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ISYE 3770, Spring 2024
Statistics and Applications

Point Estimation

Instructor: Jie Wang
H. Milton Stewart School of
Industrial and Systems Engineering
Georgia Tech

jwang3163@gatech.edu
Office: ISyYE Main 447
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» Estimator: Definition J
. : : - ‘1.
Basic properties XX, \}\j/ P
 Methods for finding point estimators ||
INCPESTAR

Questions we aim to address

 What is a good estimator?
 How to find estimators?

Data — Statistics «—— Sampling distribution

Estimator 5




Suppose X 1s a random variable with f(x;0) as the pdf. If X, X,, ... X 1sa
random sample of size n from X, the statistic
‘I olont haow yoke

O=hX,,X,,... X,) 9 0

Vﬁvooiice
Is called a point estimatoy of 6.

o \ O\
Dorckion o Tindom songle Xy x M4 )

b

After the sample has been selected, ® takes on a particular numerical value
called the point estimate of 6.

n

2 25430429431

Parameter: [/ Estimator: jj= X == Estimate: x = A =28.75
n

Note that (:) 1s a random variable because it 1s a statistic (function of random variables)

3




Internet service provider

 Two Internet providers

Observe download rate is as

Provider1 |5.34 |5.16 |5.043 |4.661 |4.521. [525 |5245
Provider 2 |5.363 |4.797 |5.28 |4.666 |4.927 |5.286 |5.37
Provider 1 |5.276 |4.508 |4.558 |5.478 |4.919 |4.708
Provider2 |[5.109 |5.113 |5.157 |5.145 |4.801 |4.948

What's the difference of their rate?

Goodl

w

e Fiber




« What's the difference of their rate?

 Samples

— First service provider X;,i =1,2,...,nq N,=)s

— Second service provider Y;,i = 1, 2,“.’:712 = 13

, —~ o

* Assumption

- XiNN(“L O-iz)

- Yi~N(tz,0%) Print, ectmte-
» Parameters of interest: yu; — u, Povek  @stimabe

N e

« Estimator: X —-Y
_L‘ﬁ
+ Estimate: 4.9744- 5.0740 = -0.0996 (mbp)- ?oiwt artinale

 How Is the estimate?

* |s the estimator (method)




Basic properties of estimators




Standard error of estimator

A TRGJOﬁ Jar QHP

The s Vﬂl error of an estimator V(:)n is its standard deviation, given by
J19)

06 = tI£ st@e stanﬁlard error %nvolves unknown parameters that can be esti-

Tated, substitution of those values 1nto o produces an estimated standard error,
denoted by G .

RO )
Data — Statistics +— Sampling distribution

~—N—— \/\/\/\
Estimator é\

PCA it esh ma(Q |




Internet service provider

 Two Internet providers

 Observe download rate is as follows (mbp)

Provider 1 | 5.34 5.16 [5.043 [4.661 |4.521 |5.25 5.245
Provider 2 | 5.363 |4.797 |5.28 |4.666 |4.927 |5.286 |5.37
Provider 1 | 5.276 |4.508 [4.558 |5.478 [4.919 |4.708

Provider 2 |5.109 |5.113 |5.157 | 5.145 |4.801 |4.948

« What's the Mgbdnerror of the estimator for the
difference of their rate?

xfinity

‘'

N

Google Fiber



What's the difference of their rate?

Samples
— First service provider X;,i =1,2,...,n4
— Second service provider Y;,i = 1,2, ...,n,

Assumptions _ _
- X;~N(uq,0¢) Yo (X ¥): (3> Vu(\()

- Y;~N(u,, 0%) = w.p Var('R)
Parameters of interest: u, — 1, i
Estimator: X — Y =& g

Standard error of the estimator
Estimibed oor chol e uedl D | 1R 67w &

Ox_y = \/Var(X Y)—\Jn—1+n—2 v .

2 2 &Q(n' N \
S5, Sy e e erite Jr powder
9

\— A




An article in the Journal of Heat Transfer (Trans. ASME, Sec. C, 96, 1974, p. 59) described
a new method of measuring the thermal conductivity of Armco iron. Using a temperature of

100°F and a power input of 550 watts, the following 10 measurements of thermal conductiv-
ity (in Btu/hr-ft-°F) were obtained:

* sbimateof  eov:
41.60, 41.48,42.34,41.95, 41.86, A o
42.18,41.72, 42.26, 41.81, 42.04 by J—‘; = 0.9 39

L Ka A3 N 6%)
poirt agy ey« Y= L

What is the estimator for the conductivity?
Ow\n'e @é%n 0-{6* }/} {-Lﬁv*l'ul %:f’; T Lb._o‘l} _ ﬂ LH ollq

hat is the standard error of the estimator?

Py \%/Qt\o( GYCﬂ YV ¥* ‘(-)i- ] \/QY(-) J qu (—A—;X') — ’mﬁ N ﬁ
A

A B ) o

10



A real-world example

* Detecting changes using sliding windows,
sample mean difference

001-008 ZZ (1-5 Hz) 001-006 ZZ (1-5 Hz)
-0.20 it -0.20 = Lo
.o 022 l A ",
001-009 ZZ (1-5 Hz) o 02418 S
-0.18 v < 026 P e s
-0.28 {"
o -0.20 % '{" Y-} DRGSO S — 0 Y 0 J e — 001-005 ZZ (1-5 Hz)
® -50-40-30-20-10 0 10 20 30 40 50 -50-40-30-20-10 0 10 20 30 40 50 -
Stage Sage 018 Old faithful geyser
¢ . -0.20 {°
o’ - - %,

024 b
-50-40-30-20-10 0 10 20 30 40 50 02 B
Stage

001-010 ZZ (1-5 Hz)

~.50-40-30-20-10 0 10 20 30 40 50
Stage 003-010 ZZ (1-5 Hz)

-0.20 ¢

-0.14 ¢

lag

-0.22 FE kg

o -0.16 fig
g )

-50-40-30-20-10 0 10 20 30 40 50
Stage

0181,

002-010 ZZ (1-5 Hz) -50-40-30-20-10 0 10 20 30 40 50 =3 .
e e Sliding windows

010-014 ZZ (1-5 Hz)

0.14 1

lag

010-015 ZZ (1-5 Hz)

-50-40-30-20-10 0 10 20 30 40 50 L e -
Stage - -50-40-30-20-10 0 10 20 30 40 50
Stage

lag

-50-40-30-20-10 0 10 20 30 40 50
Stage

14 t—rrremerer———r—r——
-50-40-30-20-10 0 10 20 30 40 50
Stage




The point estimator @ is an unbiased estimator for the parameter 0 if

E(O®) =0

NN\

ju(«\(\, S Xﬂ) : ~
ties to sampling distribution
If the estimator 1s not unbiased, then the difference

D)) — A
HO) -6 Y Ed-9=0
is called the bias of the estimator @. N 6 1S
U.QA‘)\QSQD(
{ eth1-o%0,
) A
bls < Clo)-©

12



Sample mean is unbiased estimator

« Assume xy, ..., x,~N(u, 6%
 Then x is an unbiased estimator of u

‘)mf QS{;‘ma.évY . -5(\= Jﬁé X\\-

oo Ty ETXL = M

13



Sample variance is unbiased estimator

« Assume xy, ..., x,~N(u, 6%
« Then S? is an unbiased estimator of o

P stmder ¢l ok

1 =I

14



If two estimators are unbiased, the one with smaller variance is preferred.

~—

Distribution of (31 SN “‘/CY
vaviance

A
Distribution of ©,

0

Figure 7-1 The sampling distributions of two unbiased estimators

¢., 0,

var(0,) < var(®,) 1]( C [6»321:‘[91)3 S|
A

ties to sampling istributiorrmﬁy Y ‘\5:

Vm( C /@\,) < \[ﬂv (@JA

15
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The mean square error of an estimator @ of the parameter 0 is defined as

MSE(®) = E(© — 6)° (7-3)
TQCC’DV v{ftl(\j Qp Sqm)‘,,‘ 8 0(7\5&1&54‘&)1
MSE(®) = E(©—-0)* = [E(@)—@)]2 + var(® — 0) T e

MSE (@)) = [Bias((:))]2 + Var((:))

Distribution of (31

A
Distribution of ©,

16



Example: find bias and variance of

estimator

Let X, X, be independent random variables with mean x and variance o2.

Suppose that we have two estimators of u: (2 To Vey ;E’ unby 02 fnece o o

A
JASEL6) = MSB2) N ETRT =p 2
L=
2 — A

. L 8= m?
\ (/ég‘l' \/qvké\) EL B]= A |

05 ‘ —~ _X1+3X2 _ X

AN 92 = 4 tt/b‘.]” tf‘f]

-~ \’, — ™~ ~
L ECX1tSEOR] =m
~ There is not a unique '
" unbiased estimator!

(a) Are both estinators unbiased estimators of u
+%
(b) What is the variance of each estimator? (b Ve ( 8‘ ) = Vey ( 5’;" )

— X X
(c) What’s the(MSE of two estimators? Vay (;\* \/"( z).

Vol By = V(xS )zl o wiFi=lee = {V«YM&-M’Q
< 46°

17



Compare the MSE of estimators

Let X, X,, ... X, denote a random sample from a population with mean x and
variance ¢?. Calculate the MSE)of the following estimators of u.

Ay 62
7 \/QY( 9( = ?7-
Z X ; @AS(% ))L"' VQ\/(,&\) :
O, = ! V@)= 1)) Vel =3 1 ) vee Xe)
/ * Is either estimator unbiased? _ 3 ,
o _2X1—X6+X4 ...-5:6.
2 2  Which estimator is best? In what
Ax 2% 2 X sense is it best?
~ -+ —
0, = 2 3 5 )( |
2
A 2 2
tlel- oo+ SEm]- T EUX)
= LM

18



Suppose X ~ Uniform(0,30), 0 > 0 X\, L)X, ;‘(Zd X
Show that ul is an unbiased estimator of ¢ Y= 'Ti %
2 Y

MSE(X)= (Bes)) 4 Vor )
Sps)

X _
Calculate the MSE of — and x (cCR] - of




’ ‘ TW" I ntex Net })ro\r) &TS.

2 _ am un 0{ Wl\ 0{1‘ HQYGIIOQ (27[ ‘G’Q Mean O[W\/r) kqol Y‘qte |
Pa‘r a e tev, v

e

3\ 0 Co om nyg
A o{{m MEO&‘/ J: X fOJ)u(Q‘jon'

+ Obgevv olofa Collact od fhm wsers, sczrvle e

ran doen sqhd)lg

5 Godtokd  estimotor JQ« te  Unknowy
{E;“S /]’MQQ’SQMMAOI’\ ce of  1n o



Methods for Finding Estimators

 Assume a distribution for the samples
+ Estimate the parameter of the distribution

« Several methods
— Maximum likelihood
— Method of moment

20



Baseball team

 The weight for a baseball team players are
{150, 143, 132, 160, 175, 190, 123, 154}

* Assume their weights are uniformly distributed
over an interval [a, b]

0= Mg ), b= mYeX
 What are good estimators for a? for b?

21



Method of Maximum Likelihood

Suppose that X is a random variable with wbability distribution f(x; 0), where 0 1s
a single unknown parameter. Let x,, x,, ..., x,, be the observed values in a random
sample of size n. Then the likelihood function of the sample 1s

L(®) &= f(x1;8) * fxz; 0) « -~ « f (x5 6) (7-5)
T —— — >
Note that the likelithood function is now a function of only the unknown parameter 6.
The maximum likelihood estimator of 0 is the value of 0 that maximizes the like-
lithood function L(0).

120

L(Q;X)=ﬁf(xi;6’) =1 (x;;0)...f(x,;0) L(6;x) ZZ

0L

20¢ r r r r r r r r r L
-10 -8 -6 -4 -2 0 2 4 6 8 10

S

[(6:x) =) log|f(x;:0)]
i=1

4.5

1(0;%) 4

]

(:)(x) =argmax L(6;x) =argmax/(&;x)
0 0

3.5

3t r r r r r r r r r r
-10 -8 -6 -4 -2 0 2 4 6 8 1022



7-61. A random variable x has probability density function

1,
f(x;0) = 2eBx‘e"‘/", 0<x<® 0<0<x
S-lq;l, C;m]»ip M- 2er a(x)

Given samples x4, ... x,,, /‘j-b— £(6:X=0
find the maximum likelihood estimator for Y,, s,

S{q‘ Wl obown and s{ql,\h "ﬁ'hkel\)\ano( 6(%%:1
00= S g fir-0) = 3 “3(2(.5 e )

_ é[%%..stﬁe 1-%- e
= ”“M”S”@GfZ%&—' Ex

i




Example: Bernoulli

Let X be a Bernoulli random variable. The probability mass function is

px(l _p)l 7, x=0,1
0, otherwise

flxp) = {

where p 1s the parameter to be estimated. The likelihood function of a random sample of size

n 1s - 6 ‘; Wh“k o’own OMJ 5‘;”})‘)‘& t’”ge“loq;/ f“eh
RAp)=p"(1 = p) po(1 —p)1 (1 = )
—EX

Hp"(l — p)i~ = pri(1 — p)’
. 0 n MoXa M zer O} l(P),,xe., I oXs ma aer of

— 1nL(p ( ,-)lnp + (n — ; x,-)ln(l —p) (y(l(f}
dinL(p) ; g (" - ; x’) ;

—>

1
- — - —— P =—
dp p 1 —p =0 nz
24



Example: normal

Let X be normally distributed with unknown w and known variance o?. Theeﬁk

function of a random sample of size n, say X;, X,, ..., X, 1s
1 1 2 1 2 Z 2
L(p) = T] —(r—wP/20%) — ~(120%) 2 (6~ )
(1) =T oV2w ¢ (2mo?)"? ¢ !
Now

In L(l.L) = —(n/2) n(2mo?) — (20°)7! E (x; — )

nd - Step.: Fmo( estimofor  to mawmize QW)

dlnL(p)

L

elihood

P (6?)"! ,2‘1 (6 — W) =0= 3= (z Xy ~n g0

b )= 269" S 26-AA

1)
—> What is the MLE for u?

25



Example (Continued, unknown variance)

In L(p, 0%) = —= ln(2170'2) - — E (x; — w)?

20'2 i=1
/“:‘/‘TSX\‘ I Z_(Xl ﬂ) 262'
0 In L(, i ! s
a(: —LzE(xi—u)=0 Sa-mE e
9 In L(p, 0%) , Z 6= 2% /")
oa?) 20—2 204 2 (x WE=00
= T n ﬂx»“'s_{)_

The solutions to the above equation yield the maximum likelihood estimators

_ 1 o _
h=X &2=;;(Xi—X)2

26



MLE: Exponential

Let X be a exponential random variable with parameter A.
The likelihood function of a random sample of size n is:

L(2)=]]Ae ™ = 2e
i=1

n “AX
-A ) x x> /\): A Q
> Jt

S;?}(Jfb by - Lol hood
Frackion

\ 22 Cg ule MaXsMier
&‘? Y Logo_c;\\)?f

27



MLE: Graphical lllustration

The time to failure is exponentially distributed. Eight units are randomly selected and

tested, resulting in the following failure time (in hours): x, = 11.96, x, = 5.03, x; = 67.40, x,
=16.07,x5 = 31.50,x, = 7.73, x;, = 11.10, and x3 = 22.38.

“peaked” vs “flat”
-32.59

0.0
B3
~32.61 S

£ _0.1
(«b]
3 =
é ~32.63 &

S o 02
i ()]
o0 -32.65 Q
()]

— E) -0.3
32,67 a

~0.4

3269 040 042 044 046 .048 050 .052 0.038 0.040 0.042 0.044 0.046 0.048 0.050 0.052 0.054
A A

(@) (b)

Figure 7-3 Log likelihood for the exponential distribution, using the failure time data. (a) Log likelihood with » = 8 (original
data). (b) Log likelihood if » = 8, 20, and 40.

28



Why use maximum likelihood estimator?

It enjoys the following good properties:

Properties of
the N.Iaxi.mum Under very general and not restrictive conditions, when the sample size #» is large and
Likelihood if @ is the maximum likelihood estimator of the parameter 6,
Estimator

(1) O is an approximately unbiased estimator for 6 [E(®) = 0],
e ———————— e ———

(2) the variance of © is nearly as small as the variance that could be obtained
with any other estimator, and

(3) O hasan approximate normal distribution.

MeaXam v L‘»M‘Looo{ Q“('w' me" 0 gune Caxs s Jmuen“

29



Complications in Using MLE

It Is not always easy to maximize the likelihood function
because the equation(s) obtained from dL(®)/d® = 0 may be
difficult to solve.

* It may not always be possible to use calculus methods
directly to determine the maximum of L(O).

30



Baseball team

 The weight for a baseball team players are
{150, 143, 132, 160, 175, 190, 123, 154}

* Assume their weights are uniformly distributed
over an interval [a, b]

 What are good estimators for a? for b?

31



Example: Uniform Distribution MLE

Let X be uniformly distributed on the interval O to a.

L(a)

f(x)zl/a for0<x<a

~1 1
L(a)= —=—=a "tfor0<x <a
=1 4 d
dL(a) —nNn —(n+1)
= +1 =—hd
da Cln 0 a
~ Figure 7-8 The likelihood function for this
a= maX(Xl.) uniform distribution

Calculus methods don’t work here because L(a) is maximized at the
discontinuity.
Clearly, a cannot be smaller than max(x;), thus the MLE is max(x;).

32



Methods of Moments

Population and samples moments

Let X}, X5, ..., X, be arandom sample from the probability distribution f(x), where
f(x) can be a discrete probability mass function or a continuous probability density
function. The kth population moment (or distribution moment) is E(X*), k =
1,2, ....The corresponding kth sample momentis (1/n)>,_, X5, k=1,2,....

Jxkf(x)dx If x is continuous

X

Population moments My =+

Z x*f(x)  If xis discrete

n
k
>x
i=1

n

Sample moments m, =

33



Method of Moments

 Equating empirical moments to theoretical
moments

Let X1, X,,...,X, be a random sample from either a probability mass function
or probability density function with m unknown parameters 6, 6, ..., 6,,. The

moment estimators 0, ®,, ..., ®,, are found by equating the first m population
moments to the first m sample moments and solving the resulting equations for the
unknown parameters.

m equations for m parameters

-

P
m, = H
P
m, = H,
9.
P
kmm_llllm

34



MoM estimator for exponential parameter?

MoM estimator for normal distribution?

35



MoM for Gamma distribution

Method of moment estimator for Gamma distribution?

) = 1 a-1 _—x/8
flx;) = l“(a)o"x ©

The likelihood function is difficult to differentiate because of the
Gamma function r(q).

1
['(a@)o=

La,6) = ( )n(x1x2 e xp ) lexp [—% Zx,-]

We will use method of moment estimator

L I
it

36



MoM for Gamma distribution, known «

7-61. A random variable x has probability density function

1 =X
f(x;9)=ﬁx28 ", D<x<o (<<

Given samples x4, ... x,,,
find the MoM estimator for 6

Gamma distribution with a = 3

37



