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Question: How to Compare Two Samples
Given: Samples from unknown distributions P and Q.
Goal: Do P and Q di�er?
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Two-sample Test is Fundamental in Practice
Scientific Discovery: single-cell data, drug e�ectiveness, social science;
Goodness-of-fit tests;
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Two-sample Test is Fundamental in Practice
Scientific Discovery: single-cell data, drug e�ectiveness, social science;
Goodness-of-fit tests;
Model critics for machine learning models.

LSUN Dataset (Bedroom)

Output from Generative Adversarial Network

Generator
Discriminator

Random Noise

Real Data

Fake Sample

Real

Fake

Architecture for Generative Adversarial Network

[Chun-Liang et al. NIPS 2017]

z � �

min
g�G

max
f�F

Ez��[f(g(z))] � Ex�µ[f(x)]

g � G
f � F
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A Brief on Stochastic Optimization (SO)

Risk : R(◊; P) = EP[f◊(z)]
Optimal Risk : R(�; P) = inf

◊œ�
EP[f◊(z)]

Applications

Supply Chain Mgmt. Portfolio Mgmt. Machine Learning
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Another Question: How to Find Decision of SO under Distributional
Uncertainty?

Available Information:

Structual : P is supported on � ™ Rd

Statistical : x̂1, . . . , x̂n ≥ P

Existing Solution:

x̂1, . . . , x̂n

Training data � P

Estimator �P

Estimator �P Decision � � arg min
���

E�P[f�(z)]
9



On the Robustness of State-of-the-art Models

Existing models generalize poorly to new environments [Beery et al. ECCV2018]:
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On the Robustness of State-of-the-art Models
Input

Attack + Model Decision: “gibbon”

[Goodfellow et al. 2015]

Output
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Challenges for Decision-Making Under Uncertainty

(a) Insufficient Sample Size (b) Measurement Error (c) Adversarial Data Perturbation

(d) Model Mis-specification (e) High Dimensionality

12



Our Methodology

Decision-Making	
Problems	Under	
Uncertainty

Two-Sample 
Hypothesis Testing

SO with Distributional 
Uncertainty

Ø Non-parametric testing by nonlinear 

dimensionality reduction.

Ø Computation by Riemannian optimization 

algorithms.

Ø Non-asymptotic uncertainty 

quantification for proposed testing statistic.

Ø Distributionally Robust Optimization 

framework with Sinkhorn Distance.

Ø Computationally tractable by stochastic 

approximation with inexact gradient oracles.

Ø Absolutely Continuous worst-case distribution 

expression.
13
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Problem Setup

Given two independent sample sets:

X = {x1, . . . , xn} ≥ P , Y = {y1, . . . , ym} ≥ Q,

A test T : (X, Y ) ‘æ {d0, d1} decide:

H0 : P = Q, H1 : P ”= Q.

Risk functions:

Type-I Error : Pxn≥µ,ym≥‹

3
T (xn, ym) = d1

4
, under H0,

Type-II Error : Pxn≥µ,ym≥‹

3
T (xn, ym) = d0

4
, under H1.
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Wasserstein Distance

W (P, Q) := min
“œP(�2)

;
E(Ê,ÊÕ)≥“ [ÎÊ ≠ ÊÕÎ] :

“ has marginal distributions P and Q
<

.

Cheapest cost of transporting probability mass from one distribution to another.
Advantages:

Geometric properties;
Flexibility: non-overlapping support, discrete and continuous.

16



Projected Wasserstein Distance
Design projected Wasserstein distance for testing1:

PW (P , Q) = max
AœVd

W (A#P , A#Q).

Find linear projector A œ Vd = {A : A(z) = A
T

z, A
T

A = Id} for which the Wasserstein
distance between the projected distributions is as large as possible.

(a) Scatter plots (b) Projected samples

1Jie Wang, Rui Gao, and Yao Xie. “Two-sample Test using Projected Wasserstein Distance”. In: 2021
IEEE International Symposium on Information Theory (ISIT). 2021, pp. 3320–3325.
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Kernel Projected Wasserstein Distance
Develop kernel projected Wasserstein distance for testing:

KPW (P , Q) = max
fœF

W (f#P , f#Q)

where F = {f œ H : ÎfÎH Æ 1}.

where H is a Rd-valued RKHS.
Data !

Data "

Nonlinear Projector 
from KPW
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Reproducing Kernel Hilbert Space (RKHS)

Scalar-valued RKHS Vector-valued RKHS

K : RD
◊ RD

æ R is P.S.D. if
ÿ

i,j

yiK(xi, xj)yj Ø 0, ’xi œ RD
, yi œ R.

Reproducing Property:

f(x) = Èf, KxÍ
HK

, ’f œ HK ,

where the kernel section

Kx(xÕ) , K(xÕ
, x), ’x

Õ
œ RD

.

K : RD
◊ RD

æ Rd◊d is P.S.D. if
ÿ

i,j

Èyi, K(xi, xj)yjÍ Ø 0, ’xi œ RD
, yi œ Rd

.

Reproducing Property:

Èf(x), yÍ = Èf, KxyÍ
HK

’f œ HK ,

where the kernel section

(Kxy)(xÕ) , K(xÕ
, x)y, ’x

Õ
œ RD

, y œ Rd
.
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KPW Test
Develop kernel projected Wasserstein distance for testing:

KPW (P, Q) = max
fœF

W (f#P, f#Q)

where F = {f œ H : ÎfÎH Æ 1}.

where H is a Rd-valued RKHS.
(I) Compute nonlinear projector in training dataset;

(II) Perform permutation test in testing dataset.

Three-fold Contributions:
Computing KPW Distance

Finite-sample Guarantee

Numerical Simulation
20



Challenges for Computing KPW Distance
Computing KPW distance is equivalent to:

KPW (Pn, Qm) = max
fœH: ÎfÎ

2
H

Æ1

Y
]

[min
fiœ�

ÿ

i,j

fii,jÎf(xi) ≠ f(yj)Î2

Z
^

\ .

Infinite-dimensional optimization – Develop a representer theorem:

There exists an optimal solution f̂ with

f̂(z) =
nÿ

i=1
K(z, xi)ax,i ≠

mÿ

j=1
K(z, yj)ay,j , z œ RD,

where ax,i, ay,j œ Rd are coe�cients.

Non-convex problem – Focus on finding stationary point.
21



Reformulation of KPW Distance (I)

KPW (Pn, Qm) = max
fœH: ÎfÎ

2
H

Æ1

Y
]

[min
fiœ�

ÿ

i,j

fii,jÎf(xi) ≠ f(yj)Î2

Z
^

\ .

Step 1: Substituting the form of representer theorem:

f̂(z) =
n�

i=1

K(z, xi)ax,i �
m�

j=1

K(z, yj)ay,j

ax,1...
ax,n

K(z, x1) · · ·K(z, x2) K(z, xn)=

�

· · ·�K(z, y1)�K(z, y2) �K(z, ym)

ay,1...
ay,m

G(z; xn, ym)

22



Reformulation of KPW Distance (II)

Step 1: Substituting the form of representer theorem:

G , � ,

KPW (Pn, Qm) = max
�

�
�

�min
���

�

i,j

�i,jci,j : �T G� � 1

�
�

�

ax,1...
ax,n

ay,1...
ay,m

...

...

G(x1; x
n, ym)

G(xn; xn, ym)

�G(y1; x
n, ym)

�G(yn; xn, ym)

ci,j = �f̂(xi) � f̂(yj)�2
2
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Reformulation of KPW Distance (III)
Step 1: Substituting the form of representer theorem:

max
Ê

Y
]

[min
fiœ�

ÿ

i,j

fii,jci,j : ÊTGÊ Æ 1

Z
^

\.

Step 2: Take G≠1 = UUT and s = U≠1Ê, we have

max
sœSd(n+m)≠1

Y
]

[min
fiœ�

ÿ

i,j

fii,jci,j

Z
^

\ , where Sd(n+m)≠1 is a sphere.

Step 3: Adding entropic regularization and reformulate by duality:

max
sœSd(n+m)≠1

Y
]

[min
fiœ�

ÿ

i,j

fii,jci,j ≠ ÷H(fi)

Z
^

\

= min
u,v,s

;
F (u, v, s) : s œ Sd(n+m)≠1, u œ Rn, v œ Rm

<
.

24



Algorithm: Riemannian Block Coordinate Descent

min
u,v,s

;
F (u, v, s) : s œ Sd(n+m)≠1, u œ Rn, v œ Rm

<

Develop a Riemannian BCD method:

ut+1 = min
uœRn

F (u, vt, st),

vt+1 = min
vœRm

F (ut+1, v, st),

’t+1 = ÒsF (ut+1, vt+1, st),
›t+1 = Pst

!
’t+1"

,

st+1 = Retrst

!
≠ ·›t+1"

,

where Ps(·) and Retrs(·) denote the projection and retraction on sphere.

25



Convergence Analysis for Computing KPW Distance

We say that (û, v̂, ŝ) is a (‘1, ‘2)-stationary point if

ÎGradsF (û, v̂, ŝ)Î Æ ‘1,

F (û, v̂, ŝ) ≠ min
u,v

F (u, v, ŝ) Æ ‘2.

Proposed method returns an (‘1, ‘2)-stationary point within
iteration number:

O
3

log(mn) ·
5 1

‘3
2

+ 1
‘2

1‘2

64
,

Arithmetic operations:
O

3
N3d3 log(N) ·

5 1
‘3

2
+ 1

‘2
1‘2

64
,

Storage requirement: O(d2N2).

26



Uncertainty Quantification on Testing Statistic

Cost function c(x, y) = Îx ≠ yÎp
2 with p œ [1, Œ);

Take N = n · m and P = Q, then with high probability,

KPW (Pn, Qm)1/p = ÂO(N≠1/(2p)‚d).

When taking characteristic kernels, KPW (P , Q) > 0 if and only if P ”= Q.

27



Manifold Two-Sample Test with Neural Networks 2

Assumption: Data generating distributions p and q supported on U , a d-dimensional
manifold embedded in RD.
Testing Statistics:

dHs,—(U)(p, q) = sup
fœHs,—(U)

Ep[f(x)] ≠ Eq[f(x)]

dFNN(R,Ÿ,L,t,K)(p, q) = sup
fœFNN(R,Ÿ,L,t,K)

Ep[f(x)] ≠ Eq[f(x)].

Data xn � p

Data yn � q

H0 : p = q

Reject H0

…

…

…

…

Hs,�(U) FNN

or

Critic Class

Main Result: Type-II risk of the NN IPM test is of O(n≠(s+—)/d).
2Jie Wang, Minshuo Chen, Tuo Zhao, Wenjing Liao, and Yao Xie. “A Manifold Two-Sample Test Study:

Integral Probability Metric with Neural Networks”. In: arXiv preprint arXiv: 2205.02043 (2022).
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Numerical Experiments
Design of matrix-valued kernel:

K(x, xÕ) = k(x, xÕ) · P,

P = (1 ≠ fl)11T + flId, with fl œ [0, 1].

where k(·, ·) denotes a scalar-valued kernel function and P œ Sd◊d
+ .

Methodology in Literature Advantages

Projected Wasserstein test (PW) [Wang
et al. 2021]

Find linear subspace to separate data

Gaussian MMD test with optimized band-
width [Gretton et al. 2012]

Powerful non-parametric test

MMD test with neural network (NTK-
MMD) [Cheng and Xie, 2021]

Computationally e�cient

Mean embedding test (ME) [Jitkrittum et
al. 2016]

Powerful non-parametric test
29



Testing Power for Synthetic Datasets (Gaussian)
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Testing Power for Synthetic Datasets (Gaussian Mixture)
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Test for MNIST Digits
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Online Human Activity Detection

441 448 487 521 542 550
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This Part is Based on ...

[1] Jie Wang, Rui Gao, and Yao Xie. “Two-Sample Test with Kernel Projected Wasserstein
Distance”. In: Proceedings of The 25th International Conference on Artificial Intelligence
and Statistics. Vol. 151. Accepted as Oral Presentation (acceptance rate 2.6%). 2022,
pp. 8022–8055

[2] Jie Wang, Rui Gao, and Yao Xie. “Two-sample Test using Projected Wasserstein
Distance”. In: 2021 IEEE International Symposium on Information Theory (ISIT). 2021,
pp. 3320–3325

[3] Jie Wang, Minshuo Chen, Tuo Zhao, Wenjing Liao, and Yao Xie. “A Manifold
Two-Sample Test Study: Integral Probability Metric with Neural Networks”. In: arXiv
preprint arXiv:2205.02043 (2022). Submitted to Information and Inference: a Journal of
the IMA
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Decision-Making Under Uncertainty

Risk : R(◊; P) = EP[f◊(z)]
Optimal Risk : R(�; P) = inf

◊œ�
EP[f◊(z)]

DRO Model : RDRO(�; P) = inf
◊œ�

sup
PœP

EP[f◊(z)]

Applications

Supply Chain Mgmt. Portfolio Mgmt. Machine Learning 36



Wasserstein DRO
Definition: P = {P : W (P, P̂n) Æ fl}.

�

P̂n

P�

Contain each P such
that W (P, P̂n) � �

Worst-case risk : sup
PœP

EP[f◊(z)]

Robust Optimal Risk : inf
◊œ�

sup
PœP

EP[f◊(z)]

37



Limitations of Wasserstein DRO

Worst-case distribution is discrete:

For WDRO with n-point nominal distribution, the worst-case distribution is
supported on n + 1 points [Gao and Kleywegt 2016].

Some cases the same performance as SAA.
E.g., 1-Wasserstein DRO formulation for newsvendor problem [Esfahani and Kuhn,

2017].

Tractability only for limited scenarios [Esfahani and Kuhn 2017, Sinha et al. 2018, Jose et
al. 2022].
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Tractability of Wasserstein DRO

inf
◊œ�

I
sup

P: W (P,‚P)Æfl

Ez≥P[f◊(z)]
J

= inf
◊œ�,⁄Ø0

;
⁄fl +

⁄
sup
zœZ

#
f◊(z) ≠ ⁄c(x, z)

$
d‚P(x)

<

[Zhang et al. 
2021]

[Sinha et al. 
2018]

[Esfahani and 
Kuhn, 2017]

[Shafieezadeh-
Abadeh et al. 
2015]

[Jose et al. 
2022]
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Tractability of Wasserstein DRO

inf
◊œ�

I
sup

P: W (P,‚P)Æfl

Ez≥P[f◊(z)]
J

= inf
◊œ�,⁄Ø0

;
⁄fl +

⁄
sup
zœZ

#
f◊(z) ≠ ⁄c(x, z)

$
d‚P(x)

<

Example on the hardness of Wasserstein DRO:

Multi-class Classification: fB(z) = ≠y̨TBTx + log
!
1TeBTx

"
, z = (x, y̨).

x: feature vector in the ball {x : ÎxÎŒ Æ 1}.
y̨: one-hot label vector in {0, 1}

C .
randomness only on feature vector.

Remark: Inner supremum problem is a high-dimensional maximization over non-concave
function.

40



Numerical Simulation Results
Multi-class classification:

min
B

max
PœBfl,‘(‚P)

E(x,y̨)≥P

5
≠ y̨TBTx + log

!
1TeBTx

"6
,

where the probability support for feature x is a bounded polytope.
Mis-classification rate:

41



Sinkhorn Distance

Sinkhorn Distance:

W‘(P, Q) = inf
“œ�(P,Q)

)
E(X,Y )≥“ [c(X, Y )] + ‘H(“ | P ¢ ‹)

*
.

Remark: Sinkhorn distance does not satisfy definition of “distance function”.
Relative Entropy between “ and P ¢ ‹:

H(“ | P ¢ ‹) =
⁄

log
3 d“(x, y)

dP(x) d‹(y)

4
d“(x, y).

Historical Review:
Originally proposed by [Wilson’ 62].
Convergence of algorithm for the first time by [Sinkhorn’64].
Operation complexity analysis and GPGPU parallel by [Cuturi’13].

42



Sinkhorn Distance
Sinkhorn Distance:

W‘(P, Q) = inf
“œ�(P,Q)

)
E(X,Y )≥“ [c(X, Y )] + ‘H(“ | P ¢ ‹)

*
.

Remark: Sinkhorn distance does not satisfy definition of “distance function”.
Relative Entropy between “ and P ¢ ‹:

H(“ | P ¢ ‹) =
⁄

log
3 d“(x, y)

dP(x) d‹(y)

4
d“(x, y).

P Q

� = 10 � = 1 � = 0.5 � = 10�1 � = 10�2
43



Highlights of Sinkhorn Distance
Probability distance between distributions in Rd using n samples:

MMD Wasserstein Sinkhorn

Computation O(n) Õ(n3) Õ(n2) [Altschuler, Niles-Weed,
and Rigollet 2017]

Sample Complexity O(n≠1/2) O(n≠1/d) O(eŸ/‘n≠1/2‘≠Âd/2Ê)3[Genevay et
al. 2019]

Fast algorithms for implementation;
Sharp sample complexity rate;
Encourage stochastic optimal transport (helpful in some applications, e.g., domain
adaptation [Courty, Flamary, and Tuia 2014]).
3Ÿ is a smoothness parameter of the data distribution.
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Main Framework

Sinkhorn DRO:
inf

◊
sup

PœBfl,‘(‚P)
Ez≥P[f◊(z)],

where Bfl,‘(‚P) =
)
P : W‘(‚P, P) Æ fl

*
.

x̂1

x̂2

(a) Empirical Distribution �PN

1

2
1

2
x̂1

x̂2

(d) Worst-case Distribution �P from BSinkhorn
�,� (�PN ).

1

2

1

2
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General DRO Models

KL-DRO:
inf

◊
sup

PœBKL
fl (‚P)

Ez≥P[f◊(z)],

where BKL

fl (‚P) =
)
P : DKL(‚P, P) Æ fl

*
.

x̂1

x̂2

(a) Empirical Distribution �PN

1

2
1

2
x̂1

x̂21

2

! 1

2

!

(b) Worst-case Distribution �P from BKL
� (�PN ).

Note: � = log 1/2
1/2��
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General DRO Models

Wasserstein-DRO:
inf

◊
sup

PœBWasserstein
fl (‚P)

Ez≥P[f◊(z)],

where BWasserstein

fl (‚P) =
)
P : W (‚P, P) Æ fl

*
.

x̂1

x̂2

(a) Empirical Distribution �PN

1

2
1

2

(c) Worst-case Distribution �P from BWasserstein
� (�PN ).

x̂1

1

2
!"

1

2
!#

x̂2

Note: � = 1
2�1 + 1

2�2
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Ongoing Outline

Sinkhorn DRO:

inf
◊

sup
PœBfl,‘(‚P)

Ez≥P[f◊(z)],

where Bfl,‘(‚P) =
Ó
P : W‘(‚P, P) Æ fl

Ô
.

Duality Formulation for Sinkhorn DRO

First-order Optimization Algorithm

Properties and Numerical Results

48



Tractable Formulation

Under mild conditions, the primal

VP = sup
PœBfl,‘(‚P)

Ez≥P[f(z)], where Bfl,‘(‚P) =
)
P : W‘(‚P, P) Æ fl

*
.

(Sinkhorn DRO)
has the strong dual reformulation:

VD = inf
⁄>0

⁄fl + ⁄‘

⁄

�
log

1
EQx

Ë
ef(z)/(⁄‘)

È2
d‚P(x),

where
fl = fl + ‘

⁄

�
log

3⁄

�
e≠c(x,z)/‘ d‹(z)

4
d‚P(x),

dQx(z) = e≠c(x,z)/‘

s
� e≠c(x,u)/‘ d‹(u) d‹(z).
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Interpretation of Worst-case Distribution

P̃ = arg max
P

Ó
Ez≥P[f(z)] : W‘(‚P, P) Æ fl

Ô

For each x œ supp(‚P), optimal transport maps it to a (conditional) distribution “x such that

d“x(z)
d‹(z) = –x · exp

1!
f(z) ≠ ⁄úc(x, z)

"
/(⁄ú‘)

2
,

where –x is the normalizing constant.
Closed-form expression on P̃:

dP̃(z)
d‹(z) =

⁄
–x · exp

1!
f(z) ≠ ⁄úc(x, z)

"
/(⁄ú‘)

2
d‚P(x).

Worst-case distribution P̃ support on whole space, while W-DRO is discrete.
50



Toy Example: Newsvendor
Newsvendor problem: (—: Demand); (u min{—, z}: Earning); (k—: Loss).

min
—

EPú

#
k— ≠ u min{—, z}

$
, k = 5, u = 7.
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Performance and Visualization
Newsvendor problem:

min
—

EPú

#
k— ≠ u min{—, ’}

$
, k = 5, u = 7.
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Connection of Sinkhorn DRO with Wasserstein DRO

When ‘ æ 0, the dual objective of Sinkhorn DRO converges into

⁄fl +
⁄

ess-sup‹

!
f(·) ≠ ⁄c(x, ·)

"
d‚P(x).

When supp(‹) = �,

Wasserstein DRO
sup

P
Ez�P[f(z)]

s.t. W (P̂, P) � �

Sinkhorn DRO
sup

P
Ez�P[f(z)]

s.t. W�(P̂, P) � �

Take � � 0
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Connection of Sinkhorn DRO with KL DRO
Upper bound of Sinkhorn DRO:

VD , inf
⁄>0

⁄fl + ⁄‘

⁄

�
log

1
EQx

Ë
ef(y)/(⁄‘)

È2
d‚P(x)

Æ inf
⁄>0

⁄fl + ⁄‘ log
1
EP0

Ë
ef(y)/(⁄‘)

È2

P0: kernel density estimate based on ‚P:

dP0(z) =
⁄

x
dQx(z) d‚P(x).

Sinkhorn DRO
sup

P
Ez�P[f(z)]

s.t. W�(P̂, P) � �

Take P0 as the KDE estimate of P̂
KL DRO
sup

P
Ez�P[f(z)]

s.t. DKL(P�P0) � �̄/�
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Connection of Sinkhorn DRO with SAA

When fl = 0, Sinkhorn becomes SAA:

VP = Ez≥P0 [f(z)]

P0: kernel density estimate based on ‚P:

dP0(z) =
⁄

x
dQx(z) d‚P(x).

Sinkhorn DRO
sup

P
Ez�P[f(z)]

s.t. W�(P̂, P) � �

Take �̄ = 0
SAA

Ez�P0 [f(z)]
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Choice of Hyper-parameters (‘, fl)

Sinkhorn DRO

Take �̄ = 0
SAA

min
�

sup
P

Ez�P[f�(z)]

s.t. W�(P̂, P) � �

min
�

�
Ez�Qx [f�(z)]dP̂(x)

First choose ‘ to optimize the hold-out performance for

argmin◊

⁄
Ez≥Qx [f(z)] d‚P(x), dQx(z) Ã e≠c(x̂i,z)/‘ d‹(z).

For fixed ‘, choose fl to optimize the hold-out performance for

argmin◊ sup
P

Ó
Ez≥P[f◊(z)] : W‘(‚P, P) Æ fl

Ô
.
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Optimization Algorithm for Sinkhorn DRO
Based on strong duality,

min
◊œ�

sup
P

Ó
Ez≥P[f◊(z)] : W‘(‚P, P) Æ fl

Ô

= min
⁄Ø0

Y
___]

___[
⁄fl + min

◊œ�
E

x≥‚P
Ë
⁄‘ log

1
Ez≥Qx

Ë
ef◊(z)/(⁄‘)

È2È

¸ ˚˙ ˝
V (⁄)

Z
___̂

___\

Solve the Monte-Carlo approximated formulation [Shapiro, Dentcheva, and RuszczyÅ�ski
2014]:

V (⁄) ¥ min
◊œ�

1
n

nÿ

i=1
⁄‘ log

Q

a 1
m

mÿ

j=1
ef◊(zi,j)/(⁄‘)

R

b,

where {x̂i}n
i=1 ≥ ‚P and {zi,j}m

j=1 are i.i.d. samples generated from Qx̂i .
Cons: It requires Õ(”≠3) samples to obtain ”-optimal solution. 57



Optimization Algorithm for Sinkhorn DRO
Based on strong duality,

min
◊œ�

sup
P

Ó
Ez≥P[f◊(z)] : W‘(‚P, P) Æ fl

Ô

= min
⁄Ø0

Y
___]

___[
⁄fl + min

◊œ�
E

x≥‚P
Ë
⁄‘ log

1
Ez≥Qx

Ë
ef◊(z)/(⁄‘)

È2È

¸ ˚˙ ˝
V (⁄)

Z
___̂

___\

Solve the Monte-Carlo approximated formulation [Shapiro, Dentcheva, and RuszczyÅ�ski
2014]:

V (⁄) ¥ min
◊œ�

1
n

nÿ

i=1
⁄‘ log

Q

a 1
m

mÿ

j=1
ef◊(zi,j)/(⁄‘)

R

b,

where {x̂i}n
i=1 ≥ ‚P and {zi,j}m

j=1 are i.i.d. samples generated from Qx̂i .
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Numerical Results
Portfolio Optimization:

inf
x

EPú
[≠Èx, ’Í] + Í · Pú-CVaR–(≠Èx, ’Í)

s.t. x œ X = {x œ RD
+ : xT1 = 1}.
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Numerical Results
Portfolio Optimization:

inf
x

EPú
[≠Èx, ’Í] + Í · Pú-CVaR–(≠Èx, ’Í)

s.t. x œ X = {x œ RD
+ : xT1 = 1}.
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Take Home Message

Sinkhorn DRO is a great notion of DRO models:

Inherit geometric properties from optimal transport;

Absolutely continuous worst-case distribution thanks to entropic regularization;

Improve the out-of-sample performance of Wasserstein DRO;

Optimization by Monte Carlo approximation and first order method;

Sample-size independent complexity rate with mild assumptions.
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Applications of DRO

(a) Network Communication
[Jie et al. ISIT-21]

(b) Reinforcement Learning
[Jie et al. Operations Research]

P1

Q̂0
nTr Q̂1

nTr

inf
Detector T

sup
Pk�Pk

�
Type-I Error + Type-II Error

�
P0

(c) Hypothesis Testing
[Jie et al. ISIT-22]

Source (with Labels)

Target (No Labels)

Step 1: Use OT 
to Estimate 
Labels At 
Target

Source (with Labels)

Target (No Labels)

Step 1: Use OT 
to Estimate 
Labels At 
Target

(d) Domain Adapation for Health Care
[Jie et al. ML4H-22]
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Kernel Two-Sample Testing

Maximum Mean Discrepancy:

MMD(µ, ‹; K) , sup
fœHK ,ÎfÎHK

Æ1

;
Eµ[f ] ≠ E‹ [f ]

<
.

Sample-based reformulation:

MMD2(µ, ‹; K) = Ex,xÕ≥µ[K(x, xÕ)] + Ey,yÕ≥‹ [K(y, yÕ)] ≠ Ex≥µ,y≥‹ [K(x, y)].

Data-driven estimate:

S2(xn, ym; K) , 1
n2

ÿ

i,jœ[n]
Kx,x

i,j + 1
m2

ÿ

i,jœ[m]
Ky,y

i,j ≠ 2
mn

ÿ

iœ[n],jœ[m]
Kx,y

i,j .
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Statistical Analysis of DRO
How to optimally choose the Uncertainty size and entropic regularization value:

inf
◊

sup
PœBfl,‘(‚P)

Ez≥P[f◊(z)],

where Bfl,‘(‚P) =
)
P : W‘(‚P, P) Æ fl

*
.
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Conclusion

Decision-Making	
Problems	Under	
Uncertainty

Two-Sample 
Hypothesis Testing

SO with Distributional 
Uncertainty

Ø Non-parametric testing by nonlinear 

dimensionality reduction.

Ø Computation by Riemannian optimization 

algorithms.

Ø Non-asymptotic uncertainty 

quantification for proposed testing statistic.

Ø Testing by feature selection.

Ø Manifold Two-sample Testing.

Ø Distributionally Robust Optimization 

framework with Sinkhorn Distance;

Ø Computationally tractable by stochastic 

approximation with inexact gradient oracles;

Ø Absolutely Continuous worst-case distribution 

expression.

Ø Statistical analysis?
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SMD for Stochastic Optimization
Consider S-smooth and convex optimization problem

Minimize E[f◊(z)]
s.t. ◊ œ � ™ Rd.

Stochastic Mirror Descent: iteratively,
Step 1: generate unbiased gradient estimator G(◊t, ›

t) with Var
#
G(◊, ›)

$
Æ ‡

2

Step 2: perform
◊t+1 = Proximal◊t

!
“G(◊t, ›

t)
"
.

Estimator of solution: randomly selected from {◊t}T
t=1.

For step size “ =


2V (◊1, ◊ú)/(S‡2T ),

E
#
F (‚◊1:T ) ≠ F (◊ú)

$
Æ

Ú
2S‡2V (◊1, ◊ú)

T
.
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Bias-Variance Trade-o� for SMD
Consider S-smooth and convex optimization problem

Minimize F (◊)
s.t. ◊ œ � ™ Rd.

Stochastic Mirror Descent: iteratively,
Step 1: generate random vector v(◊t) with

E[v(◊t)] = ÒF (◊t), �F := sup
◊œ�

|F (◊) ≠ F (◊)|, Var [v(◊t)] Æ ‡
2
.

Step 2: perform
◊t+1 = Proximal◊t

!
“v(◊t)

"
.

‚◊1:T : estimator randomly selected from {◊t}T
t=1.

For step size “ =
Ò

2V (◊1, ◊
ú)/(S‡2T ),

E
#
F (‚◊1:T ) ≠ F (◊ú)

$
Æ 2�F +

Ú
2S‡2V (◊1, ◊ú)

T
.
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Optimization Algorithm for Sinkhorn DRO: Biased Gradient Update

Goal: to solve the optimization

min
◊œ�

Ó
F (◊) := E

x≥‚P
Ë
⁄‘ log

1
Ez≥Qx

Ë
ef◊(z)/(⁄‘)

È2ÈÔ
.

Biased gradient update: for each iteration t,
Construct a gradient estimate of F (◊t), denoted as v(◊t);
Update ◊t+1 = Proximal◊t

!
“tv(◊t)

"
.

Estimator of solution: randomly selected from (or average over) {◊t}T
t=1.

Remark: optimally pick gradient estimator to balance bias-variance trade-o� [Hu, Chen
and He 2021].
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Ë
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Ë
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Optimization Algorithm for Sinkhorn DRO: Biased Gradient Update
Goal: to solve the optimization

min
◊œ�

Ó
F (◊) := E

x≥‚P
Ë
⁄‘ log

1
Ez≥Qx

Ë
ef◊(z)/(⁄‘)

È2ÈÔ
.

Biased gradient update: for each iteration t,
Construct a gradient estimate of F (◊t), denoted as v(◊t);
Update ◊t+1 = Proximal◊t

!
“tv(◊t)

"
.

Estimator of solution: randomly selected from (or average over) {◊t}T
t=1.

Remark: optimally pick gradient estimator to balance bias-variance trade-o� [Hu, Chen
and He 2021].

Estimators Convex	Nonsmooth Convex	Smooth Nonconvex Smooth

Vanilla	SGD !(#$%) !(#$%) !(#$')
V-MLMC N/A !((#$)) !((#$*)
RT-MLMC N/A !((#$)) !((#$*) 76



Configuration of Gradient Estimators

Goal: to solve the optimization

min
◊œ�

Ó
F (◊) := E

x≥‚P
Ë
⁄‘ log

1
Ez≥Qx

Ë
ef◊(z)/(⁄‘)

È2ÈÔ
.

Construct a sequence of approximation functions {F ¸(◊)}¸Ø0 instead, where

F ¸(◊) = E
x¸≥‚P E

{z¸
j}jœ[2¸]|x

¸

S

U⁄‘ log

Q

a 1
2¸

ÿ

jœ[2¸]
exp

A
f◊(z¸

j)
⁄‘

BR

b

T

V .

Remark: generating unbiased gradient estimate of F ¸(◊) is easy!
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Naive Gradient Estimators
Objective: generate gradient estimate of

F L(◊) = E
xL≥‚P E{zL

j }jœ[2L]|x
L

S

U⁄‘ log

Q

a 1
2L

ÿ

jœ[2L]
exp

A
f◊(zL

j )
⁄‘

BR

b

T

V .

Oracle: sample random parameters ’L , {zj}jœ[2L] and compute

gL(◊, ’L) , Ò◊

Y
]

[⁄‘ log

Q

a 1
2L

ÿ

jœ[2L]
exp

A
f◊(zL

j )
⁄‘

BR

b

Z
^

\ .

L-SGD Estimator: at point ◊, query oracle for no
L times to obtain {gL(◊, ’L

i )}no
L

i=1 and
construct

vL-SGD(◊) = 1
no

L

no
Lÿ

i=1
gL(◊, ’L

i ).
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Two-Level Monte-Carlo Gradient Estimators
Objective: generate gradient estimate of

F L(◊) = E
xL≥‚P E{zL

j }jœ[2L]|x
L

S

U⁄‘ log

Q

a 1
2L

ÿ

jœ[2L]
exp

A
f◊(zL

j )
⁄‘

BR

b

T

V .

Decomposition:
Ò◊F L≠1(◊) +

5
Ò◊

!
F L(◊) ≠ F L≠1(◊)

"6
.

Two-step procedure:
1. nL≠1 queries of oracles for estimating Ò◊F

L≠1(◊);
2. nL queries of oracles for estimating Ò◊

!
F

L(◊) ≠ F
L≠1(◊)

"
.

Observation:
Generating an oracle for estimating Ò◊F

L≠1(◊) is of O(2L≠1);
Generating an oracle for estimating Ò◊F

L(◊) is of O(2L);
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Two-Level Monte-Carlo Gradient Estimators
Objective: generate gradient estimate of

F L(◊) = E
xL≥‚P E{zL

j }jœ[2L]|x
L

S

U⁄‘ log

Q

a 1
2L

ÿ

jœ[2L]
exp

A
f◊(zL

j )
⁄‘

BR

b

T

V .

Decomposition:
Ò◊F L≠1(◊) +

5
Ò◊

!
F L(◊) ≠ F L≠1(◊)

"6
.

Two-step procedure:
1. nL≠1 queries of oracles for estimating Ò◊F

L≠1(◊);
2. nL queries of oracles for estimating Ò◊

!
F

L(◊) ≠ F
L≠1(◊)

"
.

Advantages:
nL≠1 is large, but each oracle query is quite e�cient.
Since F

L(◊) ¥ F
L≠1(◊), Ò◊

!
F

L(◊) ≠ F
L≠1(◊)

"
has small variance.

Thereby nL is small.
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List of Multi-Level Monte-Carlo Gradient Estimators

Denote

Un1:n2(◊, ’¸) = ⁄‘ log

Q

a 1
n2 ≠ n1 + 1

ÿ

jœ[n1:n2]
exp

A
f◊(z¸

j)
⁄‘

BR

b .

Define

g¸(◊, ’¸) = Ò◊U1:2¸(◊, ’¸),

G¸(◊, ’¸) = Ò◊

5
U1:2¸(◊, ’¸) ≠ 1

2U1:2¸≠1(◊, ’¸) ≠ 1
2U2¸≠1+1:2¸(◊, ’¸)

6
.
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List of Multi-Level Monte-Carlo Gradient Estimators
Denote

Un1:n2(◊, ’¸) = ⁄‘ log

Q

a 1
n2 ≠ n1 + 1

ÿ

jœ[n1:n2]
exp

A
f◊(z¸

j)
⁄‘

BR

b .

Define

g¸(◊, ’¸) = Ò◊U1:2¸(◊, ’¸),

G¸(◊, ’¸) = Ò◊

5
U1:2¸(◊, ’¸) ≠ 1

2U1:2¸≠1(◊, ’¸) ≠ 1
2U2¸≠1+1:2¸(◊, ’¸)

6
.

L-SGD Estimator: at point ◊, query oracle for no
L times to obtain {gL(◊, ’L

i )}no
L

i=1 and
construct

vL-SGD(◊) = 1
no

L

no
Lÿ

i=1
gL(◊, ’L

i ).
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List of Multi-Level Monte-Carlo Gradient Estimators
Denote

Un1:n2(◊, ’¸) = ⁄‘ log

Q

a 1
n2 ≠ n1 + 1

ÿ

jœ[n1:n2]
exp

A
f◊(z¸

j)
⁄‘

BR

b .

Define

g¸(◊, ’¸) = Ò◊U1:2¸(◊, ’¸),

G¸(◊, ’¸) = Ò◊

5
U1:2¸(◊, ’¸) ≠ 1

2U1:2¸≠1(◊, ’¸) ≠ 1
2U2¸≠1+1:2¸(◊, ’¸)

6
.

V-MLMC Estimator: at point ◊, for each ¸ we query oracle for n¸ times to obtain
{G¸(◊, ’¸

i )}n¸
i=1 and construct

vV-MLMC(◊) =
Lÿ

¸=0

1
n¸

nÿ̧

i=1
G¸(◊, ’¸

i ).
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List of Multi-Level Monte-Carlo Gradient Estimators
Denote

Un1:n2(◊, ’¸) = ⁄‘ log

Q

a 1
n2 ≠ n1 + 1

ÿ

jœ[n1:n2]
exp

A
f◊(z¸

j)
⁄‘

BR

b .

Define

g¸(◊, ’¸) = Ò◊U1:2¸(◊, ’¸),

G¸(◊, ’¸) = Ò◊

5
U1:2¸(◊, ’¸) ≠ 1

2U1:2¸≠1(◊, ’¸) ≠ 1
2U2¸≠1+1:2¸(◊, ’¸)

6
.

RT-MLMC Estimator: at point ◊, we sample random levels for no
L times, denoted as

ÿ1, . . . , ÿno
L

, following distribution QRT = {q¸}L
¸=0 with P(ÿ = ¸) = q¸. Then construct

vRT-MLMC(◊) = 1
no

L

no
Lÿ

i=1

1
qÿi

Gÿi(◊, ’ÿi).
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List of Multi-Level Monte-Carlo Gradient Estimators

Denote

Un1:n2(◊, ’¸) = ⁄‘ log

Q

a 1
n2 ≠ n1 + 1

ÿ

jœ[n1:n2]
exp

A
f◊(z¸

j)
⁄‘

BR

b .

Define

g¸(◊, ’¸) = Ò◊U1:2¸(◊, ’¸),

G¸(◊, ’¸) = Ò◊

5
U1:2¸(◊, ’¸) ≠ 1

2U1:2¸≠1(◊, ’¸) ≠ 1
2U2¸≠1+1:2¸(◊, ’¸)

6
.

Highlight of MLMC Estimators: Cost reduced significantly, with variance reduction.

85


