoise denotes the Gaussian noise, and ( fg)#pnoise represents the distribution of the fake
image dataset. We specify fy as a 4-layer feed-forward neural-net with leaky relu activation,
and 0 denotes its weight parameters. We train the optimization algorithm in 30 epoches.
From Fig. 3.6, we observe that the KMS Wasserstein distance provides fake images that are

more closer to the ground truth compared with the Sliced Wasserstein distance.
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B.12 Additional Numerical Study

B.12.1

Experiment on Significance Level

Here we add the experiment in the following table to show that as long as we take o = 0.05,

the practical type-I error of KMS Wasserstein test is guaranteed to be controlled within 0.05.

Table B.2: Type-I Error for two-sample testing with Gaussian mixture dataset.

Method

20

40

80

160

180

200

KMS

0.061 £0.015

0.055 £ 0.012

0.043 £0.014

0.059 £0.011

0.042 +0.014

0.062 £0.015

B.12.2 Rank Reduction Algorithm

Recall that Theorem 10 provides the rank bound regarding some optimal solution from

SDR. In this part, we compare the rank of the matrix estimated from Algorithm 3 with our

theoretical rank bound based on the CIFAR10 dataset. For a given positive semidefinite

matrix, we calculate the rank as the number of eigenvalues greater than the tolerance 1e-6.

The numerical performance is summarized in Table B.3. In these cases, one can run our

rank reduction algorithm to obtain a low-rank solution. Fig. B.2 illustrates the procedure

by showing the probability mass values associated with the eigenvectors of the estiamted

solution 5. From the plot, we find that our rank reduction algorithm is capable of producing

low-rank solutions even though the matrix size is large.
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Figure B.2: Procedure of rank reduction algorithm for CIFAR10 example with sample size
n = 200.

Table B.3: Numerical performance on rank for CIFAR1@ dataset

Sample Size n Rank Obtained from Rank Bound from
Algorithm 3 Theorem 10

200 400 19
250 500 21
300 600 24
350 700 26
400 800 27
450 900 29
500 1000 31
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APPENDIX C
PROOFS AND ADDITIONAL DETAILS OF CHAPTER 4

C.1 ADMM for Solving SDP Problem (4.21)

Define the domain sets

c={zeSh,: 200 =1,Tr(z) = 2},
2

B = {(Z, ) Y (2W) <2000, | 37 129 | <dzq® vieDlgeQ
J€[D]

J€(D]

Y

Let Z4(-) denote the indicator function of set .A. Then problem (4.21) can be reformulated

as

min { (A, 2) + Te(2) + Tp(Z, q)}.

Z,q

By introducing a new variable Y, the problem above can be written as
min {— (A, Z) +Te(Z) + Ts(Y, q) - Z:Y}. (C.1)
»1hq

The augmented Lagrangian function for problem (C.1) is defined as

- 1
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where 7 > 0 is a penalty parameter. The ADMM approach produces the following iterations:

Zyyr = argmin L,(Z, Yi, qx; M), (C.2a)
z
(Yes1, Ges1) = argymin L,(Zys1,Y, q; Ag), (C.2b)
’q
1
Npyr = N — ; [Zk+1 - Yk+1]~ (C.20)

The ADMM algorithm terminates at iteration k if for some tolerance parameter tol > 0, it

holds that
| Zk41 _}/k—i-l” <
1+ [|Allx

tol.

The advantage of ADMM is that, based on the variable splitting trick, the subproblems
(C.2a) and (C.2b) are easier to solve than the original SDP problem.

Specifically, the subproblem (C.2a) reduces to

- 2
Zpi1 = arg min HZ — (Y +7A+ TAk)H , (C.3)
zeC F
which amounts to solving an eigenvalue problem. See the detailed algorithm design in

Remark 31.

Next, the subproblem (C.2b) reduces to

(Yk+17 C]k:+1) = arg min HY - (Zk;+1 - TAk)Hiw (C4)
(Y,q)eB

which amounts to solving a large-scale second-order cone program. See the detailed

algorithm design in Remark 32.

Remark 31. Given a symmetric matrix X € RPHDX(PHD) - consider the optimization
problem

: - 2
min |7 — X5
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Since this problem is unitary-invariant, its optimal solution is given by Z* = U diag(a*)U"
for some vector a* € RPYL, where the matrix X admits eigendecomposition X = U diag(b)U™.

The vector a* can be obtained by solving the following problem:

D
a* = arg min {Ha —b2: a>0,a" = 1,Za(i) = } . (C.5)

=0

Such a problem is a variant of the projection problem onto the simplex in Euclidean space.
We adopt the algorithm in [277] with complexity O(D log D) to solve this problem. See

details in Algorithm 15.

Algorithm 15 An O(D log D)-complexity algorithm to solving problem (C.5)
1: Sort D) to b such that b < - .. < pD),

T D—j+1 i=j

3: Compute § = —2 (ZD b0 — 1)

D—j+1 i=j

2: Find smallest index j such that bU) L <ZD b0 — 1> > 0.

4: Return vector a such that ¢(® = 1 and a¥ = max{0,b® — 0},i € [D].

Remark 32. Given a matrix X € RPTVXDPHD - consider the optimization problem

i Y — X||2.
(nin, | %

It can be reformulated as a second-order cone program that could be solved efficiently based

on some off-the-shelf solver:

‘min |lvec(Y') — vec(X) Hg
Y,q€0,A; ic[D]

S.1. ”Y(l’)Hl S Al,l c [D],
(24;, YD — dg® YD 4 dq)) e €5, YD) > 0,4 € [D],

| 1, 1, |
(YOU YO — g Y EP), 2g) € Cpiie (D)

Y 5
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where Cp.1 denotes the second-order cone of dimension D + 1:

Cpi1 = {(z,t): z € RP t € R, |z|]» < t}.
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C.2 Proof of Example 2

Proof of Example 2. Note that the population version of the objective in (4.12) becomes
F(2) = MMD?(N(0,1), N (0, (1 + €)%); k1) — Aog,, (N (0, 1), N(0, (1 + €)%); k1), if 21 0,

when z = Z and otherwise F'(z) = 0. Therefore, taking the variance regularization

MMD2(N(0,1), N(0, (1 + €)?); /ﬁ))

achieves the desired result. It remains to compute MMD?*(A(0,1), N (0, (1 + €)?); k1) and
03, (N(0,1), N(0, (1 + €)?) to finish the proof. According to the definition, it holds that

MMD?*(N(0,1), N(0, (1 + €)*); k1)
=E,oeno) [F1(z, )] + Eyyronvo,1402) k1 (4, ¥)] = 2Bano,0),y~N(0,(1402) [K1 (2, )]

_ExxNN(Ol kl (L’ z +k1((1+€) 7<1+6)I,)—2k1($,(1+€)y)]

Y
rl+2 Tl+21+e 7+ 1+ (14¢)?

where the last step is by substituting the expression &y (z,y) = e~ (@=v)*/(27%) and calculating

several integral of exponential functions. Also, we have that

03, (N(0,1), N(0, (1 + €)%); k1) = 4E[H1 2 H 3] — AMMD*(NV(0, 1), (0, (1 + €)?); k1).
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According to the definition of H; ; in (4.3), it holds that

EﬂffL2f¥L3]::IExhx%13@4~AK0J)[k1($17$2)k1(fla$3)4f2k1($1,$2)k1((1‘F€)$37(1‘F€)$4)
— 4ky(z1, z2)k(z1, (1 + €)x3) — 4k1 (a1, (1 + €)z2) k1 ((1 4 €)as, (1 + €)xq)

+—4k1(x1,(1—Fe)xg)kl(xl,(l—%e)xg)4—kq((1—ke)x1,(1—Fe)xg)kl((l—%e)xl,(l—%e)xg{

Tf 4Tf
- \/(712 TG \/(T% +2)(72 +2(1 + €)?)
167f
Vo F i A+ 2+ A +2)((A+e)t2)

\/ 167 +\/ 167}
(F+1+1+e)(f+21+6?%) | (7 +A+e)?)(f+ (146> +2)

4
1

+ \/(712 T+ r30 1)

The proof is completed.
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C.3 Proofs of Technical Results in Section 4.4

Proof of Theorem 13. A natural combinatorial reformulation of (STRS) is

max  {2TAz+ 2"t [z]]p = 1,2 =0,VEk ¢ S}h. (C.6)
SCID]: |sl<d

2ERP

Given a size-d set S C [D], and problem parameters A € Sp, ¢ € RP, it holds that

max {ZTAz+ 2"t ||z]la = 1,2% =0,Vk ¢ S} = max {zTA(S’S)z + 2Tt 2|y = 1}.
z€R z€eR

(C.7)

Next, we linearize the problem (C.7) using the auxiliary variable defined as

T
1 1 1 27
Z pr— pr—
z z z 22T
and the matrix
11(S\T
/1@;5):: 0 Q(t )
%t(S) A(S.S)

Assume the index of Z and A is over {0,1,...,d}?. Then we equivalently reformulate

the problem (C.7) as

s.t. rank(Z) =1, (C8)
700 =1 Tr(Z) = 2.

In particular, constraints Z > 0,rank(Z) = 1, Z(®9 = 1 together imply that
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for some vector z € RY and the condition Tr(Z) = 2 implies ||z||; = 1. By [195,
Corollary 3], we further obtain the following equivalent reformulation of problem (C.7)

when dropping the nonconvex rank constraint rank(Z) = 1:

max (A9 7)
€85 (C.9)

st. 200 =1, Tr(Z) = 2.

In summary, we obtain the following reformulation of (STRS):

max (ASS) 7y

ZeST |,8C[D): |S|<d

d+1

(C.10)
st. 200 =1 Tr(Z) = 2.

It remains to show the equivalence between formulations (4.16) and (C.10). We only need

to show for any feasible ¢ € Q with its support S := {k : ¢®) = 1}, it holds that

max {(A, Zy: Zi; <q¢Wie[D],Z2% =1,Tr(Z) = 2}

+
Zes},

(C.11)
= max {(A(S’S),Z) D Zoo=1,Tr(Z) = 2}.

+
Zest,

Since Z € S}, is a positive semi-definite matrix, the condition Z") = 0 for i € [D]\ S
implies

70 =0, V(i,j) ¢S x8S.

Leveraging this property, we check the relation (C.11) indeed holds true.

]

Proof of Corollary 2. It suffices to verify the following two valid inequalities hold for
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problem (4.16):

Z (Z(i,j))Q < Z(iﬂ')q(i)7 Vi € [D]7 (C.12)
JE(D]
2
Z |Z(i,j)| < dZ(i’i)q(i), = [D] (C.13)
J€[D]

This verification step follows a similar argument in [194, Lemma 2].

O

Proof of Theorem 14. We first re-write f(q) as the optimal value to the following optimiza-

tion problem:

max (A, Z)
ZeSh, 1, U>0,Y,yt
700 — 1 [Ao]
Tr(Z) = 2, (Al
D U <y vie (D], ER
J
— U < 7090 <UD, i je(n], W Wy
1 .o d ;
I tll, < 5249 + 549, Vie (D], Zy
1 ... d .. i
ti = 5200 — g, Vie[D], [v3")
2 2
y () — 76 _ §q(l)€i’ Vi e [D], [AG9)]
HY(’)H2§§ @ Vie[D]. (1]

Here, we associate dual variables with primal constraints in brackets. In detail, constraints
corresponding to [3®)], W™ Wi 1], [147] are reformulation of the valid inequality
(C.13), and constraints corresponding to [A®*)] and [1")] are second-order conic reformula-

tion of the valid inequality (C.12).
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Its Lagrangian dual reformulation becomes

max (A, Z) + 2o (1= Z200) 4 X(2 - Tr(Z +25<Z PR AEN

min
A Ao0,v2,A Zest, . U>0,Y,y,t

BW1, Wa,vy,u>0" — Pt

4,7 3 a 7 % 1 1,7 d A
+ 3w U 4 Z609)] +ZW( Dyd — 7@ +Zu [22(’)+2q()_|(yi§ti)“2:|
N 2]

@ (L6 _ d MG |76 _ Loy @ (Lo _ Hy(z@) H
+ 27: Vs ( ) Z [ 2q + 21: iz 3 q N
Or equivalently, it can be written as

d 1
A’/{IOI}VI;A {)\o + 22+ §(V1 — ) g+ 5(# — diag(A)) g
B,W1,Wa,v1,u>0

+ max <A’ Z> - A()Z(O ,0) )\TI' + Z W(LJ) 7.7) + A(z] (2,9) + = Z Z(z %)

zes} .,

_ @) (4,) (4,9) (©3)y (i) (@) @)y ()

+ max ;5 zj:U +sz_:(vv1 + Wy hu —|—max{ ZA Y Zi:u Y ||2}
+ max {Z B0 =3 sl = 3 ng} }

The inner maximization over Z can be simplified into the constraint

_)\O %tT Z0

st A= Xp+ Wy — Wy + A+ § diag(y + 1)

The inner maximization over U can be simplified as
Wy + W, — diag(5) < 0.

The inner maximization over Y can be simplified as

S (AR < (W0, i€ (D)

J
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The inner maximization over (y, t) can be simplified as
(B9 + (A7) < (47), i e[D]

Combining those relations, we arrive at the dual problem

d 1
omin o Ao+ 2047 | o — ) + 5 (u — diag(A))
B,W1,Wa,v1,u>0
—Xo 1T
=0,
%t A—/\ID+W1—W2+A+%dlag(V1+V2)

Wy + W, — diag(B) <0,

D (A2 < (u0)2 i e (D],

]

Proof of Theorem 15. The left-hand-side relation is easy to show. The proof for the right-

hand-side relation is separated into two parts:
* optval(4.21) < ||t||2 + d - {optval(4.16) — miny |t[k]|};

* optval(4.21) < ||t[[2 + D/d - optval(4.16).

(I) For any feasible solution (g, Z) to (4.21), we find
Zt(i)Z(O’i) < Z )| 209] < Z 1tV Z(0.0) Z0)
1/2 1/2
— Z tD |V Z ) < (Z ]t(")]z) (Z Z(m) = ||t/lo.
where the first inequality is due to taking absolute values, the second inequality is
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because Z = 0 and |Z(*)| < /Z(00) Z(i4), and the last inequality is by the Cauchy-

Schwarz inequality.

As a consequence, for any feasible solution (¢, Z) to (4.21), it holds that

(A,2) =3 AP 26D 13740 709 < 57 ACD| | 26| 4 [el],. (C.14)
7,7 A

1]

On the other hand, it is easy to verify that for any ¢ € [D], the following is a feasible

solution to (4.16):

T T

where e; is a basis vector with the i-th element being 1. This yields
optval(4.16) > max { A 4 ¢ AGD 401 = AGD 4140 € [D].
Therefore, we obtain

A%) < optval(4.16) — [t?| < optval(4.16) — rn[in] 1t
€D

and |A®)| < VAGD AGI) < optval(4.16) — mine(p) [t?] for any i, € [D]. Com-

bining this expression with (C.14) implies that

(A,2) < 2; lZ“’”\-(Hggx \A“”’l)ﬂltnz < 2; lZ“’”\-(optvalm.m) ~ min |t<">|)+||t||2.

(C.15)
o 2 S
Also, because of the valid inequality <Z ; ’Z (0.9) D < dZ9¢ it holds that

1/2 1/2
S 1269 < VA" VZT < Vi (z zw) (Z qm) a
i : i :
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Combining this relation with (C.15) gives the desired result.
(I) For any feasible solution (Z, ¢) in (4.16), we enforce Z(®9 = Z(0) = 0 for i € [D],
then the updated solution is still feasible, with the associated objective value
(Zz(PLIPD - 4)

Therefore, we obtain the relation

optval(4.16) > max {(Z, Ay 20D < ¢ e [D],Tr(Z) = 1} > d/D-Amax(A),

ZGSD qeQ

(C.16)

where the last inequality is due to [194, Proposition 2 and proof of Theorem 5].

For any feasible solution (Z, ¢) in (4.21), according to Part (I), it holds that >, t® Z(©9 <

||It||2, and therefore

ZAZJ Z(U)+Zt A Z(D] o) >+||t||2

< max (A, Z) + [[t]l2 = Amax(A) + [[]]2-
Z=0,Tr(Z2)=1

Combining this relation with (C.16) gives the desired result.

]

Proof of Theorem 16(1). Let z, =) . y¥e, be the optimal solution of (STRS), where ¢; is
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the 7-th basis vector. Then it holds that

optval(STRS) = Z y® [ef (Az +1)]

< \/Z<y<i>>2\/2<e?<Az* )

< Vdmax el (Az, + 1)

< \/Emlax {max el (Az —i—t)}

z2€EZ

= Vdmax {eiT(Aﬁi + t)},
where the last equality is because

2 = argmax e; (Az) = argmax e; (Az +t).
2€Z z€EZ

Based on the observation above, one can assert that there exists ¢ € [D] such that
Videl (A% +t) > optval(STRS). (C.17)
Next, we provide the lower bound for V{y):

Vi) = max max (eiTAei +elt, 2 A% + 2?25)

%
)

> max {max (eiTAe,-, 2?A21> -+ min (eiTt, 2th>}
> max {eiTAéi + min <€iTt, ﬁ'th)}

P— T 5 1 5 T

= max {ei (AZ; + t) + min <0, (2 — e) t)}

1
> —=0ptval(STRS) + max min (o, (3 — ei)Tt)

1
> —=optval(STRS) — 2||t[|(a+1),

Vd

where the second inequality is because A = 0 and 0 < (e; — 2)TA(e; — 2;) = (el Ae; +
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1 AT £ 4 AT 42
el A3 < E(e;rAei + 25 A%;) < max (eiTAeZ-, zzTAzi>,

the third inequality is due to (C.17), and the last inequality is because Z; —e; is a (d+1)-sparse
vector with ||Z; — e;||2 = 2, and

max min (0, (2 — ei)Tt> > —max

T
z i a llallo<d+1, <2 (L/[E78Y

The proof is completed.
]

Proof of Theorem 16(I1). By [1, Theorem 1.1], the primal-dual pair (v, A) of the trust region

subproblem satisfies the following:

(A= X)v=—t
A<M

lvofla <1

(AL = [v]l2) =0

Let Z be the d-sparse truncation of v. Then it holds that

A+t = 2T Av + 2T (A + A

[d
=Azto =Tz = )|z, > A o

On the other hand,

1/2
2TAv + 172 < V2TAVUTAv + T2 < V2T Az - ()\ — tTv> + T2,
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where the last inequality is because (A — Al)v = —t and therefore
v Av + tTo = |3 < A
By re-arrangement, it holds that
\/%)\ < VETAz- (A~ t%)m +172.
Or equivalently, the dual multiplier A satisfies

d [d 1 T
SN2 /= A
D)\ [ th+z z

A (272 + (2T A2) (v™t) <.

Consequently,
A — (2T A2)|t]| <o0.

d
- [2\/ St + " Az

The determinant of the quadratic function on the left-hand-side above is non-negative:

2
[d
24/ Sl + 2" Az

d 2d
< T gL It
VA< YAz 42 D||tH(d)+ D||t||2

Hence, we find the upper bound of A:

4d
+ EZTAZHtH > 0.

On the other hand,

2\/7\15“ +zTAz—|—\/_

< Z2TAz + ||t + \/ ||t||(d
D
Vi + [[t]]2 + Vi + Vi 1]l (a)-
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This, together with the fact that A > vT Av + tTv > optval(STRS) completes the proof.

]

Proof of Theorem 17. Define the following two sets:

Ty:={z€RP: ||z, < 1,|]z|l, < Vd},

Sqi={z R ||z]l < 1,|2]lo < d}.

It has been shown in [100, Lemma 1] that there exists a factor p € (1,1 + y/d/(d + 1)]
such that

Ta C p-conv(Sy).

It follows that

optval(4.22) < max {zTAz+ 2"t} = max : {p?2T Az + p2Tt}

z€p-conv(Sy) z€conv(Sy

< max : {p?2T Az + p*2"t} = p* - max : {21 Az + 2"t}

" z€conv(Sy z€conv(Sy

=p’optval(STRS),

where the second inequality follows from the fact that in the optimal solution to the problem
MaxX,cconv(s,) 1072 Az + pz"t}, we have that z't > 0. The last equality is because the

objective function z* Az + 2™t is a convex function.

Proof of Proposition 2. The proof of this proposition is a simple extension from [100].
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C.4 Extension of Technical Results in Section 4.5 for a Generic Kernel

We first make the following assumptions regarding the kernel choice K, (-, ), variance

regularization value ), and data distributions p, v.

Assumption 10. The kernel K (-, -) is uniformly bounded and satisfies the Lipshitz con-
tinuous condition, ie., for any z,z' € Z, x,y € Q, it holds that |K,(x,y)| < M and

K- (2,y) = Ko (2, y)| < L[z = 22

Assumption 11. Under the alternative hypothesis H, : j # v, there exists A > 0 such that

for some ¢ € Z, it holds that MMD?(ui, v; K¢) > 0 and
As = MMD?(p, v; K¢) — )\[mazx oy, (v K.) — mig oy (v K.)] > 0. (C.18)
z€E zE

Here 072{1(/1, v; K,) denotes the population version of the empirical variance estimator

defined in (4.11).

Assumption 10 is a standard assumption used in the statistical analysis of kernel-based
testing in literature. Assumption 11 is imposed to ensure the expected value of the testing
statistic is strictly positive. It is worth noting that this assumption is not too restrictive. In the
following, we demonstrate that, under mild conditions, our proposed kernels in (4.5)-(4.7)

indeed satisfy Assumptions 10 and 11.

Proposition 15 (Sufficient Condition of Assumptions 10 and 11). (I) (Linear Kernel) For
the kernel in (4.5), Assumption 10 is guaranteed to hold with M = \/d and L = /2d.
As long as there exists s* € [D] such that Projg.yp # Projg.,v, Assumption 11 is

guaranteed to hold with

Ae |0,

max,cz ZSQ[D] Z(S)MMDQ(PrOjS#u, Proj,uv; ks) )
16d ’

(Il) (Quadratic Kernel) For the kernel in (4.6), Assumption 10 is guaranteed to hold with
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M = 2¢® +2d and L = 4d + 2cv/2d. As long as there exists s* € [D)] such that
Proj,e upt # Projeyv or (A(u,v))®*") > 0 holds, Assumption 11 is guaranteed to
hold with

\e [o, maez 2T A V)2 4+ 1T (1, v)> .

16(2d + 2¢?)?

(1) (Gaussian Kernel) For the kernel in (4.7), if additionally assuming that Q2 C {x €
RP : ||7]|ee < R}, Assumption 10 is guaranteed to hold with M = 1 and [, =
%. As long as there exists S C [D] with |S| < d such that Projg,p # Projgyv,
Assumption 11 is guaranteed to hold with

relo max,ez MMD?(p, v; Kz)> '

16

Proposition 16 (Non-asymptotic Concentration Properties). Under Assumption 10, with

probability at least 1 — 0, (i) the bias approximation error can be bounded as

sup|S?(x",y"; K.) — MMD?(p, v; K.,)
z€EZ

8 D\ 2
<es = NG [M\/Qlog (d)5+2dlog(4\/ﬁ)+L

1 D 1.\
=0 7 M-(d(logn+logg+log5)) + L

where O(-) hides constants that are independent to parameters D, d,n, M, L.

(ii) and the variance approximation error can be bounded as

64 D\ 2 18M?
< A2 21 — +2dlog(4 —_— LM
<es \/5[7\/ og<d)6+ og(4y/n) + Tn +8

sup |53, (x",y"; K.) — 03, (1, v; K.,)
zEZ
B 1
=0\ 7

where o3, (11, v; K.) £ Exnpynon [05, (X", y" K2)).

2

1/2
LM + Ajﬁ + <d(logn+log§ +10g(15)) ]) ,

Proof of the proposition above follows similar covering number arguments in [202,
Theorem 6]. The main difference is that when applying union bound on the set Z, the

corresponding error bound is sharper because the covering number of sparse-constrained set
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Z 18 much smaller.

C.5 Proofs of Technical Results in Section 4.5

Proof of Proposition 15. (I) We first verify the boundness and Lipschitz continuity condi-

tions. Specifically, it holds that

K.(z,y)] < 29| < ma 29 < ma 2| < Vd,
Ker) £ 30 19 Smax YIS max 3010 <
se[D] s€[D] €ld]
where the first inequality is because |ks(z,y)| < 1 for any z,y € R, and the third

inequality is because any vector in Z only has at most d non-zero entries. Next, we find

|Kz(x>y) - Kz’(zay)| = Z (Z(S) - (Z/)(S))ks(x(S)ay(S))

s€[D]

< ST Y — ()9 = |1z = Iy

s€[D]

< V2d||z — 2|2,

where the first inequality is because |ks(z,y)| < 1 for any x,y € R, s € [D], the
second inequality is because the vector z — 2’ only has at most 2d non-zero entries.
The remaining of Part (I) can be proved by noting that

MMD?(p, v, K) < max z(s)MMDQ(ProjS#u, Proj,,v; ks)

z€Z
s€[D]

and

max |3, (4, v K2)| < 8d.
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(II) For quadratic kernel, we find

2

| K, (z,y)| <2 Z 29k (29, yD) | +2¢* < 2d + 262,

s€[D]

where the first inequality is based on the relation (a + b)? < 2a? + 2b?, and the second

inequality is because in Part (I) we have shown that | Zse[ D] 2Ok (29, 4| < Vd.

Besides, it holds that

|K.(z,y) — Ku(2,y)| = Z (Z(S) - (2/)(5))k8(x(s)7y(s)) Z (Z(S) + (Z,)(S))ké‘(x(s)v y(s)) +2c).

s€[D] s€[D]

Recall the first term on the right-hand-side can be bounded by v/2d||z — 2’||2, and the

second term can be upper bounded by a constant:

D (D 4+ () (2,5 ) + 2

s€[D]

<D Y ks, 5 )] + 2¢
s€[D]

<Y E9 + ()9 +2¢
s€[D]

< max |vlls + 2¢ < 2v2d + 2c.

v [|vllo<2d,||v][2<2

Combining those two relations gives the desired result. The remaining of Part (II) can

be proved by noting that

MMD? (1, v, K;) < maxmax 2" A(p, v)z + 25T (1, v)

2€EZ zEZ
and

max |03, (p,v; K.)| < 8(2d + 2¢%)*.

z2€Z
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(III) The boundness of the Gaussian kernel is easy to check. The Lipscthiz continuity
condition of the Gaussian kernel follows from [202, Lemma 20]. The remaining of
Part (IIT) can be proved by noting that

max !aH nv; K| <8.

Before showing the proof of Theorem 16, we list two useful technical lemmas.

Lemma 19 ([138, Theorem 10]). Assume the kernel K,(-,+) is uniformly bounded, i.e., for
any z € Z,x,y € €, it holds that |K,(z,y)| < M. For fixed = € Z, with probability at

least 1 — 6,
16M 2

Lemma 20 ([202, Lemma 17 and 18]). Assume the kernel K (-, -) is uniformly bounded, i.e.,

S?(x", y" K.) — MMD?(u,v; K.)| <

forany z € Z x,y € Q, it holds that | K ,(x,y)| < M. For fixed z € Z, with probability at

least 1 — 6,

2 2 1152M72
< 4484/ —log - + :
n )

672-11 (Xn> vy Kz) - 072-11 (/La v Kz)

Proof of Theorem 16. We first consider an e-cover of Z, denoted as {z; };c[r]. According
to the definition of Z, it can be shown that 7' < (3 ) (4/€)?. Applying the union bound
regarding the concentration inequality in Lemma 19, we obtain with probability at least
1-9,

max |S*(x",y"; K.) — MMD?(u, v; K.)

z2&{zi}ie[m)

1
0g5

For any z € Z, there exists 2’ from {2; };c7) such that ||z — ||, < e. Based on the Lipschitz

assumption regarding the kernel function, we find with probability at least 1 — 9, it holds
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that

sup )S’Z(X”,y”; K.) — MMD?(u,v; K.,)

Z2EZ

< _max [ Sy KL — MMD?(u,v: K.)| + SLe
Z€1Zijie[T)
16M 2T 16 M

D\ 2 4
_\/_ log — +8Le<\/_ log< )5+dlogz+8Le.

Setting € = 1/4/n gives the desired result.

Next, applying the union bound regarding the concentration inequality in Lemma 20, we

obtain with probability at least 1 — 6,

2 2T 1152M7
max < 448 log7—|— > .

2€{zi}ic[m)

6-72-[1 (Xna yn7 Kz) - 0-’7%[1 (,LL, v, Kz)

n

Similar as in the first part, we find with probability at least 1 — 4, it holds that

2€Z

< max
z€{zi}ic[T

2 2T  1152M?2
<448 —log7+
n

5%, (x", y" K.) — 0%, (u,v; K,)| + 512LMe

+512LMe

2 D\ 2 2 4 1152M?
<4484/ —log -+ —dlog — + + 512LMe.
n d]/d n € n

Also, setting ¢ = 1/4/n gives the desired result. U

Proof of Theorem 4. To simplify notation, let us define the population version of the objec-

tive in (4.12) as follows:

F*(z) = MMD?(u, v; K.) — Ao, (u, v; K2).

We first derive the lower bound of F*(Z1y) in terms of F*(Z) with Z defined in Assumption 11
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using concentration analysis. It is clear that [[™*(2) — F(2)| < €4/ With probability at

least 1 — §. As a consequence, with probability at least 1 — 9, it holds that
F*(éTr) > F(f%Tr) — €nq.,6/4 > F<Z) — €np,6/4 > F*(Z) - 2671Tr75/47 (C19)

where we use this observation in the first and last inequalities, and the second inequality is
because of the sub-optimality of zZ. Now we are ready to show part (I) of this theorem. By

definition, we find

E[TNTE] - MMD2(/L7 v, Ké’Tr)

= F*(2n) + Aojy, (1, v Kiy ) > F* (1) + Aﬂg,ggizl(#» v; K2).

Combining the relation above and (C.19) implies that, with probability at least 1 — ¢, it

holds that

NTel ——

E[To.) > F*(2) — 2€np,.6/4 + )xmig oy (1, v K.) = Az — 265, /4
zE

The second part of this theorem follows from [138, Theorem 12].

]

Lemma 21 (Asymptotics of Inverse Error Function [106]). Denote by S(x) the inverse of

the error function

1 T
q)(l') = \/—2_7r/ 672&2/2 dt.

S(x) — \/EW (—zﬂ(ml_ 1)2)

where LYV (x) denotes the function Lambert W () admitting the series expansion

As x — 1, it holds that

LW(x) = Z ﬂx”

n!
n>1
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Specifically, LWV (x) — In(x) — Inln(z) as z — oc.

Proof of Theorem 19. It is worth noting that

Ji1e(Tn, — ET, ET
]P)(TTLTe > tthres) =P <TnTe > T ) =1—-—P < Ty ( Te Te) < T nr, Te
Ne O, OH1A/MTe O,y
21—@< T _vnTeETnTe)_L
OH1\/TVTe O,

)

3
O-H 1 nTe

where for the inequality above we apply the Berry—Esseen theorem to argue that the distri-
bution of \/nre(T,,,. — ET,...)/0x, can be approximated as the normal distribution with

residual error O(1/,/n1.). Therefore, as long as we ensure that

—1/1 _
d T < O (e) <= ET, ZL+(I) (1 6)’

NTe
OHi1+/MTe OH, Ne e

it holds that the testing power is lower bounded:

Cp

3

P(T,.. > tihres) > 1 — € — .
( Te th )— O_Hl nTe

Taking ¢ = 1/,/nr. and applying the asymptotic formula on the inverse cdf ®~!(-) in
Lemma 21 gives the desired result. The type-I risk upper bound follows a similar argument.

]
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APPENDIX D
PROOFS AND ADDITIONAL DETAILS OF CHAPTER 5

D.1 Detailed Experiment Setup

Unless stated otherwise, we solved the SAA, Wasserstein DRO, and KL-divergence DRO
baseline models exactly using the off-the-shelf solver Mosek [7]. Optimization hyperparam-
eters, such as step size, maximum iterations, and number of levels, were tuned to minimize
training error after 10 outer iterations. We use RT-MLMC subgradient estimator to solve
the Sinkhorn DRO model. We employed the warm starting strategy during the iterative
procedure: we set the initial guess of parameter 6 at the beginning of outer iteration as
the one obtained from the SAA approach. At other outer iterations, the initial guess of
parameter 6 is set to be the final obtained solution ¢ at the last outer iteration. The following
subsections outline some special reformulations, optimization algorithms used to solve the

baseline models.

D.1.1 Setup for Newsvendor Problem and Running Time

To solve the 2-Wasserstein DRO model with radius p, we approximate the support of worst-
case distribution using discrete grid points. Denote by D,, = {1, ..., z,} the set of observed
n samples and Gyg_,, the set of 200 — n points evenly supported on the interval [0, 10].
Then the support of worst-case distribution is restricted to D,, U Gogo_r, := {21, - - -, Z200}-
The corresponding 2-Wasserstein DRO problem has the following linear programming
reformulation:

min  Ap+ ! i S

0.\ n =

s.t. kO —umin(0, 2;) — Mz — 2)* < s, Vi € [n],Vj € [200].
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D.1.2  Setup for Mean-risk Portfolio Optimization

From [226, Eq. (27)] we can see that the 1-Wasserstein DRO formulation with radius p for

the portfolio optimization problem becomes

. 1<
9{9,1,\](,15 Ap + - Z S;

=1

S.t. 96@, bj7‘+aj(9,2,-> SSi,iG [TL],jE [H],

la;0lla < A,j € [H].

Also, we argue that the 2-Wasserstein DRO formulation with radius p for the portfolio

optimization problem has a finite convex reformulation:

inf sup  Ep|maxa;(0,2) + b7
€0, P: WQ(P,@n)SP P[jE[H] j< > ’ ]

1 n
= inf {)\p2 + - izlsgip {je[z%aj(@, Si) +b;7 — N|si — 21||§}} :

6cO,7,A>0

In particular, the inner subproblem has the following reformulation:

a G,Z‘i‘b —)\ Z‘—AZ‘2
sup {9, + 7~ Ao~ 43}

Si

=max b;7 + sup {aj<9, si) — Allsi — 21”3}
JeE[H] si
2

a®
max b7+ 26+ 0;(6. )

Hence, the 2-Wasserstein DRO can be reformulated as

n
: 5 1
min  Ap” + — E S;
67T7>\7S n . 1
1=

2
a’
st. €0, bjr+aj(0,2¢>+ﬁll9||§§8m i €[n],j € [H]
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D.1.3  Setup for Adversarial Multi-class Logistic Regression

The procedure for generating various adversarial perturbations is reported in the following:

(I) For a given classifer B and data sample (z,y), the £,-norm (p € {1,2}) adversarial

attack based on projected gradient method [212] iterates as follows: xg <— x and

Axk+1 — argmaX {vth(xk7y)T77}7
Inllp<€

.Z’k+1 < Proj{x,: |z—a || p <&} {xk + Al'k+1}.

Q@
VEk+1
We perform the gradient update above for 15 steps with initial learning rate o = 1.
When p = 1, the radius of attack £ € {0, 3e-3,6e-3,9e-3,1.2e-2} - p; and when

p = 2, the radius £ € {0,8e-3,1.6e-2,2.4e-2,3.2e-2} - o.

(II) For a given feature vector z, the perturbed feature using white Laplacian noise becomes
x + & - ¢, where the random vector ( follows the isotropic Laplace distribution with
zero mean and unit variance. The ratio £ € {0, 2e-3, 4e-3, 6e-3,8e-3} - p. Similarly,
the perturbed feature using white Gaussian noise becomes x + £ - (, with ( being the
isotropic Gaussian distribution with zero mean and unit variance. In this case, the ratio

¢ €4{0,5e-2,1e-1,1.5e-1,2e-1} - p.

In this example, we use stochastic gradient methods to solve the SAA formulation and all
penalized DRO formulations. We terminate the training of SAA or DRO models when the
number of epoches, i.e., the number of times for processes each training sample, exceeds 30.
In is worth mentioning that the Wasserstein DRO model with a fixed Lagrangian multiplier

A using samples {xz;, y;}_, can be reformulated as

min ! {max {hB(;c,yi) - )\c(xi,x)}l : (D.1)
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D.2 Additional Validation Experiments

D.2.1 Comparison of Optimization Algorithms: Linear Regression

To examine the performance of different (sub)gradient estimators, we study the problem of
distributionally robust linear regression (see the setup in Example 4). We take the nominal
distribution P as the empirical one based on samples {(a;, b;)}",. As a consequence, the

inner objective function in (5.12) has the closed form expression:

1 & LS™ (aF6 — b))% e 60" A
F(9) =~ To—p)? 4 =izl Y T logdet [ I — — if |02 < =
) = 3 ot = B Sogae (1= 70 )i ol < 5

i=1

and otherwise F'(f) = co. We take the constraint set © = {6 : [|0]|3 < 0.999-3}. Similar to
the setup in [192, Section 5.1], we examine the performance using three LIBSVM regression

real world datasets [67]: housing, mg, and mpg.
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Figure D.1: Comparison results of SG, (V-)MLMC, RT-MLMC, RU-MLMCA, and RR-
MLMC on robust linear regression problem in terms of sample complexties from P and Q, .
From left to right, the figures correspond to three different regression datasets: (a) housing;
(b) mg; and (c) mpg. From top to bottom, the figures correspond to plots of (a) Sinkhorn
DRO objective values; and (b) RMSE of obtained solutions.

The quality of proposed gradient estimators is examined in a single BSMD step with
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specified hyper-parameters (A, ¢) = (10%,107!). For baseline comparison, we examine
the SG, RT-MLMC estimators together with the (V-)MLMC, RU-MLMC, and RR-MLMC
estimators that have been proposed in [156]. We have validated in Theorem 21 that both SG
and RT-MLMC estimators have convergence guarantees for smooth and nonsmooth loss
functions, whereas SG estimator has slower convergence rate. The (V-)MLMC estimator
only have convergence guarantees for smooth loss functions, and RU-MLMC/RR-MLMC
estimators do not have convergence guarantees as their (sub)gradient second-order moments
are unbounded.

For a given solution #, we quantify its performance using the corresponding Sinkhorn
DRO objective value. Besides, we report its root-mean-square error (RMSE) on training data.
Thus, the smaller those two performance criteria are, the smaller the solution’s optimization
performance has. Fig. D.1 shows the performance of various gradient estimators in terms of
the number of generated samples from P and Que, 7 € supp]IAD based on these criteria. The
results demonstrate that the SG scheme does not perform competitively, as expected from
our theoretical analysis, which shows that SG has the worst complexity order. In contrast,
using other four types of MLMC methods lead to faster convergence behavior. While the
RU-MLMC and RR-MLMC schemes exhibit competitive performance, the optimization
procedure shows some oscillations. One possible explanation is that the variance values of

those gradient estimators are unbounded, making these two approaches unstable.

D.2.2 Comparison of Optimization Algorithms: Portfolio Optimization

In this subsection, we validate the competitive performance of RT-MLMC gradient estimator
on the case where the loss is convex and nonsmooth, and we try to solve the 2-SDRO
formulation. We consider the portfolio optimization problem, and specify instances (n, d) =
(50,50), (100, 100), (400, 400). We quantify the performance of obtained solution using the
Sinkhorn DRO objective value. Since in this problem setup no analytical expression of

the objective value is available, we estimate the objective value using (5.18) with hyper-
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Figure D.2: Comparison results of SG, (V-)MLMC, RT-MLMC, RU-MLMC, and RR-
MLMC on portfolio optimization problem. From left to right, plots correspond to three
different instances of (n, d) € {(50, 50), (100, 100), (400, 400) }.

parameters L = 8 and n9 = 10°. Fig. D.2 shows the performance in terms of the number of
generated samples based on this criterion. The results demonstrate that even for nonsmooth
loss function, those listed MLMC-based gradient estimators have better performance than
the SG estimator. Besides, the proposed RI-MLMC and standard (V-)MLMC schemes
have comparable performance, and in some cases (V-)MLMC estimator even has better
performance. It is an open question that whether the (V-)MLMC estimator will have
the similar performance guarantees as the RT-MLMC estimator for convex nonsmooth

optimization, which can be a topic for future study.

D.2.3 Comparison of Running Time for Different Baselines

The computational time for the newsvendor problem in Section 5.5.1 is reported in Table D.1.
We observe that the training time of 2-Wasserstein DRO model increases quickly as the
sample size increases, while the training time of other DRO models increases mildly in the
training sample size.

The computational time for the portfolio optimization problem in Section 5.5.2 is
reported in Table D.2. We observe that the computational time of 1- or 2-SDRO model
increases mildly as the problem input size increases. Also, SDRO models do not have the
smallest computational time in general. The reason is that in this example, other DRO
models have tractable finite-dimensional conic programming formulations so that off-the-

shelf software can solve them efficiently. In contrast, Sinkhorn DRO models do not have
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Table D.1: Average computational time (in seconds) per problem instance for the newsvendor

problem.

Model Exponential Gamma Gaussian Mixture
n=10 n=30 n=100 n=10 n=30 n=100 n=10 n=30 mn=100

SAA 4.11e-3 4.66e-3 4.67e-3  3.96e-3 4.57e-3 5.8le-3 3.82e-3 4.60e-3 4.79%-3

KL-DRO | 6.92e-3 8.17e-3  1.15¢-2  8.07e-3 8.24e-3  1.16e-2 7.77e-3 8.47e-3 1.12e-2

1-SDRO | 8.77e-2 8.88¢-2  1.03e-1 2.76e-2 3.40e-2 4.72e-2 2.90e-2 3.13e-2  4.50e-2

2-WDRO | 1.68¢00 5.67¢00 2.71e01 1.72e00 5.63e00 2.77¢01 1.51e00 5.47e00 2.84e01

2-SDRO | 3.16e-2 3.77e-2  5.92e-2 2.64e-2 295e-2 5.02e-2 2.57e-2 3.10e-2 4.87e-2

special reformulation, but they can still be solved in a reasonable amount of time.

Table D.2: Average computational time (in seconds) per problem instance for portfolio
optimization problem.

(n, d) Values SAA KL-DRO  1-WDRO 1-SDRO 2-WDRO 2-SDRO
(30, 30) 6.76e-03 1.42e-02 7.80e-03 4.91e-02 8.95e-03 5.00e-02
(50, 30) 7.31e-03 1.84e-02 8.33e-03 1.87e-01 1.11e-02 5.88e-02
(100, 30) 8.99¢-03 2.95e-02 1.03e-02 2.78e-01 1.12e-02 6.00e-02
(150, 30) 1.12e-02 4.14e-02 1.21e-02 2.80e-01 1.22e-02 6.95e-02
(200, 30) 1.12e-02 5.66e-02 1.35e-02 2.99e-01 1.48e-02 7.67e-02
(400, 30) 1.89e-02 6.45¢e-02 2.09e-02 2.99e-01 2.30e-02 1.62e-01
(100, 5) 5.76e-03 1.46e-02 6.79¢-03 1.05e-01 7.62e-03 5.40e-02
(100, 10) 6.18e-03 1.70e-02 7.70e-03 1.08e-01 8.73e-03 5.55e-02
(100, 20) 7.43e-03 1.82e-02 8.41e-03 1.12e-01 9.44e-03 5.58e-02
(100, 40) 9.87e-03 3.25e-02 1.13e-02 1.16e-01 1.18e-02 5.70e-02
(100, 80) 1.31e-02 6.48e-02 1.56e-02 1.19e-01 1.68e-02 5.72e-02
(100, 100) 1.54e-02 7.00e-02 1.87e-02 1.22e-01 1.93e-02 5.73e-02

The computational time of adversarial multi-class classification problem in Section 5.5.3

is reported in Table D.4, with the basic statistics of classification datasets presented in

Table D.3. The results indicate that Sinkhorn DRO models have shorter computational time

than Wasserstein DRO models in general. Note that we solve all baseline methods with

stochastic algorithms. For large-scale datasets optimizing the log-sum-exp type loss for

Sinkhorn DRO seems to be more efficient than solving the minimax game formulation for

Wasserstein DRO.
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Table D.3: Basic statistics of adversarial multi-class logistic regression datasets.

MNIST CIFAR-10 tinyImageNet STL-10
Image Size
784 3072 12288 27648
(before pre-processing)
Feature Dimension
512 512 512 512
(after pre-processing)

# of classes 10 10 200 10
Training Size 50000 50000 90000 5000
Testing Size 10000 10000 10000 8000

Table D.4: Average computational time (in seconds) per problem instance for adversarial
multi-class logistic regression problem.

Dataset SAA KL-DRO  1-WDRO 1-SDRO  2-WDRO  2-SDRO
MNIST 37.2 60.1 154 94.1 166 84.0
CIFAR-10 31.6 51.7 133 98.3 140 80.6
tinyImageNet 58.1 102 248 153 259 143
STL-10 3.42 5.15 13.5 10.1 14.2 8.61

D.2.4 Coefficient of Prescriptiveness for Different Parameter(s) Combination

In this subsection, we report the coefficient of prescriptiveness for different parameter(s)

combination on instances which are omitted in the main content. Specifically,
* Fig. D.3 and D.4 correspond to the omitted experiment results in Section 5.5.1.
* Fig. D.5 and D.6 correspond to the omitted experiment results in Section 5.5.2.

* Fig. D.7 corresponds to the omitted experiment results in Section 5.5.3.
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Figure D.3: Experiment results of the newsvendor model for gamma data distribution.
Details of these subplots follow the same setup from Figure 5.4.
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Figure D.4: Experiment results of the newsvendor model for the mixture of truncated normal
distributions. Details of these subplots follow the same setup from Figure 5.4.
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Figure D.5: Additional experiment results of the portfolio optimization model for different
data dimensions in heatmaps. Here we fix the data dimension d = 30 and vary the sample
size n € {50,100, 150,200,400}. Details of these subplots follow the same setup from
Fig. 5.6. (a) (n,d) = (50, 30); (b) (n,d) = (100, 30); (¢) (n,d) = (150,30); (d) (n,d) =
200, 30); (e) (n,d) = (400, 30).
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Figure D.6: Additional experiment results of the portfolio optimization model for different
data dimensions in heatmaps. Here we fix the sample size n = 100 and vary the data
dimension d € {5, 10, 20,40, 80,100}. Details of these subplots follow the same setup
from Fig. 5.6. (a) (n,d) = (100,5); (b) (n,d) = (100,10); (c) (n,d) = (100,20); (d)
n,d) = (100,40); (e) (n,d) = (100, 80); (f) (n,d) = (100, 100).
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Figure D.7: Additional experiment results of the adversarial classification problem for
different datasets and different types of perturbations. Details of these subplots follow the

same setup from Fig. 5.8.
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D.3 Sufficient Condition for Condition 1

Proposition 17. Condition 1 holds if there exists p > 1 so that the following conditions are

satisfied:
() Forany x,y,z € Z, c(z,y) > 0, and (c(z,y))"? < (c(z, 2))YP + (c(z,y))Y?.

(I) The nominal distribution P has a finite mean, denoted as T. Moreover, v{z : 0 <

c(T,z) < oo} =landPr__s{c(x,T) < oo} = 1.

(1) Assumption 4(11L) holds, and there exists A\ > 0 such that .., |e/(?)/ Q=2 "Fe@2)/e|

Q.

We make some remarks for the sufficient conditions listed above. The first condition can
be satisfied by taking the transport cost as the p-th power of the metric defined on Z for any
p > 1. The second condition requires the nominal distribution P is finite almost surely, e.g.,
it can be a subguassian distribution with respect to the transport cost c. We first present an

useful technical lemma before showing the proof of Proposition 17.

Lemma 22. Under the first condition of Proposition 17, for any x € Z, it holds that
E.., [/ e—c(x,z)/5:| > PR [6—21’*%@@)/5] ‘
Proof of Lemma 22. Based on the inequality (a + b)? < 2P~!(aP + b*), we can see that
clz,z) < (c(y, 2)YP + c(z,y)YP)P < 227 Ye(y, 2) + c(z,y), Vr,y,z € Z.
Since ¢(z, z) < 2P7Y(¢(T, 2) + ¢(x,T)), we can see that
E.., [/ ec(m’z)/e] > exp (—2"'c(z,7)/€) E.ny [e’zpﬂc(m)/e] .

The proof is completed. ]
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Proof of Proposition 17. One can see that for any x € supp @, it holds that

—c(z,2) /€
F&/00] — F2)/0e0___©
Ezw@w,e [6 } B |:6 Euo. [QC(x,u)/e]:|
—c(x,z) /e —21=P¢(T,2) /e ,c(x,T) /€
<E. . |ef@/00 e”ce)/ <E. . |ef@/0a8 @2/ cecte)]
— EUNV [e—prlc(E,u)/e] — TR ]E’U,NU [6—2P*10(E,u)/€]

c(z,@)(1+2P~ 1) /e
e (z,2)( )/ E,., [ef(z)/()\e)efgl—pc(i,z)/e]

E,. [6—21’*10(5,11)/5]

Y

where the first inequality is based on the lower bound in Lemma 22, the second inequality is
based on the triangular inequality c(x, 2) > 2'7P¢(T, 2) —c(x, T). Note that almost surely for
all z € suppP, c(z,T) < co. Moreover, 0 < E,.,, [e‘zpflc(m)/e] < E.., [e®2/] <
00, where the lower bound is because ¢(Z, z) < oo almost surely for all z, the upper bound

is because ¢(7, z) > 0 almost surely for all z. Based on these observations, we have that

c(z,x)(1+2P~1) /e
1E/09] < © E
= E,., [e @ @l

E.-q.. [e [0 rema] < o

almost surely for all z ~ P. [

D.4 Proofs of Technical Results in Section 5.3.2 and 5.3.3

Proof of Remark 13. Recall the dual objective function in (5.1) is

v(Ae) = p+E_5 [)\e logE,., [e(f(z)_’\c(m’z))/(’\e)]].
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We take limit for the second term in v(\; €) to obtain:

e—0 B—r00

A
ImE_ [)\e loglE, ., [e(f(z)—’\C(W))/(/\@H =E,_ {hm 3 logE,.., [e(f(Z)—/\C(xvz))ﬁ/A}

=E < |Ii log B, [e(f(z)=Ac(z,2))B/A
e [gjgj% 0gE.y [e ]

B, [T () — ez, 2)]]
s | G0 .-, [eUO<G73]
:Ezwﬁp?[ sup {f(z) Ae(x z)}}

Particularly, when supp v = Z, it holds that

sup {f )\cxz}—sup{f /\cxz)}

zZEsupp v ZEZ

and in this case the dual objective function of the Sinkhorn DRO problem converges into

that of the Wasserstein DRO problem. [

Proof of Example 4. In this example, the dual objective becomes

) _ (QTCLI _ b)2
Vb = /1\1;% >\p+]E(a’b)N@ Aelog Egronf(aery) |€XP — ) (D.2)

Specially, for any a € R% b € R, 0 € RY, it holds that

0Ta — b)2 0Ta — b) + (/) TA,]?
AE lOg <Ea’~/\f(a,e[d) exp <()\6))> — )\6 IOg <EAGNN(O,Id) exp ( [( ) )\(\/> ) j|

€

(0T A)? — 2(b — HTa)ﬁGTAa>

:(QTCL — b)2 + )\6 10g ]EAaNN(OJd) exp ( e

@
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The term (I) can be simplified using the integral of exponential functions method:

A A

2097\ ~/? 0Tq — b)2 A
o (1= 25 ) e (255 040)  when 0] < 5,
M= ¢ 2

oo, otherwise,

where the matrix A = [ — %. Finally, we obtain that if ||0]|3 < 2,

T ./ 1)2 T, _ )2
e log (EG,NN(ML” exp (M)) — (0%a—b) + (0Ta=b)" e log det (] _
€

A o2 -1 2

Substituting this expression into (D.2) gives the desired result.

Proof of Corollary 3. We now introduce the epi-graphical variables s;,2 = 1,...,n to

reformulate Vp as
n

) _ 1
)\12%?82' >\p + ﬁ Z %
VD = =1

s.t. AelogE..q,, . [6f(2)/(/\e)] < s, Vi

For fixed 7, the ¢-th constraint can be reformulated as

{exp (%) > E.ng,,. [ef(Z)/(Ae)}} _ {1 > E.ng,,. [e(f(Z)—si)/(Ae)}}

= {)‘6 > Ez~@@i,€ [)\ee(f(z)—si)/(/\e)}}

Linax .
= {Aé > Zz:; Q:ei,s(ze)ai,z} ﬂ {au > Aeexp (%) ,W} ;

where the second constraint set can be formulated as (A, a; ¢, f(27) — $;) € Kexp. Substitut-

ing this expression into V, completes the proof.

D.5 Proofs of Technical Results in Section 5.3.4

We rely on the following technical lemma to derive our strong duality result.
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Lemma 23. ([161, Section 2.1] or [279]) For fixed T and a reference measure v € M(Z2),

consider the optimization problem

- g () s

Suppose there exists a probability measure Q € P(Z) such that Q < v.

() When =0,

v(0) = esssup(f) = inf{t € R: v{f(z) >t} = 0}.

14

(Il) When T > 0 and

E.., [¢/®/7] < oo,

it holds that
v(1) = 7log (EZN,, [ef(z)/q) ,

and lim, ;o v(7) = v(0). The optimal solution in (D.3) has the expression

oS ()7
dP(Z) = W dV(Z).

(IIT) When 7 > 0 and
E.., [¢/7] = oo,

we have that v(T) = 0.

Lemma 24 (Measurability of v, ())). Assume Assumptions 4(I), 4(I1), 4(11) hold. For fixed

A > 0, define the function v, (\) : suppP — RU {+o0} as

= o, o - s ()]
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The function v, (\) is measurable with respect to x ~ P regardless of the choice of A > 0.

Proof of Lemma 24. When \ = 0, by Lemma 23, it holds that

vz (A) = esssup(f),

v

which is a constant independent of z, which is clearly measurable. When A > 0 and satisfies

Condition 1, by Lemma 23, it holds that
0,(A) = Aelog E,, [e/ @) Ac@)/09] < o0,

As loss function f and cost function c are both measurable, by conditioning Lemma [173,

Lemma 2.11], v,()) is measurable. When A > 0 such that the event
E={: Eoq., [/D09] = 0} = {z: B, [/ @/09] = 00}
satisfies P(E) > 0, by Lemma 23, it holds that

XelogE.., [e(f(z)_Ac(x’z))/(AE)} < oo, ifzxeE°
vz (A) =

oo, ifzx e FE.

For fixed a € R, the level set
{:v,(\)>a} ={z€E: v,(\) >a}UE = {z € E°: IelogE.., [e(f(z)_)‘c(x’z))/(’\g)} > a}UE,

which is clearly a measurable set, and therefore v, () is measurable. The proof is completed.

]
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Proof of Lemma 4. Recall from (5.6) that

Vo s (B RG] B (ol +elos ()| <)

{’Yz }zesupp P

Based on the change-of-measure identity log (%8) = log (%) + log <£Q7%£2))

and the expression of Q, ., the constraint can be reformulated as

—c(w,2)/ dv,(2)
EIN@EZN’}@ |:C($? Z) + GIOg (f e—c(x,u)/e dl/(u)) + Elog ( d@x,6(2)>:| S p

Combining the first two terms within the expectation term and substituting the expression of

P, it is equivalent to

dvyy _

In summary, the primal problem (Primal) can be reformulated as a generalized KL-

divergence DRO problem
d%ﬂ(z> —
V= sup {]E%AEZN Af(2)] 0 B, sE. o, {log (—)} < p}.
{7} s coupp 5CP(Z) . lf(2)] e dQy,(2)

]

In the remaining of this subsection, we provide the full proof of Theorem 20. We first

show that the dual minimizer exists.

Lemma 25 (Existence of Dual Minimizer). Suppose p > 0 and Condition 1 is satisfied,

then the dual minimizer \* exists, which either equals to 0 or satisfies Condition 1.

Proof of Lemma 25. We first show that \* < co. Denote by v(\) the objective function for

the dual problem:

v(A) =Ap+ AeE_ 5 [log E. q.. [ef(z)/(’\e)]] :
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The integrability condition for the dominated convergence theorem is satisfied, which implies

lim e Exwﬁ[logﬂim@w [ef(z)/(xe)]] —E, 5 ngin(l)%log E..q, . [eﬁf(z)/e]:|
. ,

A—00
. E..q,, [f(z)eﬁf@/e]]
lim '

=L, {};3}) eVlogE.q,. [eﬁf@/e]} =E_5

ﬁ_)() EZNQI,E [eﬂf(z)/e]

:EmN@EzNQm,e [f(Z)] )

where the first equality follows from the change-of-variable technique with 5 = 1/, the
second equality follows from the definition of derivative, the third and the last equality
follows from the dominated convergence theorem. As a consequence, as long as p > 0, we
have lim)_,,, v(\) = co. We can take A satisfying Condition 1 and then v(\) < oo. This,
toegther with the fact that v(-) is continuous, guarantees the existence of the dual minimizer.

Hence \* < oo, which implies that either A\* = 0 or \* satisfies Condition 1. O]

Next, we establish first-order optimality condition for cases A* > 0 or A* = 0, cor-
responding to whether the Sinkhorn distance constraint in (Primal) is binding or not.
Lemma 26 below presents a necessary and sufficient condition for the dual minimizer
A* = 0, corresponding to the case where the Sinkhorn distance constraint in (Primal) is not

binding.

Lemma 26 (Necessary and Sufficient Condition for \* = 0). Suppose p > 0 and Condition 1

is satisfied, then the dual minimizer \* = 0 if and only if all the following conditions hold:
() esssup, f =inf{t: v{f(z) >t} =0} < oc.
) 7 =p+ ek, 5 [logE. q, [1a(2)] >0, where A :={z: f(z) = esssup, f}.

Recall that we have the convention that the dual objective evaluated at A = 0 equals
esssup, f. Thus Condition (I) ensures that the dual objective function evaluated at the

minimizer is finite. When the minimizer \* = 0, the Sinkhorn ball should be large enough
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to contain at least one distribution with objective value esssup, f, and Condition (II)

characterizes the lower bound of p.
Proof of Lemma 26. Suppose the dual minimizer A\* = 0, then taking the limit of the dual

objective function gives

}\iir(l) v(A) =E, 5[H"(2)] < o0,

where H%(z) := inf{t : Q,.{f(z) >t} = 0} = esssup f. For notational simplicity we

x,€

take H* = esssup f. One can check that H*(z) = H" for any x € supp P: for any ¢ so

that Q. .{f(z) > t} = 0, we have that
By |1{f(2) > the "2/ =0,
which, together with the fact that v{c(x, z) < co} = 1 for fixed z, implies
B [1{f(2) > t}] = 0.
On the contrary, for any ¢ so that v{ f(z) > t} = 0, we have that
0<E..,|1{f(z) > tle @A) <E_ ,[1{f(z) >t}] =0,

where the second inequality is because that v{c(x,z) > 0} = 1. As a consequence,
Q.. {f(z) > t} = 0. Hence we can assert that H*(z) = H" for all z € supp P, which
implies

lim v(\) = H* < 0.

A—0

Then we show that almost surely for all z,

E. g, [1a(z)] >0, where A={z: f(z2) = H"}.
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Denote by D the collection of samples « so that E..q, .[14(2)] = 0. Assume the condition
above does not hold, which means that @{D} > 0. For any 7 > 0 and x € D, there exists

H'(z) < H" such that
0<b,:=E.uq [lpw(2)] <7, where B(z)={z: H'(x) < f(z) < H"}.
Define H%(z) = H* — H'(z), h¢ = 1 — b,. Then we find that for x € D,

vz(A\) = Aelog (Ez~<@z,e [ef(z)/()‘e)lB(x)(z)] + E.q.. [ef(z)/(’\e)lB(m)c(z)D

< HY + \e log (hx T e*Hgap(ﬂi)/()\e)b;) .
Since ]IAD{D} > (), the dual objective function for A > 0 is upper bounded as

v(A) = A0+ E, p[va(N)]

z~P

< H"+ Xp+ AcE, 5 [log (h, + e 77 @/Cpe) 15(2)] .
We can see that

lim A7+ AcE, s [log (b, + ¢ 7/ 0992) 1,(@)] =0,

and

lim ¥ [\7 4+ AcE, s [log (b, + e/ 0902) 1, (x)]]

=p + €, 3 [log (b.) 1p(x)] < p+ elog(r)P{D} < —p < 0,

where the second inequality is by taking the constant 7 = exp (—ﬁ%}). Hence, there
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exists A > 0 such that
v(N) < H + X+ AeE,_5 [log (bx + e_Hgap(x)/(Xe)th) 1D(x)] < v(0),

which contradicts to the optimality of \* = 0. As a result, almost surely for all x, we have
that

E.~q,,[1a(2)] > 0.

To show the second condition, we re-write the dual objective function for A > 0 as
v(A) = Xp+ AeE_ 5 [log (EZNQL{[lA(Z)] +E.q.. [e[f(z)’HuV(’\e)lAc(z)} )] + H".
The gradient of v(\) becomes

Vo(A) =p+€E, 5 [log (EZNQM [14(2)] + E.~q,. [e[f(z)_Hu]/(’\E)lAc(z)] )}

E.vq,, [eVE VO (2)(H" = f(2))/ (V)]
)

E =
TP | B, ()] Bang, [(FO-FT0914(2)]

We can see that limy_,., Vo(\) = p. Take
V1.2(A) = Eung,, [eVOHTAN 40 (2)]

Then limy_,o v1 (A) = 0 and v, ,(\) > 0. Take

E..q,. [V o (2)(H" — f(2))/(N)]
E.ne.[la(2)] + Eong,, [e@H/CNT 4o ()]

U27z(/\) =
Then limy_,o v2,(A) = 0 and vy ,(\) > 0. It follows that

lim Vo(A) = 7+ B, s [log Exvg,. [La(2)]] = 7.
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Hence, if the last condition is violated, based on the mean value theorem, we can find A > 0

so that Vu(A) = 0, which contradicts to the optimality of \* = 0.

Now we show the converse direction. For any A > 0, we find that
Vo(A) =5+ B, 5 [log (Ezng, [14(2)] + v12(N) ] + E, plvaa(N)].
For fixed z, when Eq, _[14] = 1, we can see that v1 () = v ,(\) = 0, then

7+ ¢ [log (Eavg. . [14(2)] + 022 (N)] + v20(A) =7 > 0.
When E. g, [14(2)] € (0,1), we can see that v1 5 (A) > 0,v5,(A) > 0. Then

p+ e [log (Beng, [1a(2)] + v10(N)] + v22(A) > D + elog(Bang, [1a(2)]) =7 = 0.

Therefore, Vu(A) > 0 for any A > 0. By the convexity of v(\), the dual minimizer
A*=0. O
Proof of Lemma 5. Recall that v(\) denotes the objective function for the dual problem. The

optimality condition can be derived by taking V v(\) [x=x~= 0. To show the uniqueness
of \*, we find that

V3u(\)

1

€ -2 € € z € 2
=15 B [(Eszw‘e[eﬂz)/(A )]) : (EzNQ“[eﬂz)/u ) 12(2)|Eang,  [eF /O] = {E,ng, [/ D/ £(2)]} )} _

It can be shown by the Cauchy-Schwarz inequality that V3v(\) > 0 for any A > 0, and the
equality holds if and only if f(-) is a constant. If it is the case, the dual objective v(\) has
the unique minimizer \* = 0, which contradicts to our assumption. Hence, strict convexity

holds for the dual objective and it implies the uniquess of \*. [

Proof of Theorem 20. Recall the feasibility result in Theorem 20(I) can be easily shown by

considering the reformulation of V'in Lemma 4 and the non-negativity of KL-divergence.
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When p = 0, one can see that
1 z) /(e
Vo = inf {)\e E, s [10g E..q, [/ )H }

< lim AcE, 5| logEong,, [e//] | = E, §E.vq, [f(2)] = V.

A—00

Therefore, the strong duality result holds in this case. Theorem 20(IV) can be shown by
Lemma 26. It remains to show the strong duality result for p > 0, which can be further

separated to two cases: Condition 1 holds or not.

* When Condition 1 holds, by Lemma 25, the dual minimizer \* exists. The proof
for A* > 0 can be found in main context. When \* = 0, the optimality condition in
Lemma 26 holds. We construct the primal (approximate) solution P, = Proj, 7.,

where -, satisfies

R 0, if 2 ¢ A,
dyi(z,2) = dvi(z) dP(z), where dvi(y) =

efc(ac,z)/e dl/(z) )
Euwy[e*C(I,u)/elA]7 le e A

We can verify easily that the primal solution is feasible based on the optimality
condition ' > 0 in Lemma 26. Moreover, we can check that the primal optimal value

is lower bounded by the dual optimal value:

VZE@ o [f(2)] = E, 5B [f(2)] = E, 5Eonns {ess sup f] = esssup f = Vp,
where the second equality is because that z € A so that f(z) = esssup f. This,
together with the weak duality result, completes the proof in this part.

* When Condition 1 does not hold, we consider a sequence of real numbers { R;}; such
that R; — oo and take the objective function f;(z) = f(2)1{f(2) < R;}. Hence,

there exists A > 0 satisfying Pr _5 {x : Eq,. [efi(z)/(k)] = oo} = (. According
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to the necessary condition in Lemma 26, the corresponding dual minimizer A} > 0
for sufficiently large index j. Then we can apply the duality result in the first part of

Theorem 20(I1I) to show that for sufficiently large j, it holds that

sup  A{E..p[f;(2)]} > Nip+ NieE, 5 [log E. 0,. [efj(z)/(’\d” .
PeB,,. . (P)

Taking j — oo both sides implies that V' = oo.

D.6 Proof of Theorem 21 in Section 5.4.2

In this section, we omit the dependence of A when defining objective or subgradient terms,
e.g., we write F'(0) for F'(6; \). We first present some preliminaries that can be useful for
developing the proof result in Section 5.4.2. As any two norms on a finite-dimensional
vector space are equivalent, we impose the following assumption throughout Section 5.4

without loss of generality:

Assumption 12. There exists ¢ and  such that c|| - |2 < || - || < 0] - |2
By Assumption 12, we obtain the bound regarding the dual norm || - ||.:
Cal N P R

The complexity result of our proposed gradient estimators is summarized below.

Remark 33 (Complexity of Gradient Estimators [156, Appendix B]). 7o generate the
SG estimator v56(0), one needs to generate 1 sample from P and 2L samples from Q,

, one needs to

for some = € suppP. To generate the RT-MLMC estimator v<™™MLMC (g)

generate 1 sample from P and the required (expected) number of samples from Q, . for some

€ supp P equals =7 = O(L). &
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Next, we present some basic properties regarding the approximation function F*(6)
defined in (5.14) in Lemma 27, which can be used to show Theorem 21. Recall that we

defined the constant K, . 5 = B/(\e).

Lemma 27. (I) Under Assumption 5(111), it holds that

|FY(0) — F(0)] < Xeexp (2K, 5) - 27, W eo.

(I) Under Assumption 5(111) and 5(11), it holds that
IVE(B) — VF(B)|5 < Liexp (4Kyop) - 27, VO eO.
(IIT) Under Assumption 5(11), it holds that
E|lg'0.c)5] <13, woee.
Additionally when Assumption 5(111) holds, it holds that

E |:HGZ(‘9, CZ)HE] S L?c exXp (4K)\,€,B> : 276, Vo S O.

Proof of Lemma 27. Recall that (5.12) is a special CSO problem in (5.13), by taking
H' () = Xelog(+) and H?(-,2) = exp(f.(2)/(\e)). Under the assumptions stated in
Lemma 27, it can be shown that H? (-, z) is exp(K ¢ g )-uniformly bounded, exp(K . ) Ls/(\e)-
Lipschitz continuous. The function H'(+) has the domain set [1, exp(K), . 5)], and is there-
fore Ae-Lipschitz continuous and Ae-smooth. Thus, the desired results hold by applying

[154, Lemma 3.1] and [156, Proposition 4.1]. O
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D.6.1 Proof of Theorem 21

We first study the convergence guarantees for solving a generic nonsmooth convex opti-
mization {oniél F(0). Let F(0) denote its approximation, with the approximation bias A
S

satisfying

|[F(0) — F(0)] < Ap, V6eo.

Denote by VF(#) a subgradient of F’ at #. Suppose for a given 6, the subgradient estimate
of F(), denoted as v(6), satisfies

E[(0)) = VF(), E[le@)2] <M

Let 0 € argmin F(0) and 6* € argmin F(6). We then establish the following result.
6co 0co

Lemma 28 (BSMD for Nonsmooth Convex Optimization). Under the assumptions stated
above and with the initial guess 6, € O, consider the BSMD algorithm that generates the

following iteration:

0,11 = Proxg, (hv(@t)), bhe®, t=0,...,7T—1,

26D, (00,0")

where the stepsize parameter h = Tz - Let the estimated optimal solution gener-

ated by BSMD algorithm be g = % thl 0;. Then, the suboptimality gap satisfies:

~ . 2D,,(6,6")
— < _—.
E[F(0) — F(6")] <2Ap + M, T

Remark 34. If the approximation bias is zero (i.e., Ap = 0), the BSMD algorithm reduces
to the standard SMD studied in [233]. By [233, Section 2.3], the suboptimality gap in
Lemma 28 is bounded by M, %@9’5*). For the case where Ap > 0, the proof of
Lemma 28 follows from the decomposition argument similar to [156, Eq. (9)]. However,

our result generalizes to the BSMD algorithm with (potentially) nonsmooth loss functions,
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whereas [156] focuses only on the SGD algorithm for unconstrained optimization with

smooth loss functions. &

Now we are ready to show complexity results for BSMD using SG and RT-MLMC
estimators. Both estimators rely on the same approximation function F'*(6) defined in
(5.14). By Lemma 27(I), A = Aeexp (2K . p) - 2~ 41, We now analyze each estimator
separately.

SG. It can be shown from the first part of Lemma 27(III) that E [[|v%¢(6) /2] < (]\/[*SG)2 =

c*ZLfc. To obtain d-optimal solution for SG estimator, by Lemma 28, it suffices to ensure

5 [2D,,(6,87) 6
INp < =, MOSGy | ZZ 7 L <
F=r * KT T2

To satisfy these conditions, we specify the following hyper-parameters:

I— 1 log 2Xeexp(2K, .5) s 8L3D.,(6o,6") . 2m2Dw(2€0,§*).
log 2 4] Kc20? TL%

RT-MLMC. By the second part of Lemma 27(III) and basic calculation, we find

1

E |:HURT—MLMC(0) >

2} < °FE [HURT—MLMC(Q)Hﬂ _

*

E[lle@, ¢Hl}]

L
(=0

_ 2
< (MMM = 2(L + 1)L} exp(4K e.8).-
Similar to the case of SG, we ensure

N p < 0 JRT-MLMC 2D,,(6,6)
-2’ * kT

IA

0
-
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To satisfy these conditions, we select the following hyper-parameters:

. [ 1 {log 2)\€exp(2K>\,e7B)1—‘ o {16(L+1)L}Dw(ﬁo,9 ) exp(4Ky e 5)

log 2 ) N K252 ’

26D, (00,0")
T (MBT—MLMC) 2”

By Remark 33, when running BSMD with SG estimator, the sample complexity from P
equals O(T) and that from Q, . equals O(T2"); when running BSMD with RT-MLMC
estimator, the sample complexity from P equals O(T") and that from Q, . equals O(T'L).

Substituting the expressions of 7', L gives the desired result.

D.7 Proofs of Technical Results in Section 5.4.2

We first provide two technical lemmas that can be useful to show the main results in
Section 5.4.2.

Lemma 29. Under Assumption 5(I11), it holds that E[(A*(0, (% N))?] < AN2€exp(2K) . ) -
2-¢,

Proof of Lemma 29. The proof follows the similar procedure from [156, Proposition 4.1].

]

Lemma 30 (Complexity of RT-MLMC-based Objective Estimator). Let error probability

a € (0,1) and accuracy level 5 > 0. Assume Assumption S(II) holds and specify

I — 1 o pY exp(ZK,\@B) ’ o — (’)(1) 2\2¢2 eXp(QK)\’e’B)(L + 1) ) log z
log 2 0 02 Q@

(D.4)
Then, the RT-MLMC estimator (5.18) has an accuracy error § with probability at least 1 — .

Its sample complexity from P equals O(m') = O(A22K), . s exp(2Ky c.5) - 6~2) and that
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from Q, . equals O(m'- L) = (5(/\2€2K§’€7B exp(2K, ) 0~2). Here O(-) hides constants

linearly depending on (log %% )? and log *.

Proof of Lemma 30. We first specify L as in (D.4) such that |[F¥(6; \) — F(6; \)| < $. The

RT-MLMC estimator (5.18) satisfies that

E[F(0; \)] = F(6; \),

Var (ﬁ(e; )x)) < % Z plIE[(Aéw’ Cé»z] <

=0

N exp(2Ky . p) - (L +1).

/

Consequently, there exists ¢’ > 0 such that

Pr{|F(6;)) — F(6;))] > 0} < Pr{IFL(H;)\) _ B )| > g}

& < 2exp ( o’ >
_ _ < 2exp (—— |
40"+ 2)Var (F(6; 1) 400" +2)\% exp (2K ) (L + 1)

<2exp

where the second inequality is based on the Cramer’s large deviation theorem [176], and the
last inequality is by the upper bound on Var (ﬁ (0; )\)) To make the desired coverage prob-
ability, we take m’ as in (D.4). The complexity results are derived by standard calculation

similar to Remark 33. U
In the following, we provide the proof of Proposition 5.

Proof of Proposition 5. Denote by 0* = argmin F'(0;\). The goal is to choose hyper-
)

parameters such that

min F(6; \) — F(Q*;)\)‘ < 5} >1-—1.

1€[m]

X

On the one hand,

min F(0;; \) — F(0*; ) < min F(0;; \) — F(0%;\) + max |[F(0:; A) — F(6:; \)).
em

i€[m) i€[m] i€[m]
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On the other hand,

F(0*; \)—min F(0;;\) < F(6*; \)—min F(GZ,A)-i-maX |F(6:; \)—F (63 \)| < max |F(03; \)—F(8;; \)].

1€[m] i€[m] i€[m] i€[m]

Based on those two inequalities, it suffices to choose hyper-parameters such that

Pr{ max |F(0;; \) — F(0;;\)] < é} >1-1 (D.5)
i€[m) 2 2
and
Pr { min F(0; \) — F(6;\) < é} >1- 1 (D.6)
i€m) 2 2

To ensure the relation (D.5), it suffices to apply Lemma 30 with error probability ;- and
accuracy level /2. It implies that the sample complexity from P at Step 3 of Algorithm 8
for each independent repetition is 6()\262K re.s €Xp(2K, . p) - 6 2), and that from Q, . is

(5(/\252—’(,%,6,3 exp(2K, ¢ 5) - 6 2). To ensure the relation (D.6), it suffices to take

Pr{F(@-;A)—F(e* ) < é}_1—<g)1/m, Vi € [m].

(]

By Markov’s inequality, it suffices to ensure
—~ ) 1/m )
E[F (055 ) — F(0'5 V)] < 3 (5) . Vi [ml. (D.7)

By Theorem 21(II) with accuracy level 2 (2) ™ the sample complexity from P at Step 2 of
Algorithm 8 for each independent repetition is O(K . g exp(4K ¢ 5) - 6~ 2~2/™), and that
from Q, . is O(K? 2 exp(4K, . ) - 62~ ™). Therefore, the sample complexity from P
of Algorithm 8 is

m - |O(Kypexp(4Kacp) - 0727 2™) + O\ Ky pexp(2K) . ) - 5_2)]

:6(HA,E,BK>\,E,B eXP(QKA,e,B)(;_Q -m(1 4+ 77—2/m))
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and that from Q. is

m - (O3  exp(dEcp) - 67207 ™) + ONERS, p exp(2Ks ) - 072)

:6(H>\,E,BK§,E’B eXp(QK)He’B)(;_Q . m(l + ,'7—2/m))

In the above deviation, we defined the constant H) . p = max(exp(2K, . 5), A\%€*). Hence,
it suffices to specify m such that O(m(1 + ~2/™)) is minimized. One valid choice is

m = [log, %] , which leads to the desired complexity bounds. O

Finally, we show the proof of Theorem 22. A key technique is the following complexity

result on bisection search with inexact oracles.

Lemma 31 (Complexity for Noisy Bisection). Let the accuracy level 6 > 0, and ¥ : R — R
be a Ly-Lipschitz continuous and convex function defined on the interval [\;, \,|. Assume
there exists an oracle W : R — R such that [W(\) — W(\)| < 6,V Let us run Algorithm 9
forT" = [log, (M)] iterations, then with at most 3 + 21" calls to W, Algorithm 9

outputs \ so that

U(A) — min  W(\) <44,
T, T =

Proof of Lemma 31. The proof is straightforward by following [83, Lemma 33] [

Proof of Theorem 22. 1t can be verified that ¥ is a convex function with a subgradient

*(2)/(Xe
EZNQI,E [efe)\( )/( )f9; (Z)}
[ef@(z)/(m} ’

a * (2 €
TV =7 +E, 5 [clogEong,, [ N]] - E, 5

AE:~q.

e

where 6} € argmin F(6; \). By Assumption 5 and A € [\;, \, ], this subgradient vector is
e

bounded:
8\11()\) < L P+ —[1+exp(K )]
— = — X P .
N S Ly P N PN e,B

In summary, W(\) is a Ly-Lipschitz and convex function defined on [A\;, A,]. Applying

Lemma 31 with accuracy level ¢ /4 together with the union bound, we are able to find the
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optimal multiplier up to accuracy d with probability at least 1 — 7 by calling the oracle T

for 3 +2 {log2 (M)-‘ times. O

Lemma 32. Under Assumption 5, the optimal multiplier \* to (D) satisfies \* <

|

Proof. It can be verified that

fox, (2)/(Ae)
E, 5 |elogE fo, 2/00]] _ g s [6 fe;*(Z)]
B e, [ -, e

I
S

EZ’VQJc,e |:ef9f\* (Z)/(/\e)fe* (Z)i|

A%

IL'N@ * (2 €
NE. g, . [efek*( /O >]

—E

Y
I

v
I

B
A

where the two inequalities is based on the fact that 0 < fy(z) < B. The desired result holds

directly. [

303



APPENDIX E
PROOFS AND ADDITIONAL DETAILS OF CHAPTER 6

E.1 Preliminaries on Projected Stochastic (Sub-)Gradient Descent

In the following, we present the convergence results on the standard projected stochastic
(sub-)gradient descent algorithm with unbiased gradient estimates, which can be useful for
the complexity analysis in Section 6.3.3.

Consider minimization of the objective function F'(6) over the constrained domain set

Nonsmooth Convex Optimization.

Let the objective F'(6) be a convex function in §. Assume one can obtain stochastic estimate

G(6, &) such that for any 0 € O,
* E[G(0,¢)] € OF(0), where OF () denotes the subgradient of F" at 6;
* E[|G(6,9)|° < M>.

Starting from an initial guess 6; € ©, the projected stochastic subgradient descent algorithm

generates iterates

0141 = Projg(6: —vG(0,,&)), t=1,...,T —1. (Projected-SGD)
where v > 0 is a constant step size, and &;,...,&r_1 are i.i.d. copies of £. We take the
average of all iterates {61, ..., 07} as the estimated optimal solution, denoted as 0.

Lemma 33 ([233]). Under the above setting, suppose we take the step size v = MD NG then

it holds that
~ D.M
E |F(0) —min F(0)| < ,
(<C] VT
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where the constant D, = F(6,) — %niél F(0).
€

Smooth Non-Convex Optimization.

In this part, we do not assume the convexity of F'(). Instead, we assume the objecitve F'(6)

is continuously differentiable and S-smooth such that
|F(0) ~ F(@)| < Slo—¢|l,  vo,0 ce.

Besides, assume one can obtain stochastic estimate G(6, £) such that for any 6 € ©,
* E[G(0,8)] = VF(0);
« E||G(6,€) = VF(0)|* < 0%

We generate iteration points using nearly the same procedure as in (Projected-SGD), except

that we update iteration points using mini-batch gradient estimator:

9t+1:PrOJ9(9t_7V<6t7 tl ))7 tzl?"'7T_17 V(eb t1 ) :EZ;G(et?gt)u
(Mini-Projected-SGD)
where ¢t =1,...,T—1,i=1,...,mareiid. copies of £&. We take the estimated optimal

solution 6 as the one that is randomly selected from {6, ..., 07} with equal probability.

Lemma 34 (Corollary 3 in [132]). Under the above setting, suppose we take the step size

Y = 5, then it holds that

289 D, 602

1
- <

y

E
H T m’

[5— Proj@(g— ’yVF(g))}

where the constant D, := F(6;) — mingee F(0).
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E.2 Proofs of Technical Results in Section 6.2

Proof of Theorem 23. Based on the assumption, it holds that dv(z,2) = dP(z) dv.(2')
for some conditional optimal transport mapping .. Then, Problem (Primal-¢-Reg) can be

reformulated as

sup {EzwﬁEzMz [f(2)] = 7B, _pE.o. {gb ( jzgi)} } . (E.1)

{72 }z€supp P

Since the optimization over z € supp P is decomposable, it holds that (Primal-¢-Reg)

s {EM [f(2)] — Bz, {qb ( 338)] }] : (E.2)

The inner supremum problem above is a phi-divergence regularized linear program. Based

equals

E, 5

on the strong duality result (see, e.g., Lemma 35) that reformulates this subproblem, we
arrive at the reformulation of Problem (Primal-¢-Reg).
Next, we show how to construct the worst-case distribution, which suffices to construct

an optimal conditional transport mapping v, for 2 € supp P. By the change-of-measure

technique with (2') = izz—g:g, the inner supremum of (E.2) becomes
sup (B [F(2)0() = molC()] ¢ Bl = 1}, ®3
€z}

We now construct the Lagrangian function associated with (E.3) as

L(C, 1) = B, [(f(2') = 1)C(2") — nop(¢(2))] + s

Recall from [53, Proposition 3.3] that, if there exists (¢, u¥) such that

Gezi, E,Cl=1 ¢ €argmax L(C, pul),
CeZx
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it holds that ¢ solves (E.3). The proof is completed by substituting the expression of v* in

terms of 7 and then substituting the expression of +y} in terms of (. [

Lemma 35 ([279, Section 3.2]). Given a probability reference measure v € P(Z) and

regularization value 1 > 0, consider the ¢-divergence regularized problem:

i, b~ o (55)

There exists an optimal solution to this primal problem, and also, it can be reformulated as

)

Proof of Proposition 6. It s easy to verify that

the dual problem

Optval(Primal-¢-Reg) = E__ 5| sup {Ez’wz ()] = N, [Qﬁ ( d%(zj))} }
| 1-€P(2) dv:(2)

2'€By(z

<Ep| s (B UE}| =Ep | e 1]

Vz EP(Z

Now, it suffices to show the other direction. For fixed n > 0 and z, let uim be the minimizer

to
inf {u + B, [(09)*(F(2) — p)] }

t

(I) For the case where lim;_, @ < 00, by [22], the dual formulation (Dual-¢-Reg)

implicitly imposes an extra constraint:

¢ t
pi, > f(2') —nlim i ),Vzlesuppl/z = p;, >esssup f—nlim m
Zn t—oco 2N v t—oco

z
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It follows that

(Dual--Reg) — E__ [M;n CE., {n 4 (f(z >n— M)H

By taking n — 0 both sides, we find

Optval(Primal-¢-Reg) > esssup f.

Vz

(II) For the case where lim; @ = 00, it holds that ¢*(s) € (—o0, 00) for any finite s.

In this case, for fixed n > 0,

(Dual-¢-Reg) = E__ 5 [,LL;” +E. i, [Ugb* <@)H :

For sufficiently small 7, assume on the contrary that 417 , < esssup,, f, then the event

E.,={7": f(z') > ui,} satisfies v.(E. ;) > 0.

e Forz/ ¢ E

z,m»

e Forz' € E,,,

" — 277 . 1 * !/ *
i s (HE50) = i 2 () = 2,)) = o0

Then it follows that

E... [W (M_—M)}
n
=K. {nqﬁ* (@) 1<E§,n>} + Eurm, {w* (M) 1<Ez,n>} = co.
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In summary, under the case where p; , < esssup,_ f, (Dual-p-Reg) — oo asn — 0,

which is a contradiction. Therefore, ,u;n > esssup,, f, which follows that

z

(Dual-¢-Reg) > esssup f +nkE,/,. [ o (f (2 )n_ Mz,n)]

By taking 7 — 0 both sides, we obtain Optval(Primal-¢-Reg) > esssup,_ f.
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E.3 Proofs of Technical Results in Section 6.3

Proof of Proposition 7. We define Case 1 as the scenarios where ¢'(s) — —oc as s — 0+,
and Case 2 as the scenarios where ¢'(s) — K as s — 0+, with the constant k' > —o0
being lower bounded.
For any fixed Lagrangian multiplier y, v* (1) € R is the optimum solution to S L(p,7)

if and only if

fi—n=n¢'(m(y" (1)) <0,¥i,  (v"(w)): - (fi —pn- mﬁ’(m(v*(u))i)) = 0.

Under Case 1, the above optimality condition simplifies into f; —pu—n¢'(m(y*(u));) = 0, Vi,
which implies
SOy 1(fi—u>
() = -0 ().
Under Case 2, the above optimality condition simplifies into

0, ifiecN2 {z e[ml: f §u+nK},
(v ()i =

i(gzﬁ’)_1 <fi — M), otherwise.

m Ui

Therefore, the remaining task of Algorithm (11) is to find the optimal Lagrangian

multiplier x such that

i€[m] i€[m]\N

Due to the strict convexity of ¢, h(u) is strictly decreasing in p. Also, it can be verified that

the optimal multiplier belongs to the interval [, 7i]:

¢ By the increasing property of (¢/)~!, it holds that 1 (\) > 0;

* Under Case 1, it holds that h(7z) < 0. Under Case 2, it holds that h(z) < —1.
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Hence, we only need to perform O(log %) iterations of bisection search to obtain a near-
optimal multiplier with e precision. At each iteration of bisection search, the worst-case
computational cost is O(m). To compute the index set N at each iteration, we need to
enumerate all support points { f1, ..., f., }, whose computational cost is O(m). In summary,

the overall cost is O(mlog 1). O

Proposition 18 (Error Bound on Function Approximation). Under Assumption 8(1l), it

holds that 0 < F(0) — F*(0) < G- 27,0 € ©.

Proof of Proposition 18. It is worth noting that
F(e) - FZ(Q) - EZNﬁE{z{-}ie[Qg]wuz [R<07 Z) - R(07 2, {Zz{}ie[Ql})} s
where

R(;2) = inf {4 Benr. [000)" (fol2) — )]},
R(6:2 (efhic) = nf Lt o 37 [009)° (folel) — ]}
]

ie[2¢

By Jensen’s inequality, it holds for any fixed (z, #) that
R(ev Z) Z E{Z;}iG[QZ]Nyz [R(ea Z, {Z;}ie[Ql])]a

and therefore F'(0) — F*(9) > 0.

On the other hand, R(0; z) denotes the optimal value of the standard ¢-divergence DRO
with reference distribution v, and E(G; z,{z! }ie[ge]) denotes its sample estimate using 2°
1.1.d. samples generated from v,. By [191, Proposition 1], it holds for any fixed 2 that

Gidf

E{Zg}ie[zﬁwz [R(é’; 2) — R<9;27 {Zz/’}ie[ﬂ])] < o

The proof is completed. [
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To prove Proposition 8, we rely on the following technical lemma that has been revealed

in literature.

Lemma 36 (Lemma 6 in [191]). Let v € A™ with m being an even integer. Let T be a

random subset of [1 : m| of size m/2. Then it holds that

Proof of Proposition 8. (1) By definition, SG and RT-MLMC estimators V59() and VRI-MEMC ()
are the unbiased gradient estimators from some objective function ]56(0) such that

|F*(8) — F*(6)] < e. Therefore, the bias can be bounded as
FU(8) - F(6)] < |F'(6) — F'(9)| + |[F'(6) — F(8)] < e + 2
[F7(0) = F(O)] < [F7(0) — FX(O)] + | F7(0) = F(O)] < e+ —,
where the last inequality follows from Proposition 18.

(IT) By definition,
2
SG 2 1 = L L 1 & L Ly||2
V@) = |- > g 0.cH| <> lla"6.cHII
"L o "L o
Since {¢F}; are n$ i.i.d. copies of (%, it holds that
E V)| < Elg"6.¢MIf

To bound E HgL(G, ¢k 2, we define the following notations. Let 7 be the optimal

solution to ﬁ(@; z,{%/}icp21)) defined in (6.9), and 7 be the estimated solution used
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by the estimator g% (6, ¢L). As a consequence,

lg“ @, ¢ = || D FiVafaz)|| < Ly Y Fi

i€[1:2¢] i€[1:2¢]
~ o o~ 2¢
<Lp 3 (B IF=Ale) = Ly |14/ =
i€[1:24] U

Therefore,

2
E|lg"(6,¢H)|” < L2 {1+,/m} <or? [1+m].

Following the similar argument as in bounding E ||V55(6) ? we find
2
E Vo) < B B | o - G 0.ch)
L 2
_ 7 g
= zXZ;IED(L = OE P )G (0,

It suffices to bound E ||G*(6, CE)H2 for fixed level / = 0,1,..., L. To simplify

notation,

* Let~y,7, 7" be the estimated optimal solutions corresponding to the objectives
ﬁ(e;zv {Zz{}ié[lzﬂ])a E(QQ 2, {Zg}ie[l:ﬂ*l})’ and E(Q; 2, {Zz{}ie[ﬂ*l—‘rl:ﬂ]) defined
in (6.10), respectively.

* Let#,7/,4” be the optimal solutions for E(G; z, {Z§}¢G[1;2€]) , E(@; z, {zg}iemm)

and R(6; z, {2 }icppr-111.00)) defined in (6.9), respectively.
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Then it holds that

1 1
GO, ¢HI =1 D (% -5 Hiell: 20711 — it - Hi € 21 4+ 1: 29}

ie[1:2¢]
>

i€[26-1+1:2¢]

< Ly Z v — /21 + Ly

ie[1:2¢-1]

1% — Yi_ge-1/2.

Recall that for each i € [1 : 271, = = (/) 7*( HEAEA)

L022) and of/2 = L (o)~ (L2

for constants y, i/ € R. Since ¢ is strongly convex, (¢')~!(+) is a strictly increasing

function, and ; — v} /2 is always of a constant sign for all i € [1 : 2°~!]. Therefore,

!
%

Z v —7i/2l = Z %‘—% Z

ig[1:2¢-1] i€[1:2¢-1] ig[1:2¢-1]

1
/—1 = ATV ~/ - —/
<Xy = Al + 21 =Tl +| D W5 D T

i€[1:2¢-1] i€[1:2¢-1]

where the first inequality is by triangular inequality, the second inequality is by Propo-
sition 7(I) and the relation ) . e[1:26-1] 7 = 1. One can follow the similar procedure to

bound } i1y 100 |7 — Vi_ge-1/2|- As a consequence,

2
2€ 1 1
Ec||G*(6,C)* < LIE 2*/?77 + sl X s
i€[1:2¢-1] i€[26-1+1:2¢]
2 2
8€ 1 1
2 ~ —
<3L} ﬂ—fdﬁl Yi— 5| TE > -
26[1:2e_1] ie[Qﬁ—1+1:2£]
< 24L§ . 3L§sz(ﬁ, 5 1)
= 5
24L?c 3L?C’
< €+
KN 2¢
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Finally,

RT-MLMC 2 96[’?‘ L 2
E||V )] < 2 e+ 6(L+1)L5C.

(II1) Since the random vectors g~ (6, ¢&) fori = 1,...,n$ are i.i.d., it holds that

Var[V59(6)] = Var

o o - o (¢]
L= nr, nr, nr,

1 ﬁg%m] _ Varlg"(6,¢M)] _ Ellg“(6,¢")IP _ 213 1+ (26)/ Gun)]

The same argument applies when bounding Var [V RI-MEMC ()]

(IV) For fixedi = 1,...,n$, computing g% (6, 1) requires generating 2% samples and then
solve the penalized ¢-divergence DRO with 2% support points with controlled optimality
gap €. According to Lemma 7, its complexity is O(2F log %) Hence, generating the

SG estimator V39(6) has cost O(n}, - 2" log 1).

For fixed i = 1,...,n% and ¢ = 0,..., L, computing G*(6, ¢f), according to the
definition in (6.12), requires computatonal cost O (2! log %) Hence, generating the

RT-MLMC estimator has expected computational cost
ng - ZP(E =0)- 02" log 1) = O(ng - Llog 1) (E.4)
€ €

]

Proof of Theorem 24. We first show the generic result on SGD with biased gradient esti-
mators. Denote by 6, the optimal solution to min F'(6), and 0, is the optimal solution to
min F (0), where SG and RT-MLMC estimators are unbiased gradient estimators of F (+).

Based on the triangle inequality, it holds that

E[F(0,.7) — F(0.)] <E[F(Bi7) — F(01.1)] +E[F(61.0) — F(6.)] +E[F(4.) — F(6.)]

< 9||F = Flloe + E[F(f1.1) — F(8,))],
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where the last inequality is because of the sub-optimality of 6, in terms of the objective F.

According to Proposition 8, it holds that
= C;1idf
|F — Flloo < €+ oL

According to Lemma 33, for SG or RT-MLMC estimator V' (6) satisfying E||V (0)]]3 < M?

and if we take step size v = Mf) \;T’ it holds that

- - D.M

where the constant

D, =F(6,) — F(8,) < F(6,) — F(.) + 2|F — F||o, < F(61) — F(6.) +2 {6 " %} .

In summary, the error bound for 51:T becomes

Gidf:| L M[F(el) —F.)+2[e+ %H

B[F () - F0)] <2 |+ 51 VT

SG Estimator. For SG estimator 1°¢(6), by Lemma 8, it holds that M = 2L3[1 + 2¢/(kn)].
To obtain the desired error bound E [ F (51@) — F(6,)] < 4, we specify hyper-parameters

such that

Gul 6 M[FO)-F@.)+2[e+ %]
2 {6 oL } < > Vi

<

|

We take € = g and L = log % to make the relation on the left-hand-side holds. Then

M = O(1). To make the other relation holds, it suffices to take

AM?|F(6,) — F(0,) + 2

T> 5 ] = 0(1/6%).
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RT-MLMC Estimator. For SG estimator VRTMIMC(() by [Lemma 8, it holds that M =

2 ~
X% . (2%€) + 6(L + 1)L2C.. To obtain the desired error bound E F(61.r) — F(0.)] <6,
KN f

we specify hyper-parameters such that

<

ar| 0 M|F(6,) — F(60,) +2 [e + $]
2[ +G—} <3 | N ]

|

Following the same argument as in the SG estimator part, we take € = g and L = log %.

Then M = O(log %) To make the other relation holds, it suffices to take
2
e [F(Gl) — F(0.)+2
T >

> 52 = O((log 1/6)?/56%).

]

In the following, we present a technical lemma that is helpful for the proof of Theorem 25.

The proof of this technical lemma follows from [154, Lemma 3.1] and [155, Proposition 4.1].

Lemma 37. (I) Under Assumption 7(11l), it holds that

|[FH(0) — F(0)| < pe*P/m. 27D g e ©.
(I) Under Assumptions 7(1I1) and 7(11), it holds that
IVFA6) — VF(@O)|, < L3P/ 27 voco.
(IIT) Under Assumptions 7(111) and 7(I1), it holds that

E[[G10.¢YIIy] < 2327, woee.

(IV) Under Assumptions 7(II1), 7(11) and 7(IV), it holds that for any { > 0, F*(0) is
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S-smooth with

S = (SJ% + Lfc/n)eB/” - L?/new/”. (E.5)
Now we present the formal proof of Theorem 25.

Proof of Theorem 25. At the beginning, it is without the loss of generality to assume that
there exists ¢, 0 such that

cll-llz < - lw <ol - lla,

where || - ||, is the norm function used in defining the distance generating function for

proximal mapping.

(I) We first specify the maximum level L such that 2L§e43/ m.27h <1 e,

1 412 . 4B/
L= |——|log e N
log 2 2

€
It suffices to specify hyper-parameters n7 , 7', v to make

2
<
2

o H% |0 = Prox; (7Y FX())]

€.

N —

Before applying Lemma 34 to derive upper bound on the left-hand-side term, it is

worth noting that

* According to Lemma 37(IV), the objective F'Z(#) is ¢'0S-smooth (with respect

to || - ||,) with the constant S defined in (E.5).

* According to Lemma 37(III), the term

20%(L + 1) Lje*B/m

(e}
ny

E||o(6) = VF*(6)]7 <
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Therefore, when taking the step size v = /(295), it holds that

2 _ 16¢ 305 (F*(61) — ming FX(9)) +24c_202 (L +1)L3e*B/m

- 2 2.,0 )
2 k=T K“ng

oF Hi |0 = Prox; (7P (8)]

With the configuration of the following hyper-parameters, one can guarantee the

RT-MLMC scheme finds e-stationary point:

€

. 960%(L + 1) L3e*B/m . 1
L= K2c2e? ’ | log2

AL2 . *B/n
log — 5 ;

K2c3e?

T = {640?(14%(91) — ming FL(9>)—‘ .y =re/(208).

(II) The proof in this part is a simple corollary from [155, Corollary 4.1]. With the
configuration of the following hyper-parameters, one can guarantee the RT-MLMC

scheme finds e-stationary point:

42 . 4B/
log f—2 :

€

1
ny =1, L= {
log 2

- 128(F%(61) — ming F%(0))SM, _ [2(F(61) — ming FZ(6))
- et 0T ST M, ’

where the constant M, := 2(L + 1) L3e*5/1.
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E.4 Proofs of Technical Results in Section 6.4
We first show the following technical result, from which one can easily derive the main
result in Section 6.4.

Proposition 19. Under Assumption 9, it holds that E5(f; p,n) = gﬁ(f; p,n) + O(p?),

where O(-) hides the multiplicative constant dependent on E__5[S(2)].

Proof of Proposition 19. By definition,

s {E F() = F(2)] ~ 1B, P < Z”Ei)} }] |

For any 2’ € supp~, C B,(2), it holds that

Ep(fipm) =E,_p

[f(2) = f(2) = V() (2 = ) = V() (2 = &) = V() (z = &)
=|(Vf(2) = Vf(2))' (z = &) < IVf(2) = VI(2)]llz = 2

=[Z —zll -l = Zl - S(2) < S(x)llz — #'|* < S(2)p”,

where the second equality is by the mean value theorem and take Z to be some point on the
line segment between z and 2’, and the second inequality is based on the fact that 2’ € B ,(z).

Based on the relation above, it holds that

Es(fipn) — Es(fipm)| <E._s[S(2)]p%,
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where

Ep(fipim)
=E._ p 72171)1()2) {EMZ [Vf(2)"(z = 2)] = nBarn. {gb ( jzg,j;)} }]
=E_ |:l1lI€1]£ {u +Eoimn. {W* (W(Z)T(Zn_ 2 Mﬂ H

s ()

By the change of variable technique that replaces . by pu,

S (fom = 0B i L (P Ty
(7o = p-Ep it {i+ B [ (2 s - )] ]
The proof is completed. [

Proof of Theorem 26(1). For all z € supp P, by strong duality theory of ¢-divergence

DRO [279],

inf {u T [as* (£ (vrem- u))] } = s By (91—, 5))

HER B'eP(B1(0))

Since the optimization problem on the right-hand-side (RHS) satisfies Slater’s condition, the
problem on the left-hand-side (LHS) must contain a non-empty and bounded set of optimal

solutions [54, Theorem 2.165]. Subsequently, it holds from [280, Theorem 5.4] that, as

p/n— C,

inf 8t — By |67 (2 (VT )| b int St S [0 (€ (VT - )]}
p/n n "

HER

Therefore,

Eo(fi o) = 9 [t Lt GBuna [0 (€ (970 = ) | ] +ol0) = RatFspm) ol
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By the relation above and Proposition 19, we obtain the desired result. [l

Proof of Theorem 26(11). According to Proposition 19, it suffices to build the error bound
between gﬁ(f; p,n) and Ra(f; p,n). As p/n — oo, by repeating the proof argument as in

Proposition 6, one can show that

As such,

‘gﬁ(f; p.1) — Ra(f;p,m)| = op).

This completes the proof.

Proof of Theorem 26(11I). Recall that

Es(fipm)=p-E_5 Lifelufe {M - #EM {gb* <§ (VI - u))} H
1

sup {EbNBI[Vf(z)Tb] - —]D>¢(5’,ﬁ)}]

=p-E_;
B'EP(B1(0)) p/n

z~P

and it suffices to analyze the approximation of sup cp, (o)) {E5N5/ (Vf(2)] _ﬁDab( g, 5)}
for z € supp P when p/n — 0.

Note that we can re-write

o tp gl s ATHT(b)]— .
i AR VI 0=m Do A ) = s {Brgl VAT 0) = B0 (YD)

where T is a non-negative random variable satisfying E5[Y] = 1. We use the change-of-

variable technique to define A = (p/n)~!- (T —1), then by the relation E,5[V f(2)Tb] = 0,
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the optimization above can be equivalently reformulated as

swp {Eusl V) BO)] (o) Eonslé(1 + pfn- B(0))] .

A>—(p/n)~1: Eg[A]=0

I I

We take a feasible solution A(b) = a - V f(2)Tbh with some constant a > 0 provided that

a-|IVf(2)|l« < (p/n)~'. Then, it holds that

s BV B0)) — (/) Evslo(L+ p/n - AB))}
A>—(p/n)~t: Eg[A]=0
> s {a- Var,s[V1(2)"8] = (o/m)72 - Eveslé(L + ap/n - VF(2)"b)]}

o a>0: a-||Vf(2)||«<(p/m)~1

(E.6)

Since ¢(t) is two times continuously differentiable at ¢ = 1, as p/n — 0, the following

convergence holds uniformly for any bounded a - V f(2)Tb:

(p/m)™% - ¢(1 +ap/n -V [(2)'b) = a*(Vf(2)"0)*¢"(1)/2.

Consequently, for any € > 0, there exists &y > 0 such that as long as p/n < do, (E.6) can be

lower bounded as the following:

(E.6) > sup {a - Var, 5[V f(2)"b] — (14 €)a® - Var, 5[V f(2)"b] - gb”(l)/Z}
a>0: a-|[Vf(2)[l«<(p/m) !

_ Var, g[Vf(2)T0]
2(1+¢€)¢"(1)

Since € can be arbitrarily small, it holds that

s /e p R T
Ep(fipn) 2 5t ors B p [Vans V()0 + ofp).
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For the upper bound, by strong duality result,

s BRI BO) - (o) Eeeslo(1 + o BO)] )
A>—(p/n)~t: Eg[A]=0

—min { sup  Epsl(VF) b+ 7) B)] - (p/n) 2 Eomslo(1+ p/n - BO))] |

H A>—(p/n)~1
=min {Eys] swp (VAR B (pfn) 91+ ol 5|}
<Eps| swp VST B (p/n) 2 0(1+ p/n- D))
A>—(p/n)~!

Since ¢ is convex with ¢”(1) > 0, it holds that the family of continuous functions

ss() = sup  y-A—(p/n)* o1+ p/n-A)
A>—(p/n)~t

converges uniformly on compact sets to

Consequently,

2

)

E, sEps| sup Vi) K= (p/n) 261+ p/n-B)|.
A>—(p/n)~!

Ep(fipim) <

= |

When we take p/n — 0 both sides, the RHS becomes

= o) Tep [ VareslVI ()0 + olo)

Combining lower and upper bounds gives our desired result.
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E.5 Proof of Technical Result in Section 6.5
Proof of Lemma 10. Let C(G) = {(CZ()) NS [n]} be a (¢, | - || )-cover of the set Gjg.
Define the operator

& = inf {u+EM (o) (/) = )] }

ue

7

We now claim that C(G,ay) = {Eﬂ NS [n]} is a (€, | - |)-cover of the set G,qy|s. Indeed, for

any 6 € O, there exists an index (by definition) j(6) such that

max max |[{(ge(z; +b),y;) — Cf(e)(ﬂci, Yi)

= max ||/ xi+-,i—cj(0)- o < €.
i€[n] beB1(0) icln] H (99( ) y) i ( )H =

Define the functional 7 : R®1(®) — R as

T(g) = int {u +Epes [(mb)* (g(b) - u)} }
dP(b)
- e a0 e ()]}
pep(2) { elol = Bz |9\ 350)
Since ¢ is strictly convex, its directional derivative is well-defined, which is denoted as

VT(9)V = Epsp: [V(b)} :

where

P = g { Bl =2 |0 (575 )| -
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For fixed i, with slight abuse of notation, let 7;(+; t) = t€(gg(z; + -),y:) + (1 — )¢

Therefore, we have that for g € G,q.,

T(t(go(w: + ), ) = T(AV())]

max |g(z;,y;) — 7| = max
i€ln) i€[n]

< max sup ‘VT Ti(1)(U(go(xi + ), y5) — C?(e)('))‘

i€n] tefo,1) ‘

= max sup
i€[n] tefo,1)

Eer:,, [tooti+2),u) =€)

(0
< max[(gn (s + ) 30) = ] ()l < e

The proof is completed.
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E.6 Proof of Strong Duality for co-Type Casual Optimal Transport DRO

Let us consider the co-type Casual Optimal transport DRO problem

X, 2),(X,Z)) ~ X 1Z|X,
n{sﬁ? E@o)~p[¥(fo(), 2)] : A = | }7

esssup, [|(X,Z) — (X, Z2)| < p,Proj, 4y = P, Projy,y =P

(E.7)

where the norm ||(X, Z) — (X, Z)|| £ || X — X|| + 0o - 1{Z # Z}, meaning we take into
account only the distribution shift of the covariate and omit the random vector distribution
shift. Here the transport mapping - is said to be casual since (()? 7 ), (X, Z)) ~ ~ implies
X1z | X , and it additionally satisfies the co-type optimal transport constraint with
transportation budget p. In the following, we derive the strong dual reformulation of (E.7).

We expand its objective as

E(z,)~p[Y(fo(2), 2)] = E(@.2),(2,2)) [P (fo (), 2)]
=Ezr (@) Ecnn(212) E2nr (212,8) Bz (12.2,2) [ (fo (2), 2))]
=Ezr@ Eonry @3 Ezmnziz) Eons: ¥ (fo (), 2)]

=Esr @ Eonry @z Eznzin) (Y (fo(2), 2)]

where the first and second equality is by the law of total probability, the third equality is

because ~ satisfies casual property and we impose infinity transportation cost for moving 2z
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to other locations. Since v(Z) = P; and v(Z | 7) = ]33@, we are able to reformulate (E.7) as

Py

esssup, | X — X[ < p, }

i {pE 5 Eta o, [U(fo(2), 2] : i
Proj 47 = P,Projo,y =P

(E.8)

} ) (E.9)

where the last equality is by the co-Wasserstein DRO strong duality result, adopted from

—min {E[ s E.p  W(A().7)

' €B,(T) =

[123, Lemma EC.2], with loss E_, ~Pyg A[ (fo(2'),2)].
Following similar procedure, one can express (6.26) using its primal reformulation that

involves ¢-divergence regularization:

. (X,2),(X.2)~y = X 1LZ|X,
ngln SPupE(w,z)NP[\II(f(x)a Z)]_W]D)¢(ry770) :
s

(6.26-Primal)
where the reference measure v, satisfies the bicasual property, vo(z | ) = vz(z), Vo and

(2 | 2,%,x) = (2 | 2) = 0:(2), V2. Namely, its joint distribution is decomposed as

((7,2), (z,2)) = @)@ | D)0z | T, 2)%(2 | 2,7, )

=@ [ Z)70(Z [ T)50(2 | Z) = 20 (T)va(z)70(Z | 7)02(2).

E.7 Implementation Details for Loss in Section 6.2.2

For the loss f(-) displayed in Section 6.2.2, we take the loss f(z) = (g(z) — 0)?, where
g : R — Ris a feed-forward neural network function. The structure of g is as follows. We

first take a basis expansion to form 2’ = (z,+/|z|, 2%, sin(z), cos(z)) € R>. Then take

g(z) = Wy - Sigmoid (W5 - Sp(Ws - Sp(lel)))>
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where Sig(-) and Sp(-) are the sigmoid and softplus activation functions, respectively.
Weight matrics W; € R?12%5 W, € R312X512 1), ¢ R19%512 117, ¢ R19%1 and the entries
of Wa, W, Wy follow i.i.d. from A(0,1) whereas that of W follow A(0,0.25). This
example can be viewed as adversarial robust supervised learning for using a neural network

to fit a constant function at the origin.
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