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1.1  Example of mathematical modelling
Exercise 1.1 Put Sy dollars into a bank. Assume annual interest rate is », which is continu-

ously compounded.
Derive a function that describles the growth of the deposit. n

Solution. 1. Denote S = S(¢) as the deposit at time ¢.
2. Principle: The rate of chance in the deposit at any time is equal to the rate at which interest
is calculated:

ds

& =rS 1st order linear ODE.

3. Initial condition: S(r = 0) = Sp.
4. Thus we solve the initial value problem:

ds

. I”S rt

dt = S(t) = Spe".
S(l‘ = 0) =S50

We may plot the graph of the solution:

Figure 1.1: Plotting of the solution
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1.1.1 1Ist order ODE

e Gereral 1st order ODE:

d
Ebtt = f(t,u). where u = u(t) is unknown.

e Linear 1st order ODE:

du_

™ =a(t)u(t)+g(t) (1.1)

where a(t), g(t) are given continuous function.

e How to solve (1.1)?
— Case 1: Homogeneous ODE, when g(7) = 0.

= Solution 1.1

du

i a(t)u. (1.2)

Assume u # 0, then we derive
du

” a(t)de.

By integrating both sides we find that
d
LHS:/—” — In|ul
u
RHS = / a(t)dt+C for arbitrary constant C.
Thus In|u| = [a(r)dr +C.

= u(t) =Cexp ( / a(t) dt) for arbitrary constant C.

Example:

d
For the ODE ?l: = 2tu, the solution is given by:

u(t) = Cexp </ 2t dt> — Cé'” for V constant C.
— Case 2:Nonhomogeneous ODE, when g(z) # 0.

m Solution 1.2 Variation of constant formula:
Conjecture the solution to be

u(?) = C(¢) exp ( / alt) dt)

with C(¢) ti be determined.
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Then we put this expression into Eq.(1.1) to derive:
LHS = C'(1) exp ( / a(t)dt) +C(t)a(t)exp ( / a(t)dt)
RHS = g(t) +C(t)a(t)exp </a(t)dt>

which implies

C'(r) exp ( / a(t)dt> — g(t) — C'(e) = g(t) exp <— / a(t)dt>

Hence we derive the formula for C(7):

Ct)= /g(t) exp <—/a(t)dt> dr 4 C for V constant C.

In summary,

) — o < / a(t)dt> / [g(t)exp (— / a(t)dt)] dr (1.3)
+Cexp (/a(t)dt) . (1.4)

where (1.3) is the particular solution and (1.4) is the solution to homogeneous
ODE. (special solution) m

And we have another method to solve this ODE:

m Solution 1.3  Integrating factor method:
The key idea is to choose some function s(7) s.t.

g5 = 2, (1)

Then we convert Eq.(1.1) into:

8= & ~a(nu

And by multiplying factor s(¢) both sides we derive:

d
g(t)s= s?? —a(t)us

d[us] du ds

dr a ar
Equivalently,

u% = —a(t)us = g = —a(t)s = s(t) =Cexp <—/a(t)dt> .
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If we choose integrating factor to be

)= (— / a(t)dt) ,

then we integrate Eq.(1.5) both sides:

/%dt:/g(t)s(t)dz. — us:/g(t)s(t)d“rc'

Hence the final formula is

pe [/g(t)s(t)dt-i—C]

— oxp ( / a(t)dt> [ / A (- / a(t)dt) +c]

Example:
We tend to solve the IVP: (initial value problem)

W +2u=e™’
u(0)=1
Solution.  * Homogeneous:

W 42u=0 = u(t)=Ce .

* Non-homogeneous:

u(t)=e </e_’ exp(—2t) +C>
—e X (et + C)
Notice that u(r = 0) = 1, thus we derive:
LC+e)=1 = C=0.
In conclusion,

u(t)=Ce * +e.



2.1 Separable equations

Here we give a definition for a special class of first order equations that can be solved by direct
integration:

Definition 2.1 — Separable. First order ODEs that have the form as:

dy
M N(y)—=0
W +NO)S
or
M(x)dx+N(y)dy=0
are said to be separable. n

Then we show the process to solve separable ODE:s:

m Solution 2.1 For the ODE

d
M(X)+N(y)d—JyC =0 2.1)

We define H; and H, to be any antiderivatives of M and N. i.e.

dH, dH,
LM —Z2 =N
= (x) O )

Thus the Eq.(2.1) becomes

d
H| (x) + Hj (y) = =0. 22)

o
dx
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We regard y as a function of x and apply the chain rule:

H0) = | 500 = H0)

Consequently, we write Eq.(2.2) as:

S [H1 () + Ha()] =0, @3

By integrating the Eq.(2.3) we derive:
H(x)+H(y) = ¢ for Ve € R.

Or equivalently, the general solution for Eq.(2.1) is given by:

/M(x)dx+/N(y)dy:cfoer€R.

Example 1:
Solve the IVT:
dy  3x%+4x+2
v 2(y-1)
y(0)=-1

Solution. We write this ODE as:
2(y—1)dy = (3x> +4x+2)dx
Then we do the integration both sides:
2 =2y =x*+ 22>+ 2x+c for Ve € R.
The condition y(0) = —1 gives ¢ = 3. Hence we obtain the solution:

V2 —2y = x> 4+ 2x% + 2x+3.

1. Sometimes the equation of the form

dy

= 24

3 =S ®Y) 2.4)
has a constant solution y = yg. Such a solution is easy to find. For example, the
equation

dy  (y—3)cosx

dx 1+42y2

has the constant solution y = 3. Other solutions could be found by separating the
variables and do integration.

2. Sometimes it’s better to leave teh solution in implicit form. If it’s convenient to do
so, we usually find the solution explicitly.
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Definition 2.2 — Bernoulli Equation. An ODE of the form:

/ _8()
y+q0w4—ya

is called the Bernoulli equation, where ¢ is arbitrary real number except for ¢ = 0 and

o=—1.

m Solution 2.2 In order to solve the Bernoulli equation:

g(t)

t
Y +q(t)y= S

We use the substitution v = y**! to derive that:

dv dy dy 1 dv
—_— = 1 o2 = =
dr (@+1)y dr dt (a+1)y* dr

We put this expression into Eq.(2.5) to obtain:

(o4 1)y* dr = 9
Or equivalently,

dv

o (a+1)g(t)v = g(1).
Thus we only need to solve this linear first order ODE.

Example 2:
Solve the ODE

Y =ry—ky?
where r > 0 and k > 0.

Solution. We use the substitution v = y~! to derive that:

dv 1 dy dy — ,dv

_— = — =
dr y2 dt dr Y

We put this expression into the original equation:

dv
2 2
Yg =k
Or equivalently,
dv
— =k.
a

Then we multiply both sides by integrating factor u(¢) = e to derive:

d
P [ve'] = ke

(2.5)
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Hence
rt rt k —rt
ve'" = | ke""dt =— v=—+ce
r
Thus the solution to the ODE is:

y:%foere]R.

k+ce
|
Definition 2.3 — Homogeneous Equations. The ODE that has the form:
dy w
2 _r(Z 2.6
2 (2 (2.6)
is said to be the homogeneous equation. n

Such equations can always be transformed into separable equations by a change of the dependent
variable:

m Solution 2.3 In order to solve Eq.(2.6), We introduce a new unknown:

v(x):y(xx) = %:v—kx%

Then we put this expression into Eq.(2.6) to obtain:

dv dx

f)—v  x

Then we do integration both sides to derive:

Jr=-1%

Thus the solution is given by:

u <X> —Inlx|=¢
x
where u(s) = [ f(j)sfs and c is a constant. n
Example 3:
Solve the ODE:

dy 2x% +xy +y?
dx x2

Solution. We transform this ODE into homogeneous:

B )

Thus we introduce v = % to derive:

Q—x@~l—v
dx T dx
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We put this expression into the origin ODE to derive:

d
XE: +v=1>4+v+2

Or equivalently,

dv _dx / /
42 x V242

The solution to the ODE is

1
/ —> —=arctan(

f/ji et

1%

In|x| =cforceR.
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Difference between linear and nonlinear ODEs

We are familiar with the first order linear ODE. Now let’s state a theorem that guarantee the
existence and uniqueness of its solution.

Theorem 2.1 — Theorem of uniqueness and existence for first order linear ODE. Given IVP

{y’ +p(t)y = g(t)

2.7
¥(to) = yo &7

If p,q are c.n.t on an open interval I = (o, 3) and o € I, then there exists unique y = y(¢) that
solves Eq.(2.7).

The general first order ODEs have the form:

dy

y(t =1) =yo

And there is a theorem that states the condition when the equation(2.8) has the unique solu-
tion:

Theorem 2.2 — Theorem of uniqueness and existence for general first order ODE.
For the rectangle

R={(t,y):|t—1to] <a, |y—yo| <b},

We assume that
1. fis continuous on R.
2. 3—-5 is continuous on R.
Then there 30 < i < a s.t. Eq.(2.8) has a unique solution y = y(¢) for r € (to —h,to+h).

We can apply this theorem to solve some ODEs:
Example 5:

Y = (siny)®
y0)=0

Solve the ODE: {

Solution. We observe that y(r) = 0 is one particular solution.
Since
i f(tvy) = (
o U (g;,y ) = 8(siny)7 cosy is continuous on R,

We derive that y(z) = 0 is the unique solution. [ |

siny)? is continuous on R;

Sometimes we can determine whether an ODE could be uniquely solved:
Example 6:
Figure out whether the ODE below has an unqiue solution:

dy 3244142
d  2(y-1)
(0)=~1

Solution. o f(t,y)= 3’;&%?52 is c.n.t except fory = 1.
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af _ _ 32+4t+2
dy T 2(y-1)?
Then an rectangle R containing the point (0, —1) could be drawn s.t.

° is c.n.t. except for y = 1.

d
f and —fare cn.tonR.

dy
Therefore, near point (0, —1), the ODE could be uniquely solved. [ |

Example 7:
Figure out whether the ODE below has an unqgiue solution:
dy 3 +4r+2
d  2(y-1)
y(0)=~1
Solution. No rectangle can be drawn around point (0,1). Hence this ODE doesn’t have an

unique solution.
However, it is separable! Thus we obtain:

/2(y—1)dyz/(3t2+4t+2)dt. =y —2y=1+27+2t+C
Setting y(0) = —1 we obtain:

c=-3.
Hence we derive:

=29+ 1 =342 42 +4 = y=1+/3+22 4+ 2 +4.

Since y(0) = —1, we omit the mius condition:

y=1—13+212+2t+4.

1. Uniqueness implies the trajectories of any solution to the ODE never self-intersets
with each other.

2. For linear ODE, there is general solutions.
For nonlinear ODE, there may not have general solutions.

3. For linear ODE, there exists explicit solutions.
For nonlinear ODE, there may not exist explicit solutions.

Example 8:
Finite time blow-up: solve the ODE:

{ y/ :yz
y(0)=1

Solution. The solution is given by:

y(t) L

T 1—:

However, we observe that y(f) — o as t — 1. Hence the theorem (2.2) doesn’t guarantee the
global existence of the solution. |
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What happened? The theorem(2.2) just states the 1st order ODE has a unique solution on
specific intervals when satisfying its conditions. But this theorem doesn’t state there will exists a
global solution! The theorem only says there will exists a local solution on the interval |¢| < h.
How to proof the theorem(2.2)?

Proof for existence part. W.L.O.G, suppose (tp,yo) = (0,0).
Then we rewrite the ODE(2.8) to be the integration form:

s = [ay= [ 7sxo)dsy0

We define ¢ () = O for |f| < h. (¢ is to be determined later) And we obtain:

t

o1(t) = Of(sa¢0(s))ds+y0

o=

t

o) = [ Fls.00(5)ds+30

o=

If we finally find that there exists a integer k s.t. §(f) = @11(), then @ (7) is one solution to
ODE. But in order to achiveve this, we need two conditions to be satisfied:

1. All ¢,(z) to be well-defined.

2. {¢n(r)} is uniformly convergent.
Next we show that this two conditions could be satisfied:

e We will show that we can choose & s.t. all ¢,(¢) to be well-defined. i.e.

(5,0.(s)) € Rfor |s| <h < |¢,(s)| < b for|s| <h.
Since f is continuous, it must be bounded in R. Hence there IM s.t.
f(t,y) <M forV(t,y) €R.

Hence the integration ¢,(s) satisfy the inequality:

9 (1) = +yo <tM

/t:f(s,(bn_l (s))ds

If we choose [t| < £ then we derive:
b
0u(0)] < 5 x M=

In other words, all ¢, (¢) is well-defined for 1 = min{ 2, a}.
e Then we’d like to show that {¢,(¢)} is uniformly convergent. Let’s review the definition
again:

Definition 2.4 — Uniformly convergent. For V|t| < h and Ve > 0, there IN(¢) s.t.

9u(t) — (1) < €
for Vn > N. n

For series, there is a very convenient test for uniform convergence, due to Weier-
strass.
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|9 (1) < M, (x€eE,n=1,2,3,...)

Then Y. ¢,(¢) converges uniformly on E if ' M,, converges.

Theorem 2.3 The sequence of function ¢,(¢) defined on a set E satisfies:

We could use theorem(2.3) to show {¢,(¢)} is uniformly convergent:
— Firstly, since % is continuous on R, for V(¢,y1), (¢,y2) € R, there exists y3 between

y1 and y; s.t.
F(tyn) - Flo,ys) = [jyf<z,y3>] o

Obviously, % is bounded on R, there exists K s.t.

d
aij(t,y)’ﬁ[( for Vt,y € R

Hence we derive:

£ ) — F(ty2)| = }jyﬂt,yz)

for V(¢,y1) and (t,y2) € R.
— Secondly, we set y; = ¢,,(¢) and y, = ¢, (¢) to obtain:

Lf1t:0n(0)] = f1t, n—1 ()] < K[9n(2) — @1 (7)]
— Then we use induction to show that

MKn_1’l|n
n!

[0n (1) = Gu1 ()] <
1. For n = 1, we observe that
91(0) < tM
2. Hence for n = p, we assume that

MEKP~!|¢|P
10p(0) — Bp1 (1)] < p't'

3. Then for n = p+ 1, we derive:

Iyi —y2| < Kly1 —y2

0ps1(0)=0,0)| = [ {15 0p()] — Fls,0p-1(s)]} ]

< / 1 F15:00(5)] — £l p1 ()] ds

<k ' 19p(5) = 9p1(5)] ds

t(MKP~s|P
< [/ (ML),
) p!

MKP|t|PH
(p+1)!
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— We could write ¢,(¢) into the form:
On(t) = 01(t) +[92(1) = 01 ()] + - + [0 (1) — Gur (2 ZA@

where A@; (1) = ¢;(t) — @1 (¢) fori=1,2,...,n
— And we notice that

MK t|"
agi () < MK
n!
And we obtain:
Z MEK"™ 1|t‘n Z Manlhn
= - n!
M & (Kh)!
= k Z n!
n=1 :
M
= ?(eKh* 1)

K" 1|t|”

Hence ¥ Y& " converges. By theorem(2.3) we derive that Y Ag;(r) = ¢, (¢) is
uniformly convergent.
e Then we show one solution to Eq.(2.8):
We define ¢ (¢) = 31_r>£10 @, (1) since @, (t) is uniformly convergent. Then we derive:

0(1) = lim 0,(1) = fim [[ 715, 9,-1(5)] s
= [ tim fls. 00 1(5)] s
0

n—oo

— [ ris.9)as

Hence ¢ (t) is the solution to Eq.(2.8).
|

Proof for the uniqueness part. Suppose there are two functions ¢ and y satisfying the Eq.(2.8).
Then we obtain:

60— wio) =| [ fis o) as— / vl =| [ U001 sl v as
<\ [1sls y(s)llds
< /0K1¢<s> y(s)|ds

Then we set R(t) = [3|¢(s) — w(s)| ds, then we observe that

R(0)=0
R(1) > 0fort > 0. (2.9)
R'(t) < KR(¢) for |t| < a.
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And we can solve the formula(2.9) to derive:
e KIR(1) <0 = R(t) <Ofor |t| < a.

Since R(t) > 0 fort > 0, we derive R(t) =0 for 0 <t < a.

Similarly, we obtain R(z) = 0 for —a <t <0.

Hence R(1) =0 = ¢(r) = y(¢) for |t| < a. Thus the uniqueness of the solution is constructed.
|
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Any 1st order ODE could be written as:

M(x,y)dx+N(x,y)dy =0

And most first order equations cannot be solved by elementary integration methods, but some
ODE such as exact equations could. Let’s give the definition for exact equations:

Definition 3.1 — Exact Equations. Let the ODE
M(x,y) +N(x,y)y =0 3.1

be given. Suppose that we can identify a function y(x,y) s.t.

%‘)’C’(x, y) =M(x,y), aal;/(x,y) =N(x,)

and such that y(x,y) = ¢ defines y = ¢ (x) implicitly as a differentiable function of x.
Then the Eq.(3.1) is called to be an exact differential equation. n

The solution to Eq.(3.1) is y(x,y) = ¢, where c is a constant. Let’s show how we derive this
conclusion:

m Solution 3.1 In order to solve the Eq.(3.1), suppose we can pick a function y(x,y) s.t.

dy B dy
E('xay)_M(-xJ))a 87)7(

XJ) - N(X,y)
and such that y(x,y) = ¢ defines y = @ (x) implicitly as a differentiable function of x. Then
we find

dy dydy d

M(x,y) +N(xy)y' = 5+ 5= 9y b~ & (x,y = ¢(x)).
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Hence we derive:

Wy =9()) =0. = Ylry=9(x) =cforve R

We have learnt different methods to solve different ODEs so far, and many of them belong to
exact ODE:s:

= Example 3.1 e Linear homogeneous ODEs could be transformed to be exact:
For the linear homogeneous ODE

7 _ 16y _
SHEy=0 = “Z+ 1 =0,

we set M(x,y) = f(x) and N(x,y) = % Assume there exists y/(x,y) s.t.

d d 1
a‘l’(xa)’)zf(x) a_yll/(x7y):;
Hence our y/(x,y) is given by:

w(e) = [ F@)drnly

Thus our solution is given by:

[ rasnbi=c — y=cexp (- [ rwar) forcem

e Separable ODEs are exact:
For the separable ODE

M) +NG) =0,

We can pick our y(x,y):

winy) = [ME)de+ [NG)dy

Thus our solution is given by:

/M(x)dx-l—/N(y)dy:cforcER.
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Necessary and Sufficient Conditions
The general form of 1st ODE is

M(x,y)dx+N(x,y)dy = 0. (3.2)

We can use a theorem to test whether Eq.(3.2) is exact:

Theorem 3.1 Let M,N,d,M,d.N be continuous in a rectangle R = {ae <x < ,0 <y < d}.
Then Eq.(3.2) is exact iff. d,M = J,N in R.

Proof. Sufficiency.
If Eq.(3.2) is exact, then there Jy(x,y) such that

hy(x,y)=M;  y(x,y)=N
Then we find that
8yM = 8y8xl// ON = 8x8y1//.

Hence 0,0,y = d.d,y for any second order continuously differentiable function .
Thus dyM = J;N.

Necessity.

We set

wa=/mew+mw
Hence we obtain:
oy =M(x,y)
Ay =d, / M(x,y)dx+ K ()
We’d like to let
v =M oy =N
Thus
N(xy) =3, [ M(xy)dr+H () = H(3) = =3, [ M(x.y)dv+N(x.)
Thus

)= [ [V -3, [t o

We need to check whether the RHS obtain the formula only in terms of y:
oh = 8x/ [N(x,y) —%/M(x,y)dx] dy
- [[aven-a famtna o

~ [[0N () ~ N ()] dy
=0.
Then Eq.(3.2) is exact. |
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g ) If an ODE is exact, we know how to find ¢ (x,y).
Example 1:

2xdx+ (y+x)dy=0

Thus M(x,y) =2x,N(x,y) =y+x = M =0# N =1.
Thus it is not exact.

Example 2:

(ycosx +2xe*) dx + (sinx +x>¢” — 1) dy = 0.

Solution.

e Firstly, check exact or not!

o Set¢(x,y) = [M(x,y)dx+h(y)
e General solution is given by:

o(x,y) =C.

Example 3:

2ydx+xdy = 0.

Solution. dyM =2 # d.N = 1. Hence it is not exact!
Multiply both sides by %:

2 1
—dx+—-dy=0.
X y
Thus d,M = 0 = 9,V = 0. Hence it is exact. |

In general, suppose Eq.(3.2) is not exact. But is it possible to find an integrating factor |1(x,y)
S.t.

w(x,y)M(x,y)dx+ u(x,y)N(x,y)dy = 0 is exact? 3.3)

m Solution 3.2 If Eq.(3.3) is exact, then

Oy[uM] = Oi[UN]. == MIy(1) + pdy(M) = Nox(1) + pox(N)
Thus we derive:

u(M — N)+Moyu —Nou = 0.

U is the solution to the 1st order PDE!



3.1 Necessary and Sufficient Conditions

e Case 1: M depends only on x:
We set i = pu(x), then dyu = 0. Hence pi(x) is the solution to

(M — N) — Nl = 0.

e Case 2: w depends only on y:

We set 4 = u(y), then dyu = 0. Hence pi(y) is the solution to

(M — N) + M = 0.

Example:
Solve the ODE:

(3xy+)y?) dx+ (x* +xy)dy =0

Solution. e We observe that:
oM =3x+2y
N =2x+y

Since dyM # N, it is not exact.
e Find an integrating factor:

IM—ON  xty 1

N 2 4xy  x

Hence this term depends only on x.
Set u = p(x) to find p(x)
e Multiply both sides by u:

U (3xy+y?) de+ p(x* +xy) dy =0

is exact!
Thus the final solution is given by:

1
Xy + Exzy2 =C






4.1 Autonomous Ist order ODE |

We study a kind of 1st order ODE that it doesn’t show us the independent variable explic-
itly:

Definition 4.1 — Autonomous 1st order ODE.
The autonomous 1st order ODE has the form:

dy

— = 4.1

dr 1) “4.1)
Note that this ODE doesn’t show the independent variable ¢. [

Recall that we have considered the special case of Eq.(4.1) in which f(y) = ay+b.

We want to use geometrical methods to find the qualitative information directly from the
ODE without solving the equation.

We want to find some constant functions y = ¢ s.t. there is no change or variation in the
value of y as ¢ increases. How to find these functions? We just need to let f(y) = 0 to derive the
roots:

Definition 4.2 — Critical point.
A critical point of a function y = g(x) is a value xy such that

g (x0) =0.

Moreover, we define the critical points of the Eq.(4.1) to be the zeros of f(y). n

Definition 4.3 — Equilibrium solution. Suppose yy is the critical point of Eq.(4.1), then we
derive f(yo) = 0. And we observe that y =y is also the solution to Eq.(4.1). Hence y = yo
is called the Equilibrium solution to Eq.(4.1). u

Now we show that we can visualize other solutions of Eq.(4.1) and sketch their graphs quickly
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by studying f(y):

m Example 4.1 We tend to sketch the general graph of the ODE

d
é) =r(1-— %)y for constans r and K. (4.2)
We set f(y) =r(1— %)y and draw the graph of f(y):

f(y)
rK/4 -

(K/2, rK/4)

2 |

K/2 K\ y

Figure 4.1: f(y) versus y for Eq.(4.2)

In this graph we find the critical points are:
y1=0 =K

And the equilibrium solutions are:
y=0, y=K.

e Observe that % >0for0<y< K and % < 0fory > K. So we can draw the phase
line (the y-axis) to show the variation of y. (Shown in Figure(4.2a)).
e We can plot the curves for Eq.(4.2) from the information given below: (The graph is

shown in Figure(4.2b)).
Yy y
l \ $,(6) =K
Ke K \ \«

(a) (b)

Figure 4.2: The graph for ODE(4.2)
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— We can infer from Figure(4.1) that when y is around 0 or K, the value for f(y) is
near zero. Hence the corresponding curves for Eq.(4.2) are very flat. Similarly,
when y leaves the neighborhood of 0 and K, the corresponding curves for Eq.(4.2)
are very steep.

— To draw the Figure(4.2b), we start with the equilibrium solutions y =0 and y = K;;
then we draw other curves that are increasing for 0 < y < K and decreasing for
y > K. And the curves are flat when y approaching 0 or K.

— Note that other solutions cannot interset with the solution y = K. Why? By the
existence and uniqueness theorem, there should be a unique solution that could
pass through a given point in the ry—plane. X

dy

— We can also determine the concavity of those curves by computing -5

d?y d [dy d rndy
-3 (2)-50- 102 =7010)
Interval of y | (0,%) | (5,K) | (K, +o0)
sign for f'(y) + — —
sign for f(y) + + -
Concavity a4 — +

— Finally, we observe that all curves seem to approach K as t increases.
|

The information above is obtained without solving the ODE. However, sometimes we need a
detailed description by solving the ODE:

m Example 4.2 Given the condition y(r = 0) = yo and provided that y # 0 and y # K, we
transform Eq.(4.2) into form:

_dy
(1-%)y

1 1
Yy 17Kk

By integrating both sides we obtain:

In|y| —ln‘l - %‘ = rt + ¢ for constant c.

e When 0 < yp < K, we have known that 0 < y < K all the time. Hence we break the
absolute value bars to find:

Y
1—

= Ce'" for constant C.

<

By setting y(r = 0) = yo we derive:

Yo YoK

C: — —
=2 YT Yo+ (K—yo)e™"

e Similarly, when yo > K we derive the same result.
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And we notice that when yg = 0, by Eq.(4.2), y = 0 is the solution; when yg > 0, if we let
t — oo, we obtain:

K
limy(f) = 22~ = K

t—o0 yO
Thus for Vyg > 0, the solution approaches the equilibrium solution y = K asymptotically as
t — oo, [

In this example we notice that for Vyy > 0, the solution approaches the equilibrium solution
y = K asymptotically as t — oo. We say that y = K is an asympotically stable solution of
Eq.(4.2):

Definition 4.4 — asympotically stable solution. For the solution to the autonomous Ist order
ODE(4.1), if the nearby curves all converges to the equilibrium solution as t increases, then
the equilibrium solution is said to be the asympotically stable solution. ]

On the other hand, even the solutions for Eq.(4.2) starts very close to zero, it approaches to K as
t increases instead of approaching to 0. We say that y = 0 is an unstable equilibrium solution of
Eq.(4.2).

Definition 4.5 — Unstable equilibrium solution. For the solution to the autonomous Ist order
ODE(4.1), if the nearby curves all diverge away from the equilibrium solution as t increases,
then the equilibrium solution is said to be the unstable equilibrium solution n

Exercise 4.1 Consider the equation of the form

dy

5 =0

where f(y) =y(y—1)(y —2). Determine the critical (equilibrium) points and classify it as
asymptotically stable or unstable. Sketch several graphs of solutions in the ty-plane. n

m Solution 4.1 Firstly, we draw the graph of f(y):

Figure 4.3: f(y) versus y
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In this graph we find the critical points are:
=0 »n=I y3 = 2.
Hence the equilibrium solutions are:
y=0 y=1 y=2.
e Also, we find that:

&
dt
&
dr
dy
— <Owhenl <y<?2
dr
&y
dr

Thus we draw the phase line (the y-axis) to show the variation of y.

< Owheny<0

>0whenO<y<1

>0 wheny>?2

Figure 4.4: The phase line

2
e We can also determine the concavity of those curves by computing %:

2
=2 (L) - 210 =0 L = F0)0) =0~ 16~ —6+2)

Interval of y | (—eo,0) (()71_\/T§) (1_\/T§71)
signfor /() |+ n -
sign for /(o) | - T n
Concavity — 4L —
Interval of y (1,1—}—73) (1_|_\/T§’2) (2,+o0)
sign for f'(y) — + T
sign for f(y) — _ T
Concavity + — T

Finally, we plot the curves from the information given above:
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Definition 4.6 — 2nd order linear ODE. The general form of 2nd order linear ODE is given
by:

Y +p(t)y +q(r)y =g(t) (4.3)

If the RHS in Eq.(4.3) is zero, it is said to be homogeneous, otherwise the Eq.(4.3) is said to be
nonhomogeneous.
We begin to talk about homogeneous equations first:

Homogeneous with constant coefficient

In this lecture we only talk about the equations in which the functions p(z),q(¢) are constants. In
this case, the Eq.(4.3) become:

ay” +by +cy=0. 4.4)

which is said to be the homogeneous 2nd order linear ODE with constant coefficient.
Then we try to solve this ODE:

= Solution 4.2

e We guess the solution to the Eq.(4.4) to have the form y = ¢, where r is a parameter

to be determined. Then it follows that y/ = re”, y/ = r?¢’". By substituting these

expressions for y,y’ and y” we obtain:
(ar* +br+c)e™ = 0.
Since €’ #£ 0, we derive that

ar’ +br+c=0.

Definition 4.7 For the ODE ay” + by’ +cy =0, its characteristic equation is given
by:

ar’ +br+c=0. 4.5)
WEe can see that if 7 is a root to Eq.(4.5), then y = ¢’" is a solution to the ODE(4.4). m

e We set A = b — 4ac, and discuss three cases to solve this ODE:
— A > 0: There exists two real roots r| # r:

—b+VA —b—VA
= — }’2:7

i 2a 2a

Then the fundamental set of solutions to Eq.(4.4) is

{ri=e", yp=e?}
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The general solution is given by:

rit rt

y(t) = c1e"" + c2e™ for constants ¢y, cs.

— A < 0: There exists two complex roots ry # r; :

_ —b+iy/JA] _b-iV/IA_,
- ——V = B VA e

r =A+iu r "

Then the fundamental set of solutions to Eq.(4.4) is:

{y1 ="' = eM(cospur +isinur), yy=e? =eM(cosur—isinur)} (4.6)

We want to express the solution of such a problem in terms of real-valued
functions. And we can use a theorem to solve this task: (verify this theorem by
yourself)

Theorem 4.1 Consider the Eq.(4.3),

y'+p@)y +q(t)y=0

where p and g are continuous real-valued functions. If y = u(t) +iv(z) is a
complex-valued solution of Eq.(4.3), then its real part u(¢) and its imaginary
part v(¢) are also solutions of this equation.

Thus from the formula(4.6), we obtain a new real fundamental set of solutions to
Eq.(4.4):

A A

{y1 =e*cos(ut), y,=e*sin(ut)}
Hence the general solution is given by:

y(t) = e*[c; cos(ut) 4 ¢ sin(ur)] for constants ¢y, c;.
— A =0: There exists two repeated roots ri,r; :

b
r=rn=r=——

2a
Obviously, y; = ¢ is a solution. How to find a second solution? We set
y2 = v(t)yi(t) = v(t)e".
Then it follows that
Yo =[rv(6)+V(t)]e”

and

i

Vo = r[rv(t)e” +V (t)e ]+ (t)e™ +V (t)e”
= [Pv(t) +2rV () +V'(2)]e"
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By substituting these expressions for y,y’ and y” in Eq.(4.4) we obtain:

VI(t) =0 = v(t) = c1 +cat.

Hence the second solution could be
v = cie” +cote”.

In conclusion, the fundamental set of solutions to Eq.(4.4) is given by
{n=e", y=te}

Hence the general solution is

y(t) = € (c1 + cat) for constants ¢y, ca.
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5.1 Theorem of existence and uniqueness

The fundamental theoretical result for IVP for second order linear equations is stated below,
which is analogous for first order linear equations:

Theorem 5.1 — Existence and Uniqueness Theorem for 2nd order linear equations. 5.1
Consider the IVP

Y +p@)y +q@t)y=g(),  yt)=yo, Y()= (5.1

where p,q and g are continuous on an open interval / that contains the point #5. Then there
exists a unique solution y = ¢(¢) of this problem in the interval /.

) This theorem derives three statements:

e The IVP exists a solution.
e The solution to this IVP is unique
e The solution ¢ is defined on the interval / and is at least twice differentiable.

Proof. This proof need to be filled |

m Example 5.1 Find the unique solution of the IVP
Y'+p)y +4q(t)y=0,  y(to)=0, y(to)=0
where p and g are continuous in an open interval I containing n

Solution: We find that y = ¢ (z) = 0 is one solution. By the uniqueness part of Theorem(5.1), it
is the only solution to the given IVP.
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Principle of superposition
Next, we find that if y; and y, are two solutions to the ODE:
Lly] =y"+p(t)y +q(t)y=0 (52

then its linear combinations are also the solution to Eq.(5.2). We state this result as a theo-
rem:

Theorem 5.2 — Principle of Superposition. If y; and y; are two solutions of the Eq.(5.2),

Ly =y"+p(t)y +-4q(t)y=0

then the linear combination c;y; 4 cpY» is also a solution for constants ¢y, ;.

Proof. We observe that

Llciyr +caya] = [e1y1 +eaya]” + p(t)[ciyr + caya] +q(t) [eryr +c2y2]
= c1y] +cayy +c1pyy + capyy + gy + gy
=1y +py) +an]+calys + pys +qyal
= c1Ly1] +c2L[y2].

Since y; and y, are solutions to Eq.(5.2), we derive
Lyi] =L[y:] =0 = Llciy1 +c2y2] =0.

Hence cy; + ¢»» is also a solution for constants ¢y, ¢p. |

Wronskian

The next question is that whether there may be other solutions of a different form from c1y; +cpy2?
We answer this question in the following steps:
1. Firstly, we claim that c¢;y; + c2y, could be possible solution to the IVP problem if and
only if its Wronskian is not zero at initial point:
Suppose y; and y; are gien two solutions to Eq.(5.2), then ¢1y; 4 cy2 would be possible
solution to the IVP problem

Y'4+p@)y +q(t)y=0,  y(to)=0,  ¥(t)=0 (5.3)

if and only if we can choose (c1,¢;) satisfying

(c1y1 +c2y2)(to) = c1y1(to) + c2y2(t0) = Yo, 5.4)
(c1y1 +c2y2)' (fo) = c1) (t0) + c2y5 (o) = o '
The determinant of coefficients of the system(5.4) is
/7 If
Wity (0) = 1500 2000y )i 00) — yitro)ya ) (55)
Yi(to) ¥5(to)
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e If W +# 0, then the system(5.4) has a unique solution for (cy,c;), according to the
Crema’s Rule, the solution is given by:

Yo y2(to) yi(to) Yo
D) _ i)
yi(to) ya(to)|’ yi(to) ¥2(to)

2
yi(to)  ¥3(to)
In this case, c1y; + c2y, could be the possible solution.
e If W =0, there may have infinitely many (c1,cz) or no (cy,cz) to satisfy the sys-

tem(5.4). Hence in this case, there may not exist the solution in form of c;y; + c2y;.
During the discussion above, we introduce a special determinant: Wronskian.

Definition 5.1 — Wronskian. For the IVP

Y Hp@)y +q)y=0,  y(to)=y0, Y(0)=p

If y; and y, are two solutions of this problem, then the Wronskian determinant
/Wronskian of solutions y; and y; is defined as:

W(y1,y2)(t0) =

The Wronskian is always useful. It can help us to make sure whether there exists one
linear combination of y| and y; that could be the possible solution to the IVP problem.
We can conclude the discussions above into a theorem:

Theorem 5.3 Suppose y; and y, are two solutions of the ODE:
L] =Y"+p(t)y' +q(t)y=0.
Given the IVP
Y'+p)y +4(t)y=0,  yto)=yo,  ¥(t0) =,
it is always possible for us to pick ¢; and ¢; s.t.
y=ciyi(t) +caya(r)

is the solution to this problem if and only if the Wronskian of the solutions y; and y; at
fo

W (y1,y2)(t0) = |

18 not zero.

2. Moreover, uner the assumption that p, g are continuous functions, and using the theorem
given above, we could derive that the solution to the Eq.(5.2) only has the form cy; 4+ c2y»
if and only if there exists a point #g s.t.

W(y1,y2)(t0) # 0.
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Theorem 5.4  Suppose that y; and y, are two solutions of the Eq.(5.2),
L] =y"+p(t)y +q(t)y=0.

Then the linear combination of y; and y;,
y=ciyi(t) +c2y2(1)

with arbitrary constants ¢ and c; are the only solution to Eq.(5.2) if and only if there
exists a point #g s.t.

W(y1,y2)(to) # 0.

Fundamental set of solutions

Can we use a term to describe that the linear combination of y; and y; are the only solution to
Eq.(5.2)? We introduce the definition for fundamental set of solutions:

Definition 5.2 — Fundamental set of solutions. Suppose {y;,y,} is a set of solutions to the
ODE

¥+ p(t)y' +q(t)y =0, (5.6)

then {y;,y»} is said to be a fundamental set of solutions if it satisfies:
1. y; and y; solves for Eq.(5.6)
2. If yg solves for Eq.(5.6), then it is a linear combination of y; and y,.
|

Combining the Theorem(5.3) and (5.4) with the definition above, we derive a useful fact:

Theorem 5.5 {yj,y2} is a fundamental set of solutions to Eq.(5.6) iff.

Jto such that W (yy,y2)(t0) # 0
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Linear independence and Wronskian
And we also want to explore more properties for the fundamental set of solutions. Firstly,
let’s introduce the definiton for linear dependence with respect to functions:

Linear independence

Definition 5.3 — Linear independence. A set of functions {fi, f2,..., f,} is called linear
independent iff.

kifitkfot-+kfn=0hk =k ==k =0.

In fact, we can use linear independence to define fundamental set again:

Definition 5.4 — Equivalent definiton for fundamental set of solutions.

A set of solutions {y;,y,} to Eq.(5.6) is a fundamental set of solutions iff.
1. y; and y; solves for Eq.(5.6)
2. {y1,y2} are linearly independent.

The proof for this equivalent definition is omitted due to the length of this book.

Abel’s theorem

And we want to know the relationship between Wronskian and fundamental set of solutions,
which is obtained from Abel’s theorem:

Theorem 5.6 — Abel’s theorem. If y; and y, are solutions of the differential equation
Y'+p(0)y' +q(t)y=0 (5.7)
where p,q are c.n.t. on an open interval /, then the Wronskian is given by

W(y1,y2)(t) = cexp [—/p(t)dt]

where c is a certain constant that depends on y; and y,, but not on /. Further more, W (y1,y2)(t)
is either zero or never zero for V¢ € I.

Proof. Since y; and y; are the solutions to Eq.(5.7), we have

Vi +p(t)y) +4q(t)y1 =0 (5.8)
ya+p(t)yy +q(t)y2 =0 (5.9)

And we let Eq.(5.8) X (—y2)+Eq.(5.9)x (y) to derive
15 =Y1y2) + (1) (135 = ¥1y2) =0 (5.10)
Then we let W (1) = W (y1,y2)(¢) = y1y5, — ¥} »2 and we observe that

W' =yiyh — ¥y
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Then we could rewrite Eq.(5.10) into:
W +pt)W =0 = W(t)=cexp [—/p(t)dt] where c is a constant.

Since the exponential is never zero, the wronskian is either zero or never zero for V¢ € I. [ |

Completeness of fundamental set of solutions

In fact, every solution to the 2nd order linear ODE must be uniquely expressed as a lienar
combination fo fundamental set of solutions. This is called the completeness of fundamental set
of solutions.

Theorem 5.7 — Completeness for fundamental set of solutions. If {y;,y»} is a fundamental
set of solutions to the equation

y'+p()y +4q@)y=0 5.11)

then every solution to Eq.(5.11) could be uniquely expressed as

y(t) = ciyi(t) +caya(t)

where ¢y, c; are constants.

Before the proof, we have a review of the property about the fundamental set of solutions:
e Property 1: [Check for Theorem(5.6)]
W (y1,y2) is either zero or never zero for V¢ € I.
e Property 2: [Check for Theorem(5.5)]
{y1,y2} is fundamental set of solutions iff. W (y;,y2)(¢) # 0 forall ¢ € I.
We can use these two properties to proof this theorem:

Proof. Suppose y(t) is a solution to Eq.(5.11), since it is well-defined, we set

y(to) =yo, ¥(to) =y

Then we intend to find ¢y, ¢; s.t.

(5.12)

c1y1(to) +cay2(t0) = yo
c1¥(to) + 2¥(t0) = 0

By property(2), W (y1,y2) # 0. Hence Eq.(5.12) admits unique pair (cy,¢z).
We set ¢ (1) = c1y1 + c2y2. You can verify that

e (1) solves for Eq.(5.11)

e (1) satisfies the same initial condition as y(t).
By the existence and uniqueness theorem,

O(t) =y(t) = cry1 +cay2

R) Youmaybe confued about too many theorems and massy relationships this section. But at
least you should hold on these points below:
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{y1,¥2} is fundamental set of solutions iff. W (y1,y2)(¢) # 0 forallz € I.

Every solution to Eq.(5.11) could be uniquely expressed as linear combination of funda-
mental set of solutions

Abel’s theorem






6.1

6.2

AR T IE

B ==

Method of reduction of order

In order to solve the 2nd orde linear ODE, we usually use the reduction of order method:
e If we know y (¢) is one solution, we guess the another solution is given by:

y2(t) =v(t)yi (1)

And then we put y;(¢) into our origin ODE to derive the formula of v(t).
Firstly, let’s restrict our ODE into constant coefficient equation to show how to use this method:

Constant coefficient equation

In the lecture before, maybe you are confused about why the second solution to the two repeated
roots case is te’’, which is not obvious. So let’s have a brief review on how to derive this solution
again:

m Solution 6.1 We intend to solve the homogeneous 2nd order ODE with constant coeffi-
cients:

ay’ +by +cy=0 6.1)
where its characteristic equation has two repeated roots.
In this case, b*> —4ac =0 = r = —%. Hence one solution to Eq.(6.1) is

yl (t) — ert

To find a second solution, we guess

y=v(Oyi(t) = v(t)e"
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It follows that

Y =D(t) +rv(r)]e”
and

y' =) +2rv () + r*v(t)]e”
By substituting the above formulas in Eq.(6.1), we obtain:

{al" (1) +2rV (£) + r?v(£)] + b1V (1) + rv(t)] + cv(t) } € = 0. (6.2)
Or equivalently,

[ (t) + (2ar +b)V (t) + (ar? + br+c)v(t)]e” =0 (6.3)
Since e # 0, we obtain:

av' (t) + (2ar +b)V (t) + (ar* + br+c)v(t) = 0.

Since r = —% and b? —4ac = 0, it’s trival that 2ar+b = 0 and ar? + br+c¢ = 0.
Hence

a"(t)=0 = V'(t)=0. = v(t) =c| +cat
Hence the second solution is given by:
y(t) = (c1 +cat)e”

Thus partly some solutions to Eq.(6.1) are a linear combination of

rt

yi=e yy =t

And the wronskian is given by:

e’ te

re’  (14rt)e”

rt

W(y1,y2)() = =" #£0 (6.4)

Hence {y; = ¢"",y, =te""} is a fundamental set of solutions to Eq.(6.1). And the general
solution to Eq.(6.1) is

y(t) =cre” +cpte”.
And also, the reduction of order method could be extended more:

6.3 General homogeneous ODE

Suppose y;(¢) is a solution, which is not everywhere zero, of the homogeneous ODE:

Y'+p(t)y' +q(t)y =0. (6.5)
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m Solution 6.2 In order to find a second solution, we let
y=v(t)n ()
It follows that
Y =V (i) +v()y (1)
and
Y= DOy (e) +' (0y1 (O] + 1 @)y () +v(0)y] (1))
Substituting the above formulas into Eq.(6.5) we obtain:
{1 Oy () +V ON O]+ @Y1 () +v (03] O+ PO (0)y1 (1) +v(E)yh ()] +a ()1 (£) =0.
Or equivalently,
Y)Y+ [291(0) + p()y1 ()] + D (£) + p(1)1 (1) + g(£)y1 (1)]v = 0.
Since y; () is a solution to Eq.(6.5), we derive y/ (1) + p(¢)y) (t) + q(t)y1(t) = 0. Thus
YV + [291(2) + p()y1 )]V = 0. (6.6)

Notice that Eq.(6.6) is actually a first-order equation for function v'. Hence it is possible to
write the formula for v(z), but this formula is ugly. In practice we often work on the specific
v(t) and derive the final formula.

But, I will show you how to derive v(¢) in general case:

For Eq.(6.6), we divide y;(r) both sides to obtain the first order linear homogeneous
equation:

()
yi(t)

The solution is obviously given by:

v =Cexp [—/ <2§/: 8 —|—p(t)) dt] for constant C

V4 [2 + p(t)} V' =0.

It follows that

P=© / {exp [— / <2§3 g ; + p(z)> dt} } & {Fa o ©

Hence the second solution is given by:

y=Cyi() / {exp {_ / (2§ i 8 n p(t)> dt] } dr for constant C

Why this method is called the reduction of order? Because the critical step is to compute the
solution to a first order ODE for V' instead of the original second order ODE for y. We show
an example of using reduction of order method:
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m Example 6.1 Given that y; = t1/4¢2V1 is a solution of
2y —(t—0.1875)y=0, >0, (6.7)

find a fundamental set of solutions.
We set y = v(¢)y1(¢), which follows that

Y =V (i) +v() ()
' = W On )+ O]+ DO 0+ v ()
=V ()1 (1) +2V ()Y, (£) +v(0)y7 (1)
And we put the formuals above into Eq.(6.7) to obtain:
2V ()y1 (1) +2V ()Y (1) +v(0)y{ (1)] — (¢ — 0.1875)v(t)y1 (¢) = 0.
Or equivalently,
Py (V! + 205 OV + [12Y] (1) — (1 — 0.1875)y1 (1)]v(z) = 0.
Since y; (¢) is a solution to Eq.(6.7), we have ¢2y] (¢) — (t — 0.1875)y; () = 0. Thus
Py (V' + 2090V = 0. = y1 (V' 42y, ()Y =0.
Substituting y; = '/4¢2V" into the above equation we obtain:

/A2VE 4 [%t—3/4e2\ﬂ+t—1/4ez\/i] V=0

Since ¢2V* = 0, we obtain:

/4 (%t_3/4 —|—2t_1/4> V=0 = V' + (%t_l —|—2t_1/2> Vv =0.
Solving this first order linear homogeneous equation for function v we derive:

/ L 51 1 1/2
v = Cexp —/ . +2t dr| =Cexp |— §1n|t\+4t dr
= Ct 2 exp(—41'/?)
It follows that
Cc

V= C/ {t’l/zexp(—4t1/2)} dr = 2C/exp(—4t1/2)dt1/2 = —Eexp(—4t1/2) +D

In other words, our finally v is given by:

v=rc exp(—4t1/2) 4+
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It follows that

y =v(t)y1(t) = c1t"* exp(—21"/2) + et/ * exp(26/?)
Hence our second solution is

y2 =" exp(~24'1?)
And the Wronskian is given by:

1'% exp(—2¢'/?) 1"/4exp(21/%)

W(y1,y2)(t) = exp(—21/2) (134 2 1/4)  exp(2612) (L4304 14=1/4) =2#0.

Hence the fundamental set of solution to Eq.(6.7) is
{1 =t"*exp(2'?), yo=1"*exp(-2:'/%)}
Thus our general solution is

y=ciy1 +cy; = £1/4 [cl exp(2t1/2) +c exp(—2t1/2)]
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Sketch to solve nonhomogeneous equations
We now return to the nonhomogeneous equation
Lly] =y"+p(t)y' +q(t)y = g() (6.8)

where p,q and g are given continuous functions on open interval /.
How to find its general solution? Actually we need to find its corresponding homogeneous
equation:

Lyl ="+ p(t)y +4q(t)y=0 (6.9)

The solution to (6.9) provides a basis for constructing the general solution to (6.8):

Theorem 6.1  Suppose {y;(¢),y2(¢)} is a fundamental set of solutions to the homogeneous
ODE:

Lyl =y"+p(t)y +4q(t)y=0

And yy(t) is a particular solution to the nonhomogeneous ODE:
Ly] =y"+p()y' +q(t)y = g(t).

Then the general solution to the nonhomogeneous ODE is given by:
y(t) = ciy1(t) + c2y2(2) +yo0(1),

where ¢y, c; are arbitrary constant.

Proof. Suppose ¢(¢) is arbitrary solution to Eq.(6.8), then we have:

L[¢] = L[yo] = g(z)

Hence we have:

L[¢] —L[yo] =L[¢ —yo] =0

And any solution to the homogeneous equation is a linear combination of y; and y,.
Hence there exists ¢ and ¢; s.t.

¢ —yo=ciyi+cy2 = ¢ =ciyi+cay2+yo
Thus the proof is complete. n

The theorem(6.1) states that to solve the nonhomogeneous equation(6.8), we need to do three
things:

e Find the general solution c1y| + c2y; to the corresponding homogeneous equation.

e Find one single solution Y (¢) to the nonhomogeneous equation, which is often referred as

a particular solution.

e Sum the functions found in steps 1 and 2.
We have discuessed how to find c;y; + c2y2, but how to find a particular solution in step 2?
There are two methods known as the method of undetermined coefficients and the method of
variation of parameters. We will discuss the former one now:
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6.5 Method of undetermined coefficients

This method requires us to guess about the forms of the particular solution Y (t), but with the
coefficients undetermined. And then we substitute this expression into Eq.(6.8). Then we can
determine the coefficients to satisfy the Eq.(6.8). The key idea is how do we guess the forms
of particular solution? We will introduce some forms corresponding to very special 2nd order
ODEs.

Firstly, let’s discuss five examples to give you some intuition on this method:

m Example 6.2 Find a particular solution of
y' =3y —dy =3¢ (6.10)
We guess our particular solution Y (¢) is some multiple of ¢*:
Y (1) = Ae* where A needs to be determined
It follows that
Y'(t) =2Ae”,  Y'(t) = 4Ae”
After substituting for y,y" and y” in Eq.(6.10) we obtain:

1
MA—6A—4Ak”:3¥’:éw4:—i

Hence our particular solution is

1
Y(t) = —5621.

However, our guess for this kind of ODE (g(r) is exponential) is not always correct. Let me raise
a counterexample:

m Example 6.3 Find a particular solution of
y' =3y —dy=12¢"" (6.11)

e If we guess our particular solution Y (¢) is some multiple of e/, i.e. Y () = Ae”’, then
you can verify that after substituting for y,y" and y” in Eq.(6.11) we obtain:

(A+3A—4A)e " =2¢" = 27" =0
which is a contradiction. Hence there is no particular solution in form of Ae™".
Why our guess is wrong? Notice that Ae™’ is the solution to its corresponding homogeneous
equation, so it is impossible for this term to be the solution to the inhomogeneous equation.
How do we handle this case?

e We guess our particular solution Y (¢) is some of multiple of re~*

,1.e.

Y(t) =Ate".
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It follows that
Y'(t)=A(1—t)e ", Y'(t)=A(t—2)e™’

After substituting for y,y" and y” in Eq.(6.11) we obtain:

2
A(t—2-343r—4dr)e”' =2¢7" — A= ==
Hence our particular solution is
2
Y(t)=—=te™’
(1) = —5re
|
m Example 6.4 Find a particular solution of
y" =3y — 4y = 2sint (6.12)

e If we guess our particular solution Y (¢) is some multiple of sint, i.e. Y (r) = Asint,
then you can verify that after substituting for y,y’ and y” in Eq.(6.12) we obtain:

—A—4A =2

—Asint —3Acost —4Asint = 2sint —>
—3A=0

which is a contradiction. Hence there is no particular solution in form of A sint.
Why our guess is wrong? We notice that there appears cos¢ during our deviation. Hence we
should do a little modification for our guess:
e We guess our particular solution Y (¢) is linear combination of sinz and cost, i.e.

Y (t) = Asint + Bcost
And it follows that

Y'(t) = Acost — Bsint, Y”"(t) = —Asint — Bcost
After substituting for y,y" and y” in Eq.(6.12) we obtain:

(—Asint — Bcost) + (—3Acost + 3Bsint) 4+ (—4Asint —4Bcost) = 2sint
Or equivalently,

_ A=—=
~5A+3B=2 17

—A+3B—4A)sint+(—B—3A—4B)cost = 2sint —> —
( b ) {—SB—3A:0 3

Hence our particular solution is:

5 3
Y(t)= i sint + 17 o8t
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What information we can summarize from the above examples?

e If nonhomogeneous term g(7) is e™,
— In most cases (e? is not a solution to its corresponding homogeneous ODE), we
should guess Y (¢) is Ae™. [like Example(6.2)]
— If e™ is also a solution to its corresponding homogeneous ODE, then we should
guess Y (1) is Are™. [like Example(6.3)]
e If g(7) is sin B¢ or cos B¢, then we should guess Y (¢) is a linear combination of sin 3z and
cos f¢. [like Example(6.4)]

But what if g(¢) is e sin B or e* cos 31?7 We just take the product of the corresponding types
of functions, i.e.

Y (t) = Ae® (Bsin Bt +Ccos ft) or Y (1) = Ate™ (Bsin it + Ccos Br)
Later we will show the general idea of how to guess our Y ().

m Example 6.5 Find a particular solution of
y" =3y —4y = —8e¢ cos2t. (6.13)

We guess our particular solution Y (¢) is the product of ¢’ and a linear combination of cos2t
and sin2t, 1.€.

Y (t) = Ae' cos2t + Be' sin2t
It follows that

Y'(t) = [Acos2t —2Asin2t]e’ + [Bsin2t + 2B cos2t]e’
= (A+2B)é' cos2t + (—2A + B)é' sin2t

and

Y"(t) = [(A+2B)cos2t —2(A+2B)sin2t]e’ + [(—2A + B) sin2t +2(—2A + B) cos 2t]¢'
= (—3A+4B)é' cos2t + (—4A — 3B)e' sin 2t

After substituing for y,y’ and y” in Eq.(6.13) we obtain:

¢ cos2t[(—3A+4B) —3(A+2B) — 44]
e sin2¢[(—4A — 3B) — 3(—2A + B) — 4B] = —8¢' cos 2t

Hence we derive:

10

—10A—2B = —8 A=1
=

24—10B=0 .2

13

Hence our particular solution is:

10 2
Y(t) = Eet cos2t + Ee’ sin2t.
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Now we suppose that g(7) is a sum of two terms, g(¢) = g (t) + g2(¢). And we know that Y; (¢)
and Y, (¢) are two solutions of the equations

ay" +by +cy=g1(t) (6.14)
ay” +by +cy=g(t) (6.15)

Then how to find the particular solution for the equation
ay’ +by +cy=g(t) = g1(t) +£2(1)? (6.16)
Since Y; () and Y (t) are two solutions of the Eq.(6.14) and Eq.(6.15), we have

aY{ +bY| +c¥1 = gi(t) (6.17)
aYy +bY, +cYr = g(t) (6.18)
Then Eq.(6.17)+Eq.(6.18) follows that
[aY{" +bY| +cY1] + [aYy +bY; + cYa] = alY|' + ¥y |+ b[Y| + V3] +c[Y1 + 17]
= a1+ Y] +b[Y1 + 12| +c[Y1 + Y3
=g1(1) +82(1) = g(1).

Hence we derive that Y] + Y5 is a particular solution to Eq.(6.16). The following example shows
this procedure.

m Example 6.6 Find a particular solution of
y' =3y — 4y =3e* +2e" 4 2sint — 8¢’ cos 2t (6.19)
By splitting up the RHS of Eq.(6.19) we obtain the four equations:

y' =3y —4y =3

y' =3y —dy=2¢"

y' -3y —4y =2sint

y' =3y —4y = —8e' cos2t

Through the Example(6.2) to Example(6.5) we can find the particular solution of these
equations.
Thus a particular solution to Eq.(6.19) is a sum of them, i.e.

_l w 2

Y(1) te” > sint + 3 cost + 1Oet0052t+ 2 e sin2t
=——e’—Zte' — = — — — :
2 5 17 17 13 13

m Solution 6.3 Now we summarize how to find the general solution to the nonhomogeneous
equation:

ay” +by +cy=g(t) (6.20)

1. Find the general solution y.(¢) of the corresponding homogeneous equation.
e The specific way is to use the characteristic equation ar®> 4 br +c = 0. Then



6.5 Method of undetermined coefficients 55

discuss it in three cases:

A>0: y(t)=cie" +cre™.
A=0: y(t)=cie" +cate”.
A<0: y(t)=eM(cicosut+cysinur).

2. You should make sure that our g(¢) only belong to the class of functions discussed
below:

e (exponential)  sin ot or cos a (triangle) B, (¢) (polynomial)

or the sums or the products of such functions above. Otherwise we cannot solve this
ODE now, we have to use variation of parameters discuessed in the next section!
e Caution: Note that polynomials doesn’t contain fraction function, such as t .
3. Then we need to find the particular solution Y (¢) to Eq.(6.20) using method of unde-
termined coefficients. But how to guess the forms of our Y (¢)? You can check the table
below as reference. (try to memorize it, you can check the example discuessed before
to understand this table.)

Note: Here o is a "root” refers to o is a "root” of the characterstic equation
ar* +br+c=0.

g(t) Y(t) The value for s
0, is not a root.
ke™ Atse™ s= lLo=r#nr

2.a=r=rnr

P,(1)e™ On(t)t°e™ Same as above
P,e* sin Bt [0, (1) cos Bt _ J 0,0 +ip is not a root.
Pe®cosfr | +R,(1)sine]rfe® T | lLa+iB=r,a—if=r

After guessing the fomrs of Y (7), we derive Y" and Y”, then plug them into our Eq.(6.20)
to derive the coefficients. Thus we obtain our particular solution Y (7).
4. Finally, then general solution to Eq.(6.20) is given by:

y=y(t) +Y(t).
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yo(t) = Cy(t)Y1(t) + Ca(t)Y2(t) Question: How to choose Cj(¢) and C,(7)? Let y = yo(¢),

then we have

y =C\Y +C1Y| +CoYr + CYy
= [C1Y1 + G 1] + [C1Y] + GoYs]

We let C|Y; +C,Y, = 0 (Condition One), then
y =Y +GY,
It follows that

= [C1Y] +C1Y]'| + [C5Y; + CoYy]
= [C1Y] +CS Y] + [C1Y] + CoYy]

Then we have

g=y"+py+q

= [CIY] + GY3] + [CrY] + Gy | 4 p[CrY] + CoYa ] +¢[Cr1 Y1 + CaYa
= [C1Y] + G Y]+ Ci[Y] + pY| + gV + Co[Yy' + pY; + qYa]

= Y] + Y}

Second Condition: g = C|Y{ +C5Y;.

Y1 Yl [ci] [0 .
|:Yll vj| [ Ay matrix form

Must: Determinant W (Y;,Y)(¢) # 0, there exists unqiue pair of (C},C5):

0 n
ol nwsn
W(Y1,Y2)(t) W(Y1,Y2)(¢)
and
Y %
o Mgl s

W))W, n)()
Hence we obtain:

g0

Yi(0)g(0)
Wt Ya) (1) &

G =- W) (1)

Cz(t) =

to homogeneous Eq, then a particular solution to (1) is

yolt) == ;éza +/WYm§ At (1)

The general solution is given by

y(t) = C1Y1 + CoYa + yo(1)

Theorem 6.2 Assume that p, g, g are c.n.t. on I, and {Y},Y> } ae a fundamental set of solutions
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for arbitrary constants C,C,.







7.1

7.1.1

Method of variation of parameters

Like the method of undetermined coefficients, this method is also designed to find the particular
solution of a nonhomogeneous 2nd order ODE.
e Why do we learn this method?
Because one limitation of method of undetermined coefficients is that it cannot handle
general g(7). But this method could.
e In which case does it work?
The method of variation of parameters works for the general 2nd order linear ODE when
the two conditions are satisfied:
1. We have known {Y;,Y»} is a fundamental set of solutions to its corresponding
homogeneous equations.
2. The integral in the expression of the particular solution can be solved in terms of
elementary functions.

How to use this method to solve our ODE?

Given general linear inhomogeneous ODE and its corresponding homogeneous ODE:

V' 4+p@)y +q(t)y = g(t) (7.1)
Y'+p@)y +q()y=0 (7.2)

Suppose {Y1,Y,} is a fundamental set of solutions to Eq.(7.2), i.e.

Y1,Y; solves for Eq.(7.2)
W(Yl,Yz)(l‘) 75 0

m Solution 7.1 How to solve Eq.(7.1)? We guess our particular solution to be:

Yo(t) = Ci (1) (1) +Ca (1) Y2 (¢)
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Question: How to choose C; () and C»(¢)?
Let y = yo(t), then we have

y =CiY1 +CY| + Y + GY,
= [C1Y1 +C5Ys] + [C1Y] + CoY5)

If we set
C{ Y+ C§Y2 =0 (7.3)
then it follows that
’ / /
y =C1Y + G,
and

y' = [CY] + C Y|+ [ChY, + CY) ]
= [C1Y] + Y, + [C1Y] + CYy ]

Substituing y,y" and y” in Eq.(7.1) we derive:
g(t)=Y"+py +qy
= [CY] + G + [ + GY ]+ p[CiY] + CoY)] +4¢[CiY + G Y]]

= [C1Y] +C Y, + C Y] + pY{ + q¥1] + G Yy + pY, + qY5)
=CY{+CY,

Hence we only need to solve the equation:
g=CY +CY; a4

Combining Eq.(7.3) and Eq.(7.4) into compact matrix form:

Y1 Y C;] _ [0] 75
|:Y1, Yzl] [Cé 8 =

So we only need to solve Eq.(7.5).
In order to solve it, we let the determinant W (Y;,Y>)(¢) # 0, then there exists unqiue pair of
(€}, st

’0 )2} Y 0’
o 18 Bl hne) o Mgl New)
W) W) PTWm () W, h)()
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By integrating for C} and C), we obtain:

_ Y (t)g(t) _ [ h()s@)
Ci(t)=— W(2Y1,Y2)(t)d[ Co(t) = W(IYI,YZ)(t)dt

Hence our particular solution is given by:
Y(l) = Cl(l)Yl(l‘) +C2(I)Y2(l).

The part discussed above could be summarize into one theorem, which can be used directly in
exam:

Theorem 7.1 Assume that p, g, g are c.n.t. on an open interval /, and {Y;,Y> } ae a fundamental
set of solutions to homogeneous Eq.(7.2), then a particular solution to Eq.(7.1) is

Ya(0)s(0) Yi()g(t)
y"(’):‘[ W(zYl,szz)d’} Y‘(t”[ W(lYlez)(f)dt} h(0)

The general solution is given by

y(t) = 1Y +GY + yo(t)
—_—————

. M
solution to homogeneous ODE  particular solution

for arbitrary constants Cy,C,.

Here we show two examples on how to sovle general inhomogeneous 2nd order linear ODE:

m Example 7.1 Find general solution to the ODE:

V'i+dy +4y =127, >0. (7.6)

e The characteristic equation is:
P dr+4=0 = ri=ry,=—2.
And the Wronskian is given by:

o 2 te

—2e7% (1—21)e 2|~

—2t
—4t

W(e 2 te ) (1) = =e 40

-2 1-2
Hence the solution for the homogeneous part is:
y=Cie ¥ +Cyte ™

e We guess our particular solution to be

yo(t) = Ci(t)e 2 +Cy(t)te
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Then by Theorem(7.1), we derive:

Y- t—ltxt—Z —2t 1
—_/;gdz:—/;dt:—/—dt:—lnt
w Yl,Y2 e 4 t

Y, —2t X1‘72 —2t 1 1
g —/;dt:/—dt:——
W (Y1, 1s) e 4 2 1

Hence our particular solution is given by:
yo(t) = —Inte ™ —¢™%

Combining the two parts, the general solution is

2t —2t

y= Cle_ZI +Cote” < —Inte

m Example 7.2  Find the general solution to the ODE:
2y 4Tty +5y=3t, >0, y(t)=1t" (7.7)
o Firstly, we use reduction of order to find another solution to the homogeneous part:

Y(0) = vy () =17 1v(1)

It follows that:

and

V' =2073v() =t (O] + [~ 1)+ V(1)
= 2073v(1) = 272 (1) + 171V (1),

Substituting y,y’ and y” for the homogeneous ODE to obtain:
267w (t) — 2/ (2) + 0" (£)] + T[—t "o(e) +V/(£)] + 5t 1v(r) = 0.
Or equivalently,
5V(t)+0v"(t) =0 = V(1) + gv”(t) =0

Hence we derive:

t
'(t) = exp [—/gdt} =Ct. = (1) =Cit *+ G,
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Hence y(t) =t~ 'v(t) = Cot 7' +C1t75.
Thus another solution to the homogeneous part is

ya(t) =172,

And the Wronskian is given by:

- =

2 5| =4O

W(y1,y)(t) =

Hence {t~!,+7>} forms fundamental set of solutions to the homogeneous part, the
solution to which is

y= Clt_l —i—Czl‘_s.
e And we guess our particular solutio to be
y()(l) =C; (t)l‘_l +C2(Z)l_5.

Then by Theorem(7.1), we derive: (Here you should think why g = 3¢~1.)

28 1 x 3! / 3 3,
Ct)y=— | ——dt=— | ————dt=— | —>tdt ==t
1) / W(1,y2) / —47 4 8

yig = x 3! / 8 - 1 e
Cy(t) = —= _dr = ———dt = ——tdt = ——t¢
2(t) / W(y1,y2) / 47 4 8

Hence our particular solution is given by:

3 1 s 1
1)=stt — <117 =—t.

Combining the two parts, the general solution is

1
y=Cit ' +Ct 3 + e

7.2 Application to Vibrations

Why do we study the second order ODE? Because many phenomenon in our nature could be
expressed as this kind of ODE. Let’s raise a specific example about this:

m Example 7.3 We attach a mass into a spring as Figure(7.1) shown below:
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R
L
T

Figure 7.1: A spring-mass system (still condition)

When this system is still, we have:

mg = kL.

But when we let it oscillate a little bit, what will happen? We build a mathematical model to

describe it:

Gravity G =mg
Position wu(r)
Spring force | Fy = —k[L+ u(z)]
Air resistence Fy=—rp/(t)
External force F(t)
Total Force | G+ F,+ F;+ F(t)

We apply the Newton’s second law to obtain:

mp (1) = mg — K[L+ ()] — ri (1) + F (1)

= —kp(t) —ru'(t) +F (1)
Thus we obtain our second order IVP:

mp" (1) = —kp(r) — ri'(t) + F (t)
1(0) = wo,  1'(0) = g



The fundamental theorems and statements towards high-order linear ODEs will be introduced in
this lecture.

Definition 8.1 — Order 7 differential equations. A differential equation of order » is an
equation

d"y dy drly
—Flyv 2 ... — 2 A
drm (y, de’ 7 dem! @1

where F is a differentiable function defined in a domain U of a n+ 1 dimension space. =

There are two kind of linear ODEs:
e Nonhomogeneous ODE:s:

Y+ (Y e pu i ()Y + pa(t)y = g(1) (8.2)

e Homogeneous ODE:s:

Y 4 o)y o 4 pa 1 ()Y + pa(t)y =0 (8.3)

m Example 8.1 Unlike first order linear ODE, the solutions to high order ODE may intersect
with each other. Here is an example:

For ODE y” = —y, the two fundamental solutions are y; = sinz, y, = cost. As we can see in
Figure(8.1), the solutions of a second order ODE may intersect.
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Figure 8.1: The graph of two solutions of a second-order ODE

Recall that due to the uniqueness theorem of first order ODE, two distinct solutions of first order
ODE will not intersect. Hence this theorem don’t apply for the high order ODE. Our question
is that what initial conditions should be given in order to determine the uniqueness of the
high order ODE?

Definition 8.2 — Existence and Uniqueness Theorem. Let (yo, y(()l), e, y(()n_l)) be a point such

that Eq.(8.2) is satisfied, i.e.

@y 4+ Pt (038 + pat)yo =8 (2)

If p1,p2, ..., pn and g are continuous on open interval /, and #y is arbitrary point on /. Then
the solution ¢ to Eq.(8.2) with initial condition

o(t0) =yo, 9'(t0) =", -, 9" Viw)=yy" (8.4)
exists and is unique. n

In other words, this theorem guarantees that if any two solutions have the same initial condition,

then these two solutions will be the same on the interval /.

m Example 8.2 Look at Example(8.1) again, at r = %, the solution y; satisfy

4

_zayl

4

n(@=% #@H-F

The solution y, satisfy

(5= w(E)=-22

)= 2\
So these initial conditions are distinct, so it is not surpring that graphs of the solutions intersect

without coinciding. u

Exercise 8.1 Suppose we know the Eq.(8.2) has solutions y; = ¢ and y, = sint, determine
the range of order » of the equation.
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Solution. Notice that y; and y, have the same derivatives of orders 0, 1 and 2 at point # = 0.
If they satisfy the same third-order equation, they would be the same on the open interval
I due to the uniqueness theorem. So an equation of order n > 4 satisfies both funtion. For
example, one equation is y(”) +- y(”_z) =0, n>4. Hencen > 4. [ |

Exercise 8.2 Can the graph of two solutions of the equation y” 4 p(7)y’' + ¢(t)y = 0 have the
form depicted in Figure(8.2)?

y(®) Vi

Y2

Figure 8.2: An impossible configuration of graphs

Proof. No. We can multiple solution y; with constant ¢ to make cy; and y, have the same
initial condition: (the reason why we can do this is shown below)

We construct g = In(y;) and g» = In(y2). From the Figure(8.2), we assume y;(a) =
yv2(a), yi(b)=y2(b). It follows that

g1(a) = g2(a), £1(b) = g2(b)

Due to the Roll’s theorem(Calculus I), there exists d € (a,b) such that g (d) = g5(d). It
follows that there exists d s.t.

Y1(d) _ ¥5(d)
yi(d)  y2(d)

So it is always possible to multiply ¢ to make

cyi(d) =¥5(d) cy1(d) = y>(d) Shown in Fiugre(8.3)



68 Week$

y(t)u Vi
Y1 ¢

Figure 8.3: An impossible configuration of graphs

But functions cy; and y, don’t coincide, which is a contradiction! [ |

Definition 8.3 — Fundamental set of solutions.

Suppose {y1,. ..,y } are solutions to Eq.(8.3). And {y1,...,y,} is said to form a fundamental
set of solutions if every solution to Eq.(8.3) could be expressed as a linear combination of
solutions yy, ...,y uniquely. m

Our question is how to verify a set of solutions is a fundamental set of solutions? Firstly we
define the Wronskian for high order ODE:

Definition 8.4 — Wronskian. The Wronskian for a set of solutions {yj,...,y,} is a special
determinant:
1 Y2 T Yn
o Yy o W
W(y17y27"'7yn)(t): c 0 . :
=1 =i =i
ysn ) ygl ). ygl" )

Theorem 8.1 — Test for fundamental set of solutions.

The funtions py, ..., p, are continuous on the open interval I. {y;,y2,...,y,} forms a funda-
mental set of solutions for Eq.(8.3) if and only if the Wronskian W (y1,y2,...,ys)(f) # 0 for
some 7 # 0.

Proof. Sufficiency. For arbitrary point ¢ € I, any solution y to Eq.(8.3) is uniquely determined if
we have defined its initial point:

y(t0) =yo, Y () =yp, -+, y("_l)(fo)zy(()nfl)

Suppose {y1,y2,...,yx} forms a fundamental set of solutions for Eq.(8.3), then there exists
unique ¢, ¢y, . .., C, such that

ciyirtey2+--+cpyn=Yy
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It follows that

C1)1 (IO) + - +Cnyn(t0) =Yo

/

1y (to) + -+ cayy (o) = yo

clyﬁ'H) (to) +---+ Cnyr(znil) (o) = y(()nil)

We write this equation into compact matrix form:

y1(to) y2(t0) o yalto) 1 Yo
o) y) - ) | e Yo
-1 -1 e ' -
U)o V)] Len -
Since {cy,c¢z,...,c,} is uniquely defined, the first matrix on the left side must be invertible. Its

determinant is nonzero at r = to. Hence W (y;,y2,...,ys) # 0.
Necessity. If W (y1,y2,...,yn)(to) # 0, we only need to show that there exists a unique solution
{c1,¢2,...,cn} to the linear system

ciyi(to) +- -+ cayn(to) = yo

/

ey (to) + -+ +cayy(to) = o

clyﬁnfl) (to)+---+ Cnyt(inil) (to) = y(()nil)

for some 7y € 1. Since W (y;,y2,...,y,) # 0 for some ty € I, the coefficients {c1,c3,...,c,} is
uniquely given below:

€1 y1(to) ¥2(to) ¥n(to) Yo

¢ Yilto) — Yh(to) Ya(t0) Yo

' -1 -1 o -

Cn gn (1) yé" Vo) - ¥ (w0) (()n )
Hence every solution to Eq.(8.3) could be expressed uniquely as a linear combination of
{y17y2a-"7yn}‘ u

We find that we could use Wronskian to describe fundamental set of solutions, and more-
ovre, we could show that the Wronskian is either zero for every ¢ € I or else is never zero
there.

Theorem 8.2 — Abel’s Theorem. For nth high order ODE

YO 4 pi ()Y o 4 pu 1 ()Y + pa(t)y =0
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with fundamental set of solutions y,ys,...,y,. The Wronskian formula is given by:

e ) = [— / m(t)dt} (85)

Proof. We only need to show that
w’ —|—p1(t)W =0=W = —pl(t)W.

e By Leibniz formula for determinants (check wikipedia for detailed definition), the

Wronskian could be expressed as:

Wm0 = ¥ sign<o>ﬂy§"<”‘“<r>

oES,

Then we differentiate Wronskian with respect to ¢:

d PRI
*W()’b)’z?---,yn)(t) = a Z Slgl’l(G) Hyl(c() D(l)
i=1

dt oES,
d L o
— Z sign(o) Enygc(l) 1)(t)
ocs, i
n
. 1)-2 1) —1
=Y Y sign(o)y ™) T HY V)
i=10€Ss, ie{l,...n}—{i}
N Yoo oW Vi Y2 ot Yn
i Yo oo W v A SRR
S R E /A I B R - SR 1
-1 -1 -1 -1 -1 -1
ygn ) gn ) yl(1n ) yﬁ” ) gn ) '(1'1 )
Y1 2 Yn
Vi) A
NINUUTIR VA Y
Wyl o

(8.6)

In other words, the derivative for Wronskian could be calculated by differentiating each

row separately.
e Note that the first n — 1 terms of right side of Eq.(8.6) are all zero since they all contain a

pair of identical rows. Hence we derive:

YiY2 o a
. YiooYh o o W
11 "o 1
3Oy (0) = Y12 Y (8.7)
MO ORI

Since every y; solves the ODE, we have:

(n)

¥, +p1 (t)yl(n*l) +o ot pae1 ()Y pa(t)yi =0 (8.8)
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It follows that

n nl
3 pac (04 palt)yi = —pr (0"

If we add first row times py(t), second row times py_1(t),..., the (n — 1)th row times p;(t),
into the nth row, the value for Eq.(8.7) is invariant:

J1 »2 Yn
; Y ) Y
/" " "
t . . . .
(-1 (-1 (-1
—pry Y —piey ) =iy
Or equivalently,
Y1 Y2 Yn
i Yoot Va
d y// y// y//
aw(yl,yZa---,Yn)(t):_Pl(t) 1 2 n :_Pl(t)W(J’l,)’Zw--,yn)(t)
gnfl) yénfl) Elnfl)

Now we want to explore the relationship between linear independence and fundamental set of
solutions.

Definition 8.5 — Linear independence. The functions fi, f2,..., f; is said to be linearly
dependent on open interval [ if there exists k1,4, .. .,k, which are not all zero s.t.

kifi+kofo+--+kifu =0

for all r € I. Otherwise the functions fi, f>, ..., f, are said to be linearly independent on /. =

Theorem 8.3 — Test for fundamental set of solutions.

The funtions py, ..., p, are continuous on the open interval /. And suppose yi,ys,...,y, are
solutions to Eq.(8.3). {y1,y2,...,yn} forms a fundamental set of solutions for Eq.(8.3) if and
only if {y1,y2,...,y,} are linerarly independent on /.

Proof.  Suffiency. If {y1,y2,...,y,} forms a fundamental set of solutions for Eq.(8.2), then
W(y1,y2,---,¥n)(to) # O for some y € I. Due to Abel’s theorem, W (y1,y2,...,y,)(t) = 0 for all
t € 1. Then we consider the equation

01y1 + 0oy + -+ Gy, = 0 (8.9)
We differentiate this equation repeatedly to obtain other (n — 1) equations:

oy + ooy + -+ oy, =0
(8.10)

Otlyﬁ'H) + Otzyé"*l) Fotoyy =0
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We could write Eq.(8.9) and Eq.(8.10) into compact matrix form:

)i Y2 e Y o 0

i Yy e Yn o 0
: : . : =1 (8.11)

(ln—l) ygn—l) . ySln—l) a, 0
]

Since W (y1,y2,...,yn)(t) # 0, the first matrix in Eq.(8) is invertible. Hence the coefficients for
Eq.(8.9) should all be zero, which implies that {y;,y,...,y,} are linearly independent.
Necessity. Suppose y1,y2,-..,y, are linearly independent on /, we need to show they form a
fundamental solution on 7. It suffices to show the Wronskian W (y1,y2,...,y,)(t) # 0 forall r € I.
Assuming it is not true, and there 3y € I such that W (y1,y2,...,y,)(fo) = 0.

In this case the Eq.(8) has a nonzero solution, let’s denote it as {Oc?, ch yeens a,? }. Now we
construct a linear combination

Y=oy + Gyt -+ 0y, (8.12)
Since we have

oy1(to) + 0y (to) + - + &y, (o) = 0
o'y] (o) + 035 (t0) + -+ + 0y, (o) =0

ay" V(1) + oSV (o) + -+ oy (1) = 0
We derive the function y satisfies the intial condition:
w(t) =0, ¥(t)=0, ..., y" V(r)=0. (8.13)

Moreover, VY is also a solution to Eq.(8.3). And we find that y = 0 is also a solution to Eq.(8.3)
which satisfies the initial condition (8.13). By the uniqueness theorem,

v=aly + oy, + -+ apy, =0.

Since {a!, ..., a}} are not all zero, we derive {y1,ys,...,y,} are linearly dependent, which
is a contradiction. Thus the Wronskian is never zero in I, thus {y;,y2,...,y,} forms a fundamen-
tal set of solutions.
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Application to constant coefficient

We now consider the nth order linear homogeneous differential equation with constant coeffi-
cients:

n—1)

aoy(”)+a1y( +...+an71yl+anyzo’ (814)

where ag,ay, ... ,a, are real constants and ag # 0.
If we guess the solution to Eq.(8.14) has the form y = ¢, and we plug it into the equation to
obtain:

e't [aor”—i—a]r"*l 4+ —i—an_]r—i-an} =0.
Since e #£ 0, we derive:
agr"+a”" '+ +a,_r+a, =0. (8.15)

The Eq.(8.15) is called the characteristic equation, and the polynomial on the left side is called
the characteristic polynomial. Now we discuss how to solve the ODE(8.14) by solving the
corresponding characteristic equation:

All roots of Eq.(8.15) are real and distinct
In this case we have n distinct solutions e"’,e™', ... e If these functions are linearly indepen-
dent, the general solution of Eq.(8.14) is:

y=cre't+cre™ 4+ +ce™

And let’s establish the linear independence of e"'z,e™,... ¢ by showing the Wronskian is
nonzero:
Proof.
erlt erzt .. ernt
rie"t e - e

W e ... ") (t) =

r7—ler]t rg—lerzt rzflernt
Since det(A) = det(A") for any matrix A, we derive:
er]l rlerll‘ . },Jll—lerll‘
erzt rzerzt . ’,lefleer
W(et e, e (1) = | . ' ‘ . (8.16)
et rner,,t . rnfler,,t
n

We set the matrix on the right side of Eq.(8.16) to be B. In order to show the Wronskian is
nonzero, we only need to show B is nonsingular. Notice that

Ba=0<+= oe +aprie +-- ot e =0fori=1,2,...,n.
Or equivalently,

¢ (o4 0ari+ A ) =0 <= o+ oari+-- 4o =0fori=1,2,...,n. (8.17)
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Assuming B is singular, there exists nonzero coefficients oy, oy, ..., o,. We set
n—1

p(r) = oy +0pr+--+ o4r

to be the polynomial of degree n — 1. On the one hand, we know that a polynomial with degree
n—1 has n— 1 roots. On the other hand, the polynomial p(r) has n real and distinct roots
ri,72,...,ry, which is a contradiction. Hence B is nonsingular, and the Wronskian det(B) is
nonzero . |

We use an example to show how to solve such kind of ODE:

m Example 8.3 Find the general solution to

y# —7y" 4 6y" +30y —36y =0 (8.18)
Solution. The characteristic equation for Eq.(8.18) is:

r* —7r +6r* +30r —36 = 0. (8.19)
How to solve this equation? If r = g is a root for general characteristic equation

apr" +air”" '+ +a,_r+a, =0.

where p and g are coprime, then p must be a factor of a, and ¢ must be a factor of ay.
Hence for Eq.(8.19), the factors of ag are +1, the factors of @, are +1,£+2,+3,4+6,+9,+12.
By testing these possible roots, we find that —2 and 3 are actual roots. Hence we could
factorize Eq.(8.19) as:

(r73)(r+2)(r2—6r+6) =0
Hencery = -2, =3,r3=3— \/§, rs =3++/3. The general solution is given by:

y= clefzt + czest + C3€<37\/§)t + C4€(3+\/§)t.

Some roots of Eq.(8.15) are complex
If some roots of Eq.(8.15) are complex, they must occure in pairs, i.e. A +iu. In this case, we
could replace the complex-valud solutions e(* ) and e(*~4)" by the real-valued solutions:

A

e cos ut, et

"sinut.
m Example 8.4 Find the general solution to

y# —y=0. (8.20)
Solution. The characteristic equation for Eq.(8.20) is:

F—1=0. (8.21)
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We derive that r = 1, — 1, +i. And we take the real and imaginary part of the solution e to
form real-valued solution:

e =cost +isint = R(e") =cost, 3J(e") = sint.

Hence {¢',e ™", cost,sint} forms fundamental set of solutions. The general solution is given
by:

y=cie +cre”’ +c3cost + cysint.

Some roots of Eq.(8.15) are repeated
If one root r; of Eq.(8.15) is repeated with multipicity s, then the corresponding solutions to
ODE(8.14) is:

e”’,ter”,tzer”, L 7ts—lerll“

Moreover, if r| is complex, i.e. r; = A +iu, then the corresponding conjugate of ry, A — il is
also the root of Eq.(8.15) with multipicity s. In this case, we could replace the complex-valued
solutions e+t ps=1e(Atit)t ang o(A—it)r  ps=1(A=il) by the real valued solutions by
taking the real and imaginary part of {eA ) s=1eA+i)Y (op {gA—im)t | ps=1p(A=it)i])y.

A s—1 At

Real part: e cos ut,te* cos ut,r>e* cosut, ...t~ e* cos ut

2 At

Imaginary part: e sinut,re™ sinut,r>e* sinpz, ... ,1* e

sin pt

m Example 8.5 Find the general solution of

Y 42y 4y =0 (8.22)
Solution. The characteristic equation for Eq.(8.22) is:

P2+ 1= +1)(P+1)=0. (8.23)

We derive that » = i,i, —i, —i. Hence the fundamental solution is:

e”,te’t, e—lt’te—ll‘

i

We take the real and imaginary part of {e”,te’} or {e~' ,te~""} to form real-valued solution:

Real part: cost,tcost

Imaginary part: sint,zsint

The general solution is given by:

Yy = €108t + ¢y sint + 3t cost + c4t sint.
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How to solve some special characteristic equations ?
Some characteristc equations are difficult to solve. Here we introduce one kind of such equation:

r"+1=0. (8.24)
How to solve it? We find the roots of Eq.(8.24) must satisfy

r= (=Y.
A useful way to compute (—1)!'/ is to use Euler’s formula e™ + 1 = 0. It follows that

—1 = ¢ = cos T+ isin T = cos(7 + 2mm) + isin(7 + 2mm = expli(w + 2mm)]

where m is arbitrary integer. Thus

(—1)V/" = exp [l(ﬂ—i-anTC)] = Cos (W) +isin ((7r—|—2m7‘[)>

n

The n roots of Eq.(8.24) are obtained by setting m =0,1,2,...,n—1:

2 2
r = Cos ((n—i_mn)>+isin <(7‘L’—|—m7‘[)> form=0,1,2,...n—1.
n n

8.2 The method of undetermined coefficients

Here we want to find s particular solution of the nonhomogeneous ODE with constant coeffi-
cients

agy™ +ary" V- a, 1y +ay =g(0) (8.25)

Before begin to solve it, we should make sure that our g(¢) only belong to the class of functions
discussed below:

e (exponential) sinat or cos at(triangle) P, (t)(polynomial)

or the sums or the products of such functions above. Otherwise we cannot solve this ODE
using this method, we have to use variation of parameters discussed in the next lecture!

We want to find the particular solution Y (¢) to Eq.(8.25) by guessing the forms of Y (7). We can
check the table below as the reference:

Note: Here « is a “root” means « is a root of the characteristic equation
apr"+air" '+ +a, 1r+a,=0.

g(t) Y (1) The value for s

e Aps et . O,?f Q is not a rf)ot. | o
m,if o = ry, ryis aroot with multiplicity m
P,(t)e* On (1)t e™ Same as above

{ P,e™ sin Bt { [0, (t) cos Bt { 0,if &+ if is not a root.

P,e™ cos Bt +R,(t) sin Bt]t’e™ m,if o +if = ry, ryisaroot with mutlipliticym.
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After guessing the forms of Y (r), we derive Y/, Y”, ..., Y "), then we plug them into our Eq.(8.25)
to determine the coefficients. Thus we obtain our particular solution Y (¢).
The general solution to Eq.(8.25) is obtained as:

y=yc(t) +Y (1)

where y.(t) is the solution to the homogeneous part, Y (¢) is the particular solution.
We use two examples to show how to implement this method:

m Example 8.6 Find the general solution to the ODE
Y =3y +4y —2y =1?e* (E8:49)
Proof. e For its homogeneous part, the characteristic equation is given by:
P =3 +4r-2=0. = (r—1)(* —2r+2) =0.

Thus ry =1, =1+i,r3 = 1 —i. We take the real and imaginary part of the solution
(1+i)z.
e :

R(e! ") = R(e' (cost + isint)) = ¢’ cost

S (1) = S (¢! (cost +isint)) = ¢'sint

Hence the solution to the homogeneous part is:
Ve = c1€' + €' cost + cze sint

e Then we want to find the particular solution. Checking the table above, we guess the
form of Y () to be:

Y(t) = (Af* + Bt +C)e*
It follows that

Y' = (2At + B)e* +2(Ar* 4+ Bt +C)e*
= [2A2 + (2A +2B)t + (B +2C)]e*

Y" = [4At 4 (2A + 2B)]e* +2[2A1* + (2A +2B)t + (B+2C)]e*
= [4A> + (8A+4B)t + (2A + 4B+ 4C)]

Y" = [8At + (8A+4B)]e* +2[4A* + (8A +4B)t + (2A + 4B+ 4C))e*
= [8A1> + (24A +8B)t + (12A + 12B + 8C)]

We plug the above formulas to Eq.(8.26) to obtain:

[8A1] —3[4Ar%] + 42417 —2[Ar?] = 12e*
[(24A + 8B)1] —3[(8A+4B)t] +4[(2A+2B)t] —2[Bt] =0
[(12A+12B+8C)] —3[(2A+4B+4C)] +4[(B+20C)] —2C=0.
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It follows that

A=

| =

8A—124+8A—24 =1
(24A+8B) —3(8A+4B) +4(2A+2B) —2B=0 —> { B= —2
(12A+ 12B+8C) — 3(2A4 + 4B+ 4C) + 4(B+2C) —2C =0 c

N[ L

The particular solution is given by:

1
Y(1)= <Et2 — D E ;) e

The general solution is obtained:
2t ! T 1 2 5 2t
y=yc.+Y(t) =cre” +cre' cost + cze' sint + Et —2t+§ e”.

In fact, if you are not sure whether your particular solution is correct when doing your
homework, you can open your MATLAB and enter the code:

syms t

myy = ' (A*t"2+B*t+C) *exp (2*t) ';
mydy = diff (myy,t);

myddy = diff (myy,t,2);

mydddy = diff (myy,t,3);

simple (subs ('D3y-3*D2y+4*Dy-2*y=t"*2*exp (2*t) ', {'y', 'Dy', 'D2y"', 'D3y'}, {myy,mydy, myddy, mydddy})) ;

The result is

collect (t):

(2*A*exp (2*t) ) *t"2 + (8*A*exp (2*t) + 2*B*exp (2*t))*t + 6*A*exp(2*t) + 4*B*exp(2*t) + 2*C*exp (2*t) == exp(2*t) *t"2

Hence you only need to solve linear system of equation. Based on the result, you enter

[A,B,C] = solve('2*A=1",'8*A+2*B=0", '6*A+4*B+2*C=0"','A','B','C")

You will get the corrsponding coefficients

1 5
A=—-, B=-— C==
2’ ’ 2
which agrees with our result.
|
|
m Example 8.7 Find the general solution to the ODE
V' =3y" 42y =t+e =t 4 & (8.27)
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Solution. e For the homogeneous part, the characteristic equation is given by:
P32 2r = r(r=1)(r—2)=0
Hence r; =0,r; = 1,r3 = 2. The solution to the homogeneous part is:
ye(t) = c1 + c2e +c3e?.

e Then we want to find the particular solution. Note that O is a root of the characteristic
equation. Hence we guess the first term of Y (¢) is (A7 + B)z. Since 2 is a root of the
characteristic, we guess the second term of Y (¢) is Cte*. Hence

Y (t) = (At 4 B)t + Cte* = Ar* + Br + Cte?.
It follows that

Y' =2At+B+C(2t +1)e*

Y =2A+4C(4t 4 4)e*

Y" =C(8t +12)e*
We plug the above formulas to Eq.(8.27) to obtain:

C(8t +12)e¥ — 3C(4t +4)e¥ +2C(2t + 1)e¥ =
0—3-(2A)+2-(2At+B) =t

It follows that
1
8C—-12C+4C =0 A:Z
12C—12C+2C=1 3
— B=—
4A =1 4
—6A+2B=0 c:%

Thus the particular solution is given by:

1 3 1
Y(t)= 1>+ >t + —te*
(1) PRIl

The general solution is given by:

1 3 1
y:yc+Y201+Czet+C3ezt+Zt2+1t+§t62’.

8.3  Variation of parameters

We could use variation of parameters to determine a particular solution of the inhomogeneous
nth order linear differential equation

Y 4 pr(y" Y 4 i (6 + palt)y = g(2) (8.28)
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m Solution 8.1 Here we want to find the particular solution to Eq.(8.28). Suppose we have
known a fundamental set of solutions {y;,y2,...,y,} to the corresponding homogeneous
ODE. Then the general solution to the homogeneous equation is:

Ye=C1y1+C2y2+ -+ CpYn
The idea of variation of parameters is that we guess our particular solution to be:

Y(t) = Ci(t)y1 +Cat)y2 + -+ + Clt)yn (8.29)
We take the derivative for Y (¢) to obtain:

Y' = [Ciy1 + C1yi] + [Chyz + Coyh) + -+ + [Cloyn + Cuy]
= [C1y| +Coyp+ -+ Gy ] + [Ciyi +Coyr + -+ Gyl

And we set the first condition:

Ciy1+Cyyr+-+-+Cpyn =0. (8.30)
It follows that

Y =Cy +Coys+ -+ Gy

And we continue to calculate Y, ..., Y ") recursively. After each differentiation, we set the
sum of terms invoving C},C}, .. .,C,, to be zero, i.e.

WD LY ey Y =0 fork=1,2,...n— 1. (8.31)
As a result, the kth order derivative for Y (z) could be expressed as:
YO =y + oy -+ Ot fork=1,2,...,n—1.

It follows that

Y@ () = [Cp + Cop?) + -+ Gy + [C TV + eV -+ Y]
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Substituting y, Y, ..., y™ in Eq.(8.28), we derive:

YO+ pr )y o pai ()Y + pa(t)y = g(2)
= [C +Coy) - Cy 4+ @ Cy T H oy Gy

+pa)C Y + ey Gl

4 pu(O)[Cry1 +Caya+ -+ Coyal +[CY" V™D o Oy Y]
=C Lyﬁ”) +pi(1) +y(1n71) + ot pa1 ()Y + (O] +

n n—1
G+ pr () 38 4 Pt ()Y + Pu(E)yn]

+EpT T+ e+ o)
n
=Y G+ pi () +y5 " 4+ puca (0 + Pa(t)ym]
m=1
+HEpT T+ eV - o)

Since y1,y2,...,y, are solutions to the homogeneous part, Hence the term for summation in
the equation above is zero. Hence

Y P10y 4t a1 (0 + pa(t)y = 5 (1)
=+ Y 4ol
Thus we only need to solve the equation

gt) =Cy" VoV 4 ey (8.32)

We write the Eq.(8.31) and Eq.(8.32) together into compact matrix form:

V1 Y2 ot Yn C; 0
Yoo Y o Ch 0

: : . : =1 (8.33)
gn—l) ygn—l) o ygln—l) C,/1 g

We apply cramer’s rule to get C's in Eq.(8.33):

A; .
Ci:W—(;)forzzl,L...,n

where A; is the determinant obtained by replacing the ith column of W(¢) by the column
(0,0,0,...,g). W(t) is the Wronskian of Eq.(8.28).
Moreover, to simplifty computation, we write A; as the product of W;(¢) and g(¢):

A; = g(Wi(r)
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where W;(¢) is the determinant obtained by replacing the ith column of W (¢) by the column
(0,0,0,...,1).
Hence we derive:

Cz{(t)—g(;),‘zi)(t) — Ci(t)—/g(;)/‘?;i)(s)dsfori—l,z...,n

Hence our particular solution is given by:

n

Y(t) =Y Ci(t)yi(r).

i=1
[

The part discussed above could be summarize into one theorem, which can be used directly in
exam:

Theorem 8.4  Assume that py, p2, ..., p, and g are c.n.t. on an open interval /, and {y1,y2, ...,y
are a fundamental set of solutions to homogeneous Eq.(8.28), then a particular solution to
Eq.(8.28) is

- [ [ 8(s)Wils)
w= £/ e
The general solution is given by

y(@)=ciyi+cya+- -+ cpyn+ yo(t)

. M
solution to homogeneous ODE  particular solution

for arbitrary constants ¢y, ¢y, ..., Cy.

Here we show two examples on how to sovle inhomogeneous high order linear ODE:

m Example 8.8 Find the general solution to equation:

!

T T
M3 Ay 2y = € ¢ (_7 f) 8.34
y y +4y —2y cos7’ €\ 232 (8.34)

(Hint: you may use the formula [ —dr = 1In |10 | 4+ C))

cost 1—sint
It is easy to verify that the general solution to the corresponding homogeneous ODE is:

ye = c1€' +cpé’ cost + c3e’ sint.

The formula for the particular solution is:

By the Abel’s theorem (Theorem(8.2)), we compute the Wronskian W (z):

W (r) = exp {—/(—3)&] —
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Or you may calculate the Wronskian directly:

e e’ cost e sint 1 cost sint
W(t)=|e' e(cost—sint) e (sint+cost)| =e |1 cost—sint sint+cost|=e
e e'(—2sinr) e'(2cost) 1 —2sint 2cost

3t

And we derive:

0 e cost e sint
¢ (cost —sint) €' (sinf +cost)| = e*.
e'(—2sint) e'(2cost)

Wl(l) =

— O

0 e sint
Wa(t) = ¢! 0 é(sint+cost)| = —e* cost
1 e'(2cost)

e cost 0
Wi(t) = |¢'  é'(cost —sint) 0| = —e* sint
e €e(—2sinz) 1

It follows that

e <. (—e¥ cost) <. (—e¥sint)

_e .
Y(1) :et/%dt—ketcost/ cost dt—i—e’sint/ cost
et et

1
:e’/—dt+e’cost/(—1)dt—i-etsint/(—tanf)dt
cost
. ln 1 +sint
2

eSt

—té' cost + €' sintIn|cost|

=€

1 —sint
Since 1 € (—%,%), we obtain our particular solution:

1 1+ si
¥(t) = - = In(—

—— t) —té' cost + €' sint In(cos?)
—sin

Hence our general solution is given by:
y=yc(t) +Y(t)

1+ sint
1 —sint

. 1 .
=c1e' + €' cost +cze sint + € - > In( ) —te' cost + €' sintIn(cost)

m Example 8.9 Find the solution to the IVP:
Y'=y'+y —y=g(t),  y(0)=0,y(0),y"(0) =0. (8.35)
It is easy to verify that the geneous solution to the corresponding homogeneous ODE is

ye = c1€' +cpcost +c3sint.
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The formula for the particular solution is:

0=/ ]

By Abel’s theorem, the Wronskian is obtained:

W () = exp [/(1)&] _

Or you may calculate it directly:

t

e cost sint e cost sint
W(t)=|e! —sint cost|=|0 —sint—cost cost—sint|=2¢
e —cost —sint 0 —2cost —2sint

And we derive:

0 cost sint

Wi(t)=|0 —sint cost | =1
1 —cost —sint
e 0 sint

Wo(t)=|e' 0 cost | =é(sint —cost)
e 1 —sint
e cost O

Wi(t) = |e¢! —sint 0| =é'(—sint —cost)
e —cost 1

It follows that
!(sint — cost —sint — cost
/82t dt—I—cost/g )dt—i-smt/g 4l o )dt
e

Ee /g( Ye 'dr + ;cost/g(t)(smt —cost)dr — %sint/g(t)(sintjtcost) dr
Hence the general solution to Eq.(8.35) is given by:
y=yo(t) +Y(t)
= 1€ +cycost +c3sint + %e’ /g(t)e*’ dr
+ %cost/g(t)(sint —cost)dt — % sint /g(t)(sint +cost)dr

And we find that
1 1
¥0)=ci+e+7 /g(t)e" dr|  += /g(t)(sinf —cost)dr|  =0.
2 t=0 2 t=0

Warning: Remember that you should consider the indefinite integration as the function
with respect to ¢ and think about the derivative of this indefinite integration.
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y(0) =c1 +c3 +% {/g(t)e_t dt} B —I-% [g(O)e_O dr]

+ % [2(0)(0—1)] —% {/g(f)(sint—i—cost)dt]

t=0

— 1ozt % [ [swe dt} = % [ [ s0)(sint —i—cost)dt] =0

Y'0)=ci—cr+= [/g ’dt] [/g s1nt—cost)dt] =0.
=0
It follows that
1 =i
—— d
2 [/ A t]
cr=—= [/g(t)(sint —cost)dt}
2 t=0

\C3 = % [/g(t)(sint+cost)dt] .

Thus the solution to the IVP is given by:

1 1 1
y=-—=¢€ [/g(t)e’ dt] — ~cost [/g(r)(sint —cost)dt] + —sin? [/g(t)(sint—i—cost)dt
2 =0 2 =0 2 =0

1 1
Ee’/g(t)e*tdt—k—cost/g(t)(sint—cost)dt—Esint/g(t)(sint—}-cost)dt
1
=—et{/g ’dt—[/g tdt] }
1
+ZCOSI{/g )(sinz —cost)dt — [/g )(sinz — cost) dt] }
t=0

- %sint {/g(t)(sint-l—cost)dt = [/g(t)(smf+008’ d’] t_o}

1 t
t/ _Sds-l——cost/ g(s)(sins—coss)ds—zsmt g(s)(sins+c0ss)ds
0

2/g ¥ —sin(r —s) —cos(t —s)ds
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9.1 Introduction to 1st order system ODE

The nth order linear ODE could be transformed into 1st order linear system ODE. For example,
given the ODE

Y 4+ pr Oy 4 po ()Y o p 1 ()Y 4 palt)y = g(0) ©.1)

we want to reduce it into a system, setting x; = y,xo =y, ...,x, = y"~!, we could transform this
high order ODE as:

( /
X1 = X2

xh = X3

n—1—*Xn

Xy = =p1(0)xn = p2(t)xa—1 — -+ = pu(t)x1 + (1)

\

Or equivalently, we could write this ststem as compact matrix form:

X =A(t)x+g@) 9.2)
where
X = [xl X2 xn]T
[0 1 0 0 0
0 1 0 0 0
A(r) = : : : : :
0 0 0 0 0 1
L= Pn (t) _pn—l(t) _pn—Z(t) —Pn-3 (t) _pn—4(t) A 2| (t)_
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gn)=[0 0 - 0 gn].

One reason why we study system of first order equations is that equations of high order can always
be transformed into systems. So if you face lots of calculation for a high order ODE, transforming
it into system and using techniques related to systems to solve it is a goog idea.

Definition 9.1 The general form of first order ODE could be expressed as:

x| = Fi(t,x1,%2,...,%,)

xh = F(t,x1,%2,...,%,)

(9.3)
X, = F(t,x1,%2,...,%)
where x; : C+— Cis a function of t, F;: C"*!' — Cfori=1,2,...,n.t €C.
Also, we could write the system into matrix form:
x = f(t,x). (9.4)
where x : C > C"™! is a function of ¢, f : C"! — C" is a function of ¢ and x. n
Consider the IVP:
x = f(t,x), f(to) =co 9.5)

When does such problem exist a unqgiue solution? We consider this problem under the assumption
below:
Assumption: On a rectangle region R = {(7,x) : |t —1y| < a, |x—x¢| < b}, where a and b are
two positive numbers, we have:

1. teR.

2. All entries of x and f(¢,x) are real-valued.

3. All entries of % are continuous. i.e.

or,

8x‘,~

are continuous for i, j € {1,2,...,n}.

Then we obtain the existence and uniqueness theorem:

Theorem 9.1 — Existence and Uniqueness theorem.
Under the assumption above, there exists a unqiue solution x° = (¢;(¢), $>(¢),..., 9, ()) of
Eq.(9.5) on the interval |t —fy| < a.

The proof for this theorem is skipped.
It is easy to find solutions to a specific kind of system of ODE. That is the first order lienar
ODE:
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Definition 9.2 The general form of first order linear ODE could be expressed as:

Xy = p11(t)x1 + pra(t)xa + -+ pra(t)x, + g1(¢)
Xy = pa1(t)x1 4+ pa(t)x + - -+ pan(t)x, + g2(2)

(9.6)
x:l = Pnl1 (t)xl +pn2(t)x2 + +pnn(t)xn +gn(t)
Also, we could write it into compact matrix form:
X =A(t)x+g(t) 9.7)
where
T
X = [xl xz cee xn]
pu(t) pr(t) - pu)
pai(t) pa(t) -+ panlt)
pnl(t) an(t) pnn(t)
T
gt)=[g1(t) &) - gt)]
|
If g1(¢) = g2(t) = --- = gu(t) = 0, the system(9.6) is called homogeneous system, otherwise it

is inhomogeneous.

In the following lectures we will talk about how to find solutions to such kind of system of ODEs.
But now let’s talk about when does this system exist unique solution first.

Consider the IVP:

X =At)x+g{), x(fp) = xo 9.8)

Assumption: On a open interval I = {r: @ <t < 8}, where a and 3 are two real nu,bers, we
have:

All entries of A(¢) and all entries of g(¢) are continuous

Then we obtain the existence and uniqueness theorem:

Theorem 9.2 — Existence and Uniqueness theorem for linear system.
Under the assumption above, there exists a unqgiue solution x* = [¢1 (1) ¢2(t) -+ @u(?)]
of the Eq.(9.8) on the interval /: ot < t < 3.
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Review of Matrices

Linearly dependent/independent vectors

Consider k vectors

aiy Ak
S 0'21 o a'2k
dnl Ank
A collection of vectors a!,a?,...,a" is said to be linearly dependent if 3 constants xi,...,x; €

R” that are not all zero s.t.
xiay +xax+---+xa, =0.

Otherwise they are linearly independent.

Moreover, a',a?,...,a" is linearly dependent if and only if Ax = 0 has non-zero solution,
where

A=[a" & ... 4,

X = (xl Xy e xk).

Inverse, nonsingular / invertible

Square matrix A is called nonsingular or invertible if 3 B s.t.
AB=Iand BA=1

where I is identity matrix.
If A is nonsingular, its inverse is denoted by A~!. Then we have

Ax=0 — A 'Ax=0 — x=0

Thus column vectors of A are linearly independent.

Theorem 9.3 These statements are equivalent:
1. A is nonsingular
Ax = 0 has zero solution only
Ax = b has unique solution
column vectors of A are linearly independent.
det(A) #0.

A = W

Theorem 9.4
These statements are equivalent:
1. A is singular
2. Ax = 0 has nonzero solution
3. column vectors of A are linear dependent
4. det(A) =0.




9.2 Review of Matrices

91

9.2.3 Determinant

We list some nice properties about determinant:

det(AB) = det(A) det(B) for any A, B € R™*™.
det(A) = det(AT).

det(aA) = a™det(A) for any o € R,A € R™™,
det(A™") = 3 etl( 7 for any nonsingular A.
det(B~'AB) = det(A) for any nonsingular B.

If A € R™*™ is triangular, either upper or lower,

det(A) = II_MI a;;
i=1

Proof. Apply cofactor expansion inductively.

If A € R™* takes a block upper triangular form:

o n

where B and D are square, then

det(A) = det(B)det(D).

9.2.4 Gaussian Elimination

The inverse of a matrix could be derived by elementary row operations:

|A|I] = elementary row operations[I|/A "]

Let me show you an example:

m Example 9.1 Find the inverse of

Solution.

Add 2xRow 1 to Row 2

Add (—2)xRow 1 to Row 3

Add 3xRow 3 to Row 1

1 2 =3
A=|-2 -2 3
2 4 6
1 2 =3(1 0 0
AlIll=|-2 -2 3|0 1 0
2 4 6 |0 0 1
Row 2x 1 1 -3/ 1 0 O
101 =211 1 o
Row";~'><li2 00 12 1 (2) 1
6 12
Add (—2) xRow 2 to Row 1 1 001 1
—2) X ROW 0 Row 0 1 0 % %
0 0 1|—% O

Add 3 xRow 3 to Row 2

Sl—oel— ©

—

S O

[\

[am—

AL —

A=

OwvI= O
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9.2.5 [Eigenvalues & Eigenvectors

Definition 9.3 We want to study a Key Problem:
Given a A € R™" (or C"*"), we want to find a vector v € C" with v # 0 such that

Av = Avforsome A € C (9.9)

e (9.9) is called an eigenvalue problem or eigen-equation.
e Let (v,A) be a solution to Eq.(9.9), we say
- (v,A) is an eigen-pair of A.
— A is an eigenvalue of A; v is an eigenvector of A associated with A
o If (v,A) is an eigen-pair of A, (av,A) is also an eigen-pair of A associatd with A.

But how to find eigenvalues and eigenvectors?

e From the eigenvalue problem we see that

Av = Av for some v # 0 <= (A — AI)v = 0 for some v # 0.
< det(A—AI)=0

We let p(A) = det(A — AI), which is called the characteristic polynomial of A.
Solving for det(A — AI) = 0, which is called the characteristic equation, we could derive
n eigenvalues of A.

e For n eigenvalues of A, 41,1, ...,A,, we can solve for

Av,-:ﬂt,»v,- fori= 1,2,...,71

to derive eigenvectors associated with n eigenvalues.

m Example 9.2 Let’s try to derive the eigenvalue and eigenvector of

o

The characteristic equation is given by:

det(A — AI) =

‘l—l 0 ’:(1—1)(2—1)20-

1 2-1

Thus 7(,1 = 1,12 =2,
When A = 1, we have to solve

(A—)LI)Vl =0 — |:(1) (1):| Vi =0 — Vi =C<_11>
When A = 2, we have to solve

(A—)LI)VQZO — |:_11 8]1’2:0 — VQ=C<(1)>
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I Hence (A1, v;) and (A, v;) are two eigen-pairs of A. n

m Example 9.3 Fact: Eigenvalues and eigenvectors of A could be complex even if A is real.
For example, consider

a=[i )

We derive det(A — AI) = A%+ 1 =0 Hence 4| = i, Ay = —i.
When A = i, we find

(A—A,I)V]:():} <_ll :1>V1:0:>V1:C1 <i>
When A = —i, we find
A-Av, =0 = (i _il>vQ—0:>V2—C2<_ll>-

Hence (i,v;) and (—i,v;) are two eigen-pairs of A. C

Definition 9.4 — Multiplicity.
Suppose matrix A € R"*" has distinct eigenvalues A, fori =1,2,... k.

e The algebraic multiplicity of an eigenvalue A;,i € {1,2,...,k} is defined as the num-
ber of times that A; appears as a root of the det(A — AI). We denote the algebraic
multiplicity of A; as m;. In other words, we denote m; as the number of repeated
eigenvalues of A;.

e The geometric multiplicity of an eigenvalue A;,i € {1,2,...,k} is defined as the
maximal number of linearly independent eigenvectors associated with A;. And we
denote the geometric multiplicity of A; as g;. Note that ¢; = dim(N (A — A41)).

Proposition 9.1 We have m; > g; fori=1,2,... k.

The implication is that The number of repeated eigenvalues of A; > The number of linearly
independent eigenvectors associated with A;.
And m; > g; is possible, let’s raise an example:

= Example 9.4

A=

S O O

0
0
0

S O =

We can verify that the roots of det(A — AI) are A} = A, = A3 =0. Thus we have k = 1,m; = 3.
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However, we can also verify that

1 0
NA—-MI)=N(A)=span{ |0 ], |1
0 0
And consequently, g1 = dim(N(A — A1) = 2. Thus m; > q;. n
Proof for proposition. For convenience, we let Ay € {A;,...,A} be any eigenvalue of A, and

we denote ¢ = dim(N (A — Apl)). We only need to show that det(A — A1) has at least ¢ repeated
roots for A = Ag.
Firstly, let’s focus on real eigenvalues and real eigenvectors:
e From concepts for subspace, we can find a collection of orthonormal vectors vy,...,v, €
N(A — ApI) and a collection of vectors v 1,...,v, € R" such that

V= [vl vy .- vn] is orthogonal.

LetV, = [Vl vy - Vq], V,= [qu Vg+2 oo v,,] and note V = [Vl Vz].
Thus we have

vi

VTAV = [
1)

T T
][Avl AV,] = [V‘Avl V‘Avﬂ

VIAv, ViAv,

Since Av; = Agv; fori =1,2,...,q, we get AV = AyV. By also noting that VTVl =1
and VIV = 0, we can simplify the above matrix equation into:

VIAV — [AOI VTAVQ}

0 VIAV,
It follows that

det(A — A1) = det(VT(A — AI)V) = det(VTAV — AI)
et [Ro=M1 ViAvV,
- 0 VIAV, —AI
= (Ao —A)%det(VIAV, — AI)

Here det(VIAV, — A1) is a polynomial of degree of n — g. From the above equation we
see that det(A — AI) has at least g repeated roots for A = Ay.
Secondly, the complex eigenvalues and eigenvectors could be proved by extending orthogonal
matrix into unitary matrix.
The proof is complete. |
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10.1.1

Basic Theory for linear systems of ODEs

It is convenient to write the linear system of ODEs into compact matrix form:

d
= A(t)x+g(1)

x(t=to) =xo

And it is meaning to consider the corresponding homogeneous equation:

d

—x=A(t)x 10.1
Lx=A) (10.1)
Once this equation has been solved, there are several methods that could be used to solve the
nonhomogeneous equation, which will be introduced in the end of this chapter. But in this

lecture, let’s talk about some basic theory about the homogeneous equation:

Theorem 10.1 — Principle of superposition.
If the vector x(1) and x(?) are solutions to Eq.(10.1), then the linear combination ¢ 1x(1) + czx(z)
is also a solution for c¢y,c; € R.

2) k)

The proof is easy to verify. As a result, we could conclude that if x("), x(?) ... x®) are solutions

of Eq.(10.1), then
x=cxW e 44 ckx(k)

is also a solution to Eq.(10.1) for ¢; € R.

Linear independent

Since any linear combinations is the solution to Eq.(10.1), we want to ask can all solution of
Eq.(10.1) be expressed in this way?

The statement is true if x1, x>, ...,x, are n linearly independent vectors:
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Theorem 10.2 If x1,Xx»,...,x, are n linearly independent solutions to Eq.(10.1) for ¢t € I,
where I is an open interval, then every solution x = Y(z) could be expressed as the unique
linear combination of x1,X»,...,X,:

Y(t) =cix1+cpxp+ -+ cpXy

Proof. The result is obtained if there is a unique solution to the system of equation
Ax = (1)

where
A=[x; x5 - X,

Or equivalently, A is invertible. And we know that A is invertible if and only if all columns of A
are linearly independent. Since x,x»,...,x, are n linearly independent solutions, the proof
is complete. n

Definition 10.1  If x;(¢),x2(¢),...,x, are linearly independent solutions to Eq.(10.1), then
{x1(t),x2(¢),...,x,} is said to form a fundamental set of solutions of Eq.(10.1). And the
linear combination

X, =C1X1 + Xy + -+ CpXy

is called the general solution of Eq.(10.1). n

Abel’s Theorem

But how to determine the linear independence of x; (¢),x2(z),...,x,(t)? We only need to consider
the determinant of the matrix X () whose columns are the vectors x1,x,...,X,:

Definition 10.2 — Wronskian. For solutions to system(10.1), x1,x5,...,x,, the Wronskian
is given by:

WX, X, %)) = %1 X2 -+ x

The solutions x;, Xy, . .., X, are lienarly independent at 1 =t if and only if W (x;,x;,...,x,)(¢)
1S nonzero at t = . n

But it is messy to determine the independence of xi,x»,...,x, on interval / if we have to
determine whether the Wronskian is nonzero in the whole interval. We could simplify this
problem by Abel’s theorem:

Theorem 10.3 — Abel’s theorem. For systems of ODE
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with fundamental set of solutions x,x3,...,X,, the Wronskian formula is given by:

W(x1,%s,...,2:) (1) = cexp [ / tr[A(t)]dt} (10.2)

Proof. We set

X X - X

X1 X - Xy
X(1)=[xi x x| = : S

an Xn2 Xnn

e Firstly, we show that SW (r) = tr(A)W (¢): We set

n
W(t) =det[X(r)] = ZCi iXij, where C;; is the corresponding cofactor.
i=1

It follows that

aVV: J det[X(t)] = a (ZCUXU> = Cij, i,je{l,2,...,n}

0Xi; oX;; oXij \ =
Thus
Q) = L denx (1) = [ZZ 9 et (]| x50 =Y Y CXL (0. (103)
dt dr S ooX; dr i=1j=1 ’
Then we set
Cu Cp - Cyy
c_ C.Zl C.zz C.Zn
C;n C;zZ C;tn
It follows that Eq.(10.3) could be expressed as:
%W(t) — (C"X) (10.4)
Since x; are solutions of (10.1), we obtain:
x;=Axfori=1,2,....n
Or equivalently,
X' =[x x, - x|=[Ax; Ax, --- Ax,| =AX. (10.5)

Plugging Eq.(10.5) into Eq.(10.4), we obtain:

L) = (CTAX) = [(€TA)- ()

Since tr(AB) = tr(BA) for arbitrary matrix A and B, we derive:

%W(t) —tr[(X)-(C"A)] = tr [(XCT) - (A)]
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By the definition of determinant, we find:

X X2 - Xu Ci Cy - Cy

Xo1 X 0 X | [Ci2 Cn -+ Cp det(X)
xc'=| - 7. S = = Idet(X)
an XnZ tt Xnn Cln C2n tt Cnn det(X)
Hence we derive:
%W(t) =tr[l-det(X)-A(t)] = tr[A(¢)] det(X) = tr[A(r)]W(2). (10.6)
e It is easy to obtain the formula for W(¢) from the Eq.(10.6):
W(x1,x2,...,%,)(t) = cexp [/tr[A(t)]dt] .
|

) This theorem guarentees that either the Wronskian is zero for all ¢ € I or else is never zero
in I.
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10.2 Linear ststem with constant coefficients (2 x 2
system)

We will focus on systems of homogeneous linear equations with constant coefficients, that is,
the systems of the form

x =Ax (10.7)

where A € R"*" is a constant matrix.
Let’s focus on 2 x 2 system first:

2 X 2 system.:
Specifically speaking, we want to solve for the system:

/
X] =apnx|+apx;

/
Xy = ap1X| +axnx;

m Solution 10.1 Firstly, we talk about a case where a; = 0, the system is given as:

x’l =aixi +apx (10.8)

x’2 = anxy (10.9)
By the Eq.(10.9), we derive:

x, = cyexp(annt)
Substituting x, into the first equation, we obtain:

x| = ayx1 +crappexp(axnt)

Solving for this first order ODE, we derive:

1 = explan?) [/exp{(azz —an)i) dt} —¢ (

> exp(agzt) +c exp(ant)
azy —daii

Hence we write the solution in vector valued form:

— X1 (t) — azzaiza]l ant 1 ait
x—(xz(t))—q( 1 e+ 0 e

a2 1
If we set ry = axy, 1 = ayy, él = <“221“11> ,62 = <0), the result could be written as:

- C1§1€r1t+C2§2€r2t

Concentrating on the result, we find that (r;,&") and (r, £?) are two eigen-pairs of A.
The solution is given by:

x= Clglerlt +62526r2t
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m Solution 10.2  If ay; # 0, we want to solve for system

xll =apx; +anx;y (10.10)

x’2 = ay1X1 + axx; (10.11)
For Eq.(10.11), we solve for x; in terms of x,:

L,
x1 = — (¥ — anx2). (10.12)
asy
Substituting x; into Eq.(10.10), we obtain:
1 A / 1 /

—(x2 — a22x2) =aiy- —(x2 — aszz) +apx

az] az
Or equivalently,

xy — (a1 +axn)x, + (a1axn — anaiz)x; = 0.
The characteristic equation is given by:

r* — (a11 +axn)r+ (anan —azap) =0. (10.13)

Suppose r; and r; are roots to this characteristic equation.
e For ri,r; € R and r| # rp, we solve for x,(¢) first:

x2(t) = cre™ + e’
By Eq.(10.12), we derive

1
t t t !
xi(t) = 0—21(011”16’” + care™ —crape — crane™)

ry—a rp —dan
=c] <—> e+ (—) ™!
any azq

Hence we write the solution in vector-valued form:
x1(t) 1 nt 2t
X = =c16 e +cr& e,
() =agter et
where
ri—a r—ax
él - azy , §2 - az
1 1

Notice that (r1,&") and (2, £) are two eigen-pairs of A.
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e Forri,rp €C,ie. ri =7, wesuppose r; = A +il, rn=A—Iil.
We write one of the fundamental solution in previous case into complex-valued form:

1 ri—ax A+in—ay
E e = ( ail )e"t = a1 e’“(cosut+isinut)

1
A—ay 2 A—an v
= “il cos Ut — <“6' ) sin Ut “il sin ut + <“(2)1 > cos Ut M

We take real and imaginary parts as two linearly independent solutions, then we could

obtain the real-valued solutions:
A—ayp s
a sin Uz + <“(2)1 ) cosuz | e,

A—an M
X=c “il cos Ut — (“61) sin ut

e For r; = r, = r € R, due to the characteristic equation(10.13), we could solve for x,(7):

elt_’_i

e’h+02

x2(t) = cre +cpte”

By Eq.(10.12), we derive
1

xi(t) = a—m(clre” + e’ +corte™ — crape™ — crante™)
r—amn r—an 1
= e+ te" +cr—e".
ani azi azi

Hence we write the solution in vector-valued form:
I 4 (t ) _ r;:llzz rt r;;zz é rt
X(t)_<x2(t)>_c1< v )e +c 1 I+ o)l

Then we summarize how to solve the 2 x 2 system of ODE:

R
e Forr,r €Randr| #r,

AM = GM (algebraic multiplicity=geometric multiplicity). Suppose (rh&l) and
(ra, 52) are two eigen-pairs of A. The solution is given by:

xX(t) =c &' + &%

e Forry =A+iu,rm=2A—iu,
AM = GM. We need to take real and imaginary parts of &' e1¢ or £2¢"2¢, as another
pair of two linearly independent solutions.

e Forrp=r=rekR,
r—ajy

r is eigenvalue of A with AM = 2. Suppose & = < “il ) is the eigenvector associ-

ated with r, GM = 1.
The first solution is Ee™, the second solution is not Ete™! but to be (§r +1)e”,
where 7 is generalized eigenvector such that

(Al =¢ =>n=(“él)

Further more, the more generalized eigenvector is { s.t.

A-rm=¢
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m Example 10.1 Solve x' = (_11 ;)) x

For A = (_11 ;) , the eigenvalues satisfy:
1—r 1 5
det(A—rl) =0= 1 3_r:V —4dr4+4. = ri=rn=2.

For r = 2, the corresponding eigenvector & satisfies

(A—rl)E = (j Dgzo — gch).

Hence the first solution is given by:

o= (1)

The generalized eigenvector 7] associated with » = 2 satisfies

(A-rn=§ = (j D":G) . Tl=c<(1))

Hence the second solution is given by:

(Et+m)e" = [G) t+ ((1))] e

Hence the general solution is given by:

a2 =[]

1
—5 1
m Example 10.2 Solve x' = ( % 1) x:
)

1

For A = ( % 11 ) , the eigenvalues satisfy:
)

1
—E—I" 1

det(A—rI)z():‘ 1 _%_r
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The first solution is given by:

(1) el 1 (=L+i) _ 1 —t/2 . . _ cost —t)2 | sint —t/2
xXVie)=E& e —(i>e 2 —<i>e (cost+isint) (—sint e il oo )€

We take the real and imaginary part of x(!) to form two linearly independent fundamental set
of solutions:

cost _ sint\ _
u= e v= e 2,
—sint cost

Thus the general solution is given by:

cost _ sinf\ _
xX=_C . 4 z/2+62 e t/z.
—sint cost
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11.1 Linear system with constant coefficients (3 x 3
system)

Now we have learnt how to solve a 2 x 2 linear system with constant coefficients. Let’s talk
about the 3 x 3 case:

X =Az3x (11.1)

But notice that in this lecture we will not talk about the case where A has three repeated
eigenvalue in Eq.(11.1). This is because in the section, we will introduce a much easier and
much beautiful technique to solve this case.

11.1.1 Matrix A has real, distinct eigenvalues
In this case, we just need to find three eigen-pairs (r;, §’) for i = 1,2,3. The general solution is
given by:

x:clgler1t+c2gzerzt+c3§3er3t

01 1
m Example 11.1 Solve x' = (1 0 1) .
1 10
The eigenvalues of A must satisfy:

—r 1 1
—r 1
1 1 —r

det(A—rl) = =—(r+1)(r—-1)(r-2)=0=r =2, n=-1, r=1.
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The eigenvector corresponding to »; = 2 must satisfy:
-2 1 1
A-—rE'=0= |1 —2 1 |&'=0= &"=¢|1
1 -2 1

We could find another two eigen-pairs (r, 'g'z) and (r3, &3) similarly, where

Thus the general solution is:

x=ci|1]|e¥+c| 0 Je'+e3| 1 e

11.1.2  Matrix A has complex eigenvalues

In this case we have two complex eigen-pairs (r, & 1),(r2, 52) and one real eigen-pair (r3, 4’,‘3)
One solution to system(11.1) is

§3er3t

In order to obtain another two real-valued solutions, we need to take the real and complex part
of complex-valued solution &'e"" or E%e™.

1 0 O
mExample 11.2 Solvex'= |2 1 -2
3 2 1

The eigenvalues of A must satisfy:
detA—rl)=(r—1)(r*=2r4+5)=0 = ri=1, rn=1+2i, rn=1-2i

The eigenvector corresponding to r; = 1 must satisfy:

00 0 2
20 —2|&'=0=E&'=¢|-3
32 0 2

The eigenvector corresponding to r, = 1 4 2i must satisfy:
-2i 0 0 0

2 2 2 |E=0= E'=c|i
3 2 -2 i
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We select the real and imaginary part of 52:

0 _ 0 0 0
x@ =[] eI2 = [ ] e (cos2t+isin2t) = | —e'sin2t | +i | e cos2t
1 1 e’ cos2t e’ sin2¢

Thus the general solution is given by:

2 0 0
x=ci | -3|e+cr| —sin2t | e +c3 | cos2t | €.
2 cos 2t sin 2t

Matrix A has two repeated eigenvalues

In this case we have two real eigen-pairs (ry, & 1) and (rp, 62), where r; is the eigenvalue of A
with multiplicity 2.
Two solutions to system(11.1) is:

élem, §2er21

In order to obtain another one solution, firstly we should find a generalized eigenvector 1) by
solving the equation

A-rlin=¢&'

Then the third solution is given by:
x9 = (1" +q)en

Hence the general solution is given by:

x= cléle”t+c2€26r2’+C3(t§1 +1n)e

1 1 1
mExample 11.3 Solvex'=[2 1 -1 ]|x
0 -1 1

The eigenvalue of A must satisfy

det(A—rl) = —(r+1)(r—2)>=0 = r=—1l,n=r;=2.

The eigenvector corresponding to r; = —1 must satisfy:
2 1 1 -3
2 2 —1|EW=0—=¢W=c[4
0 -1 2 2

The eigenvector corresponding to 7, = 2 must satisfy:

-1 1 1 0
2 -1 —1|EP=0= E¥=¢| 1
0 -1 -1 ~1
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The generalized eigenvector of r, = 2 must satisfy:

-1 1 1 0
2 —1 —1|n=t%=(1]| =n=c|1
0 -1 -1 ~1 0

In conclusion, the general solution is

-3 0 1 0
x=c| 4 |e'+c 1 e+ |1 |e®| +c3| 1 |
2 —1 0 —1

-3
=] 4 eit-i-Cz l+1 e +C3(
2
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11.2 Fundamental solution matrix

This lecture we will study the solutions of systems of ODE in detail.

Definition 11.1  Suppose that x(1)(¢),...,x" () form a fundamental set of solutions for the
equation

X =P()X (11.2)

on open interval /. Then

is called the fundamental matrix for system(11.2). Note that a fundamental matrix is
nonsingular since its columns are linearly independent. n

Our question is that how to use fundamental matrix to solve IVP

x =Ax (11.3)
x(t :t()) = X (11.4)

m Solution 11.1 The general solution to Eq.(11.3) is given by:
x=cxV(e) +- - +cx™ ()
Or equivalently,
x=¥(t)c (11.5)

where ¢ = (c1,¢a,...,cn)T.
Since x(t = o) = xo, the Eq.(11.5) should satisfy:

Y(r=1y)c =xp
Since ¥(fy) is nonsingular, we derive:
c=Y"1(1)x0
The solution to the IVP(11.3) and (11.4) is given by:
x=Y()¥ (t)xo (11.6)

Next, we want to construct another fundamental matrix ¢ (¢) such that ¢ (z9) = I. Let’s construct
it by using ¢ (¢) to derive the solution to the previous IVP:

m Solution 11.2  Since ¢ (¢) is a fundamental solution matrix to Eq.(11.3), the solution to the
IVP (11.3) and (11.4) could be expressed as:

x =)o (10)x0
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Since ¢ (t9) = I, we find ¢ ~!(t9) = I. Thus the solution is given as:
x=0¢(t)xo 11.7)
Comparing Eq.(11.6) and Eq.(11.7), the matrix ¢ (¢) must satisfy:

o(t) =P(1)¥ ' (1o). (11.8)

m Example 11.4 Forx' = <‘11 1) x, we want to find the fundamental matrix ¢ (¢) s.t. ¢(79) =

We have two eigenpairs (r1,&,) and (r2,&,), where

r1=3,§1=(;); r2=—1,§2=(_12>-

Then we find
x(l)(f) =&, x® (t) = Epe™
Thus we obtain the fundamental matrix
e2t eft
¥ =5 5]

It follows that

For linear system ODE with constant coefficients, we want to find a matrix ¢ (z) s.t.

d
L0 = A9 (1)
o(t=0)=1
e Case 1: forn =1, we have
d
L9() =ag(1)
¢(0)=1.

The solution is @ (r) = ™.

e Case2: forn > 1,is ¢(t) = eA'?
Our first question is how to define ¢4’?
Recall that for a € C,
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Definition 11.2 — Exponential of matrix. If A € R"*", the exponential of Ar is given
by:

- (A1)

n!

2
:I+tA+%A2+...
|

Let’s show that ¢4 is well-defined first: (the related definitions and theorems are listed
below)

Definition 11.3 — Matrix Norm. The norm of a matrix A is the number

Ax
4] = sup 1441
20 |[xl]
Or equivalently,
||A[| = sup ||Ax]]
[lx[|=1

the sphere ||Ax|| for ||x|| = 1 is compact, and ||Ax|| is continuous, thus 0 < ||A|| < .
|

Theorem 11.1 — The Weierstrass Criterion. For a series ) - ; f; of functions f;: X — M,
if we have

1£il] < ai, Za,- is convergent, a; € R,
i=1

then Y | f; is uniformly convergent.

Let’s show the validity of ¢4’ by showing the uniform convergence of it:

Theorem 11.2  For an open interval /, the series ¢4’ uniformly converges for any A and
anyt € l.

Proof. Since ¢ is bounded, there exists a € R such that
At]| < a.

. . . oo n . . .
Since the numerical series };”_ %7 converges to e, by Weierstrass criterion theorem, the
exponential ¢4 is uniformly convergent for ||Az|| < a. [ |

After showing e is well-defined, we could show that ¢4’ is exactly ¢ (¢):
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Let ¢(t) = e, then we obtain:

d o d|Q @) & fdAn)
= ;) n! _B{dt n!
=0+A+1A* ...

2
:A<I+tA+;A2+...)
=AM =A¢(1).
Also, for ¢ (t = 0), we derive
= (A-0)"

n=0

I

n!

Note that the derivative and summation sign could be exchanged due to the uniform
convergence of the series.
Then we show some interesting properties of e4:

Proposition 11.1 1. exp(0yxn) =1.
2. If AB = BA, then exp(A + B) = eAcB.
3. (A)y =4

4. For non-singular matrix P, we have
exp(PAP ') = PAP!.

Proof. For (2), we have

> (A+B)" &1 & ; ;
exp(A+B) = Z (A+B)" =) — Z <’;> A’B""/ By condition AB = BA.

n=0 : n

It follows that

| . ,
exp(A+B) =Y =Y — " __aip"

For (3), we only need to show eAe =1. Since

AN =T=exp(0,,) =4 =A™ since A(—A) = (—A)A.
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For (4), we observe

By this proposition, we derive:

© P(t+5)=9()9(s).

eA(tJrs) _ eAt+As _ eAt . eAs.

© O(t—s5)=0(1)9""(5).

eA(l—s) _ eAte—As _ eAt(eAs)—l ]

Since the fundamental matrix could be computed as ¢4’, our question is that is there any efficient

way to compute ¢4’? We will talk about it in the next lecture.
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12. 1 Matrix Factorlzatlon

We want to find a fundamental solution matrix ¢ (¢) such that ¢(0) =
The question in this lecture is how to compute ¢4, i.e.
t? = (Ar)"
eAt=I+At+5A2+~~ =Y (A
n=0

n!

In this lecture we only focus on the 2 x 2 and 3 x 3 matrix. Let’s talk about three cases for
computing the exponential of At:

12.1.1 Ais a diagonal matrix
If A € R™*"™ could be written as

A =diag(ay,an,...,an)
It follows that
A = diag(dX,db,. .. d) fork e NT.

Thus the exponential of At is given by:

(v (Anf
eA_k);;) k!
) > (a1t)* & (axt) i
:dmg(Z ]i! ,Z 2!) ,- ,Z )
k=0 k=0 k=0

= diag (e™" “2’,...,e“'”’).
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m Example 12.1 Find the fundamental solution matrix and the general solution for system

e 0 0
pt)=A=[0 ¥ 0
0 0 &

The general solution is given by:

el 0 0
x=c1 |0 |+ |e¥ | +e3| O
0 0 e

12.1.2 Ais diagonalizable

A € C"" is diagonalizable if and only if it has # linearly independent eigenvectors.
e Let me show you how to diagonalize A (if we can):
Suppose (r1, & (1)), N (")) are n eigen-pairs of A. (since we have assumed A has n
independent eigenvectors)
It follows that

Ag(i) = rif,‘(i) fori=1,2,...,n.

Hence we derive:

r
IfwesetV:[g(l) 5(2) 5(”)},A: , we obtain:

I'n
AV =VA

Sinc V has n independent columns, we find V is invertible. Hence we obtain the diagonal-
ization of A:

A=VAV™!
e Once A is diagonalizable, we could compute ¢4/, Recall that for any matrix Q,
exp(P 'QP) = P '2P.
Hence we obtain:

Al — VAV Ay
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where
rit
At _

er,,t

Actually, if you don’t want to get ¢4’ (the fundamental solution matrix ¢ (¢) satisfying
¢(t) =I), if you only want to get a common fundamental solution matrix W¥(¢), you can
verify that W(¢) = Ve is also a fundamental solution matrix.

m Example 12.2 Find the fundamental solution matrix ¢ () satisfying ¢(0) = I and
the general solution for system

01 1
X=110 1|x
1 1 0
You can verify that the three eign-pairs of A is (r1, & (1)), (r2, 5(2)), (r3, & (3)), where

0
r1:2,§(1)= 1 5 r2:—1,€(2): 0 5 7‘3:—17&(3): 1
1

Hence we set
A=diag(ri,r2,rs), V=g gD g0
One fundamental solution matrix of this system is given by:
W(1) = Ve — [gmem £ g g@)em}

For fundamental solution matrix satisfying ¢(¢) = I, we have:

1 -1 -1 0 0 e 1 -1 -1
e et 0 i % %
— 2t 0 —t % 1 1
=€ € 373 73
2t —gt gt 1 2 _1
3 3 3
eZz 4 et leZt . lefz 12t Lt

12.1.3 A has only one distinct eigenvalue

In this part we introduce the S — N decomposition:
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Theorem 12.1 — S-N decomposition. Let A be a 2 x 2 or 3 x 3 matrix which has only one
distinct eigenvalue r. Then A could be decomposed as A = S+ N such that

1. S=rl

2. N=A-S.
3. N>=0orN’=0.
4, SN=NS

We skip the proof for this theorem, if you are interested in this kind of decomposition (which
is much easier than Jordan form), you could check the book “Basic Theory of Ordinary

Differential Equations” (shown in Figure(12.1))

B
O

R DR
SERIPRE o

Y ya

Figure 12.1: The book for S-N decomposition in detail

If A admits S-N decomposition, let’s show how to compute the fundamental matrix ¢A’:

m Solution 12.1 For A € C"*" with eigenvalues r, we decompose it as

A=S+N,

where S=rI, N=A—S,N>=0o0r N> =0.
It follows that

eAt _ e(S+N)z _ eSH—Nt.

Since SN = NS, we derive:

eAt — eSt eNt
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where
eSt _ el(rt) _ diag(ert’ert" B 7ert) — "1
~—_——
n terms
and
N v (NoF & (N 1 oo
¢ k;, ! ,2) oy

Hence the exponential ¢4’ could be computed as:

1
Al = ¢t [I+Nt—|—§N2t2] .

m Example 12.3 Find a fundamental solution matrix of

e
- \1 3
The eigenvalues of A must satisfy:

det(A—rI)zll_r _1‘

1 3—r

We perform the S-N decompositon for A:

2 0 -1 -1
a=sen=(3 9)+(7' )

And we observe

1 0
St 2t
= e (O 1)

) N (10 —t —t\ _(1—t ~—t
N=0— ¢ _1+Nt_<01+ . =0

The fundamental matrix is given by:

eAt:eSteNt:eZt(l_t _t>‘
t 141

and

The general solution is given by:

_ 1—1\ » =1\ x
x—c1< ¢ )e +cz(1+t)e .
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m Example 12.4 Find a fundamental solution matrix of

5 -3 -2
Xx=8 -5 —4
-4 3 3

The eigenvalues of A must satisfy:

5-r =3 =2
detA—rl)=| 8 —5—r —4|=—(r—1) = r=1.
—4 3 3—r

We perform the S-N decompositon for A:

1 00 4 -3 -2
A=S+N=[0 1 0)+| 8 -6 —4
0 0 1 —4 3 2
And we observe
1 0 0
St=¢|0 1 0
0 0 1
and
1 00 4t -3t -2t 4t +1 —3t —2t
N2=0—=— N =T+Nt=|0 1 0|+ 8 -6t —dr|=| 8& —6r+1 —4t
0 0 1 —4t 3t 2t —4¢ 3t 2t+1

Thus the fundamental solution matrix is given by:

4r+1 —3t —2t
x=c | 8 |e+cr|—-6t+1]|e+c3| —4r | €.
—4t 3t 2t+1

m Example 12.5 Find a fundamental solution matrix of

1 1 1

-3 2 4
The eigenvalues of A must satisfy:

1—r 1 1
detA—rl)=| 2 1-r -1|=—(r-2) = r=2.
-3 2 4-—r
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We perform the S-N decompositon for A:

2 00 -1 1 1
A=S+N=|0 2 O+ 2 -1 -1
0 0 2 -3 2 2
And we observe
1 00
S={0 10
0 0 1
and
O 0 0
N=|-1 1 1]|,N=0
1 -1 -1
It follows that
1 1 00 —t t t 02 g e
eN’=I+Nt+§N“= 01 0f+|2 —t —t]+|-% & ¢
2 2 2
0 0 1 =3t 2t 2t % _% _%
1—1¢ t t
2 2 2
= Zr—%z l—ttﬁ- —r+%ﬂ
—3t+7 2[—7 1+2t—5
Thus the fundamental solution matrix is given by:
1—1¢ t t
x=c 2t—§ e+ oy 1—t+§ e¥ 4¢3 —t+§ e,

2

2
35 2t—5 1+2t—5%
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Nonhomogeneous linear system

Finally, we intend to solve the nonhomogeneous linear system:

d
%= POx+6() (12.1)

where W(7) is a fundamental matrix to the system %x = P(t)x.

Theorem 12.2 The general solution for system(12.1) is given by:
X = \P([)c +xparticular
where

Xparticular = lp(t) /‘P_l (Z)G(I) dr

and c is a coefficient column vector.

Here we could use variation of parameters to show the formula for the particular solution of
system(12.1):

Proof. We assume the particular solution of system(12.1) to be

x=Y)u() (12.2)
It follows that
%x =W ()u(t)+¥()u (1) (12.3)

=P(t)x+G(t) =P(t)¥(r)u(t)+ G(r) (12.4)
Since ¥(¢) is a fundamental matrix, ¥'(¢) = P(¢)¥(¢). We plug it into Eq.(12.3) to derive:
Y()u' (1) = G(r)
Since ¥(¢) is invertible, we obtain:
W (1) =¥ ()G(1) = ut) = /lrl (1)G(1) dr.
Hence the particular solution of system(12.1) is:

X=W() / ()G dr.

m Example 12.6 Solve the system

, 4 8 -
X = 2 _4 X+ —tiz 5 t>0.

The eigenvalues of A must satisfy:

4—r 8

P o
5 _4_, =r"=0= ri=r=0.

det(A—rl) = ’
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And we find that

A2=0:>¢(t):eAt=I+At=<4t+l 8t >

=2t —4r+1

Thus the solution to the homogeneous part is

— e 4r+1 Yo 8t
ERE N ., 7 2\ —4r4+1)-

It follows that

. 4+l 8
‘Pl(l):( 2 4t—|—1>

_ —4t+1 -8t =3 8t — 424473

1 _ —

¢ ()G = < 2t 4t+1> (—t2> - ( —4r 472 )
8lnt 447! — 1t2)

[orwewa= (T

The particular solution is given by:

(M1 8¢ 8Int+4r~1— 172\ (8+8Int+2t71— 1172
particular — o —4t+1 —41111‘—1‘_1 - —4 —41nt

The general solution is given by:
_ 4t +1 8t 8 8 N o 11\
x—cl<_2t>+cz<_4t+1>+<_4>+<_4>lnt+2<o>t —2<0>t .

12.1.5 Method of undetermined coefficients

We could also use undetermined coefficients method to solve a nonhomogeneous system if
e The coefficient matrix P is constant
e The components of G(¢) are polynomial, exponential, or sinusodial functions, or prod-
ucts and sum of these functions.
There is a main difference between system and single equation when applying this method:
If G(¢) has the form ue”, where r is the eigenvalue of the coefficient matrix, we should assume
the solution to be ate’ + be’ instead of ate.

m Example 12.7 Find the general solution to the system

t
X = (_21 _32>x+ (‘i) (12.5)

The eigenvalues of A must satisfy

2—r 3

—2— = = = —
1 _2_r—r 1=0= rn=1,n 1.

det(A—rl) = ’




124

Week12

It is easy to verify the eigen-pairs are (r) ,5(1)) and (r,& (2)), where

() ()

Thus the solution to the homogeneous part is:

3 8 1 —
Xc=10C1 1 e+ q e .

The nonhomogeneous term G(¢) has the form:

G(t) = (é) e+ <(1)> t.

Hence we guess the particular solution to be:
xo=ate' +be' +ct+d.

It follows that
xy=ate' +(a+b)e +ec.

Substituting x’ and x in Eq.(12.5), we obtain:

ate' + (a+b)ée +c = Aate' + <Ab+ (é)) e+ (Ac+ (?)) t+Ad.

It follows that

Aa=a
Ab+ <(1)> =a-+t+b

Ac+ (?) =0

Ad =c

\

. . . 3
We can see that a is the eignvector corresponding to r = 1. We set a = g ( 1

second equation, we find this system could be solved only when ¢g; = % Thus a = (_ 1 > .

In this case, we choose b to be

()

Solving for third and fourth equation, we derive

(2) ()

> . From the

[NS]98)

2
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Hence the particular solution is given by:

)+ (@) ()2
S teuine = te+<)e+< )H—( )
patelE  \—3 0 2 —1

The general solution is given by:

3 1
X = X+ Xparticular = C1 < 3 >et+02< ! )et‘l‘( §1>tet+(§> €t+<_3>t+< 0 ) o
1 1 ! 0 2 1
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x’.’ -+ B - zfl e
n'a pas de solution pour des entiers n'>2
13.1 Linear System and the Phase Plane

Consider equation

X' = f(X) (13.1)
, the critical point satisfies
f (XO) =0,

X is called critical points or equilibrium solution of Eq.(13.1).

Definition 13.1 — Stability. A critical point X of Eq.(13.1) is called stable if for Ve > 0,
there 36 > 0 such that for any solution

X = ¢ (1) satisfying ||¢ (0) — Xo|| < 6.

we have || () — Xo|| < € for Vr > 0. "

Definition 13.2 — Asymptotically stable. A critical point X is called asymptotically stable
if it is stable and for solution X = ¢(¢), there 36 > 0 such that ||¢(0) — Xo|| < &, we have

lim ¢ (t) = Xo.

t—ro0

Consider X’ = AX, where A € R2*2,
e Case 1: A has two real and distinct eigenvalues of the same sign.

ri,r >0, E' and £ are eigenvectors associated with 1 and r.
We have:

X(r)= clélerlt _|_02€26r2t_
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— r1 < rp <0. The illustration is shown in Figure(13.1)

X(t)=e [615 elnmra) +0252]

O -
o .
Figure 13.1: Node, r| <r, <0
Ast — oo, X(t) — cr&2er
Direction: &2

X(t) > 0ast — oo,

Critical point: (0,0) is asymptotically stable, which is called a Node.
— r1 > rp > 0. The illustration is shown in Figure(13.2)

X(t)=e" [0151 +62§2e(r2_”)t]

i

o~ ~

&

o

5

Figure 13.2: Node, r; > r, >0

Ast— o0, X(1) = 1 &',

Direction: &'

X (t) —o0ast — oo,

Critical point: (0,0) is unstable, which is called a Node.
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e A has two real distinct eigenvalues of the opposite sign, ; > 0 > r,. The illustration is
shown in Figure(13.3)

X(t)=e" [Clél +62§Ze(r27r')t]

Figure 13.3: saddle point, r; > 0 > 1y

Ast— o0, X(t) = 1 &'ent,
Direction: &', X (1) — o.
Critical point: (0,0) is unstable, which is called a saddle point.
e A hsa two repeated eigenvalues ri =rp =r.
— two lienarly independent eigenvectors.

X(t)=e" (c1§1 +02§2>

Each trojectory in the phase plane must be a straight line.
« when r > 0, (0,0) is unstable. The illustration is shown in Figure(13.4)

Figure 13.4: Unstable, r; = r, = r > 0 (two linearly independent eigenvectors)
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« when r < 0, (0,0) is AS, which is called a proper node. The illustration is
shown in Figure(13.5)

Din Y T v ,“.

- b .-
o .I w4 ¢ -~

Figure 13.5: Proper node, r| = r, = r < 0 (two linearly independent eigenvectors)

— One linearly independent eigenvector & associated with r.
X(1)=c1§e" + e[St +mle” =" [c1§ +c2 (8t +M)]

Ast— o0, X(t) — " Crét.
Direction: &
x r>0,X(t — ),(0,0) is unstable. The illustration is shown in Figure(13.6)

Figure 13.6: Unstable, r; = r, = r > 0, (only one linearly independent eigenvector)

*x r <0, X is stable, which is called a improper node. The illustration is shown
in Figure(13.7)

Figure 13.7: Node, r; = r, = r < 0, (only one linearly independent eigenvector)
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m Example 13.1 X' = [:1 _13] , we get

det(A —rl) = (r+2)°.

Thusr=rp = —2,& = <_11>’ n= <_01>'
X(1)=e™ {Cl (_11> e K_ll) o (_Olﬂ }

e Case 4: A has two complex eigenvalues, rj = a+ i3, » = a —if3, a #0.
E'=utiv, E=u—iv.
X(t) = a1 R(E ) + 23 (&' e") Notice that

Ele = (u+iv)e™ (cos(Bt) + sin(Bt))
e [(ucos(Bt) — vsin(Br)) + i(usin(Bt) +vcos(Bt))]

Thus
X(t) = cy [ucos(Br) — vsin(Pr)] e + c; [usin(Br) + vcos(Bt)] e™

X (¢) rotates. When 8 > 0, from u to —v, clockwise. When 8 < 0, from u to v, anticlock-
wise.
When o > 0, the X (¢) expands, when & < 0, the X (¢) shrinks.

— When o > 0,8 > 0, unstable. The illustration is shown in Figure(13.8).

o >0

Figure 13.8: Unstable, o > 0,8 >0

— When ¢ < 0,8 > 0, AS. The illustration is shown in Figure(13.9).
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x<0
w>0 e

Figure 13.9: AS, . < 0, >0

— When o > 0, 8 < 0, unstable. The illustration is shown in Figure(13.10).

o >0
w< @

Figure 13.10: unstable, o > 0,8 <0

— When o < 0,8 <0, AS. The illustration is shown in Figure(13.11).
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Figure 13.11: AS, ¢ < 0,8 <0

These points are all called sprial point.

e Case 5: A has two complex eigenvalues with pure imaginary parts. r; = if3,r, = —if3.

X (1) = ci [ucos(Bt) —vsin(Pr)] + ¢z [usin(Bt) + vcos(Bt)]

stable but not AS!
— when f3 > 0, the illustration is shown in Figure(13.12).

Figure 13.12: Center, § > 0

— When B < 0, the illustration is shown in Figure(13.13).



134 Week13

Figure 13.13: Center, 8 < 0

(0,0) is a center!

R) Summary:

e When Re(r;) < 0 and Re(r2) <0, AS!
e When Re(ry) > 0 or Re(r2) > 0, unstable!
e Purely imaginary, stable but not AS!
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13.2 Locally linear system
X = f(x) (13.2)

suppose X is a critical point, i.e.

f(XQ) = 0

System(13.2) is called locally linerar near critical point x if

Fx)=A(x—x0)+g(x),  det(A) £0
gl
£ [x — o]

In particular, if xy = 0, then system(13.2) is locally linear near 0 if

f(x) =Ax+g(x), det(A) # 0.
Lo llg)l

= ||x|

=0.

The linear system of (13.2) is
X =A(x—x))

near critical point xj.
If f is continuously differentiable near xg, then A = </ f(x).

m Example 13.2 Consider the system

dx
— =y
dr (r>0,w>0)
& = —w?sinx—yy
dr
Solution. e Firstly, we find the critical point:
y=0 x=km, k=0,+1,£2,...
D¢ —
—w-sinx —yy =0. y=0

It follows that

169 = ( Lpine—y) = ) = (Ltnoss )

—w*sinx — Yy —w“cosx —Y

Hence

VS (kn,y) = ((_1)§<)+lw2 —13’>

The linearized system near (k7x,0) is

@l - ((—1>2+1w2 —1v> (x_ykn)
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— For k = 0, critical point is (0,0).

()= 50)

The eigenvalues are computed as:

o —l 1 22 2
If 2 — 4w? > 0,

p YRV P A
1= 2 =
2 2

If > —4w? <0,
A — —Y+i/4Aw?r — 2 1 — —Y—i/4w? —y?
' 2 e 2

If ¥ —4w? =0,
11:/12:-5.

In conclusion, (0,0) is AS!
— For k = 1, critial point is (7,0).

—A 1

0= wi—y -2

):kz%—}%—wz

If 2 4 4w? > 0,

DY YA ol el W G Vo G
1= WAR =
2

2

In conclusion, (7,0) is unstable and...
If k is an even integer, then (k7m,0) are AS. If k is an odd integer, then (k7,0) are
unstable.
|

R Conclusion:

1. If eigenvalues are not purely imaginary, then stability & type of the original locally
linear system = stability & type of linearized system.

2. If the critial points of lineraized system is a center, then stability & type of original
locally linear system cannot be drawn from its lienarized system.
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