ISyE 3770 Assignment 5: Point Estimator

Due date: 11:59 PM, Friday, March 29, 2024.

Question 1 (MSE). Let X1, X be independent random variables with mean u and variance o°. Suppose we have

two estimators of .

él _ X1+ Xo
2
~ X1+ 3X
6, = “L222,
1) Are both estimators unbiased? (8 points)
2) What is the variance of each estimator? (8 points)
3) What is the MSE of two estimators? (8 points)

Solution.. 1) Yes. It can be verified that E[©;] = ;1 and E[©,] = p.

2) You can check that

~ 1 1 1
Var(©1) = —Var(X;) + - Var(X3) = Zo2
4 4 2
and
Var(©,) ! Var(X1) + ) Var(X3) D 52
=1z — =-0o".
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3) Recall that MSE = (Bias)? + Variance. Since these two estimators are unbiased, it holds that
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Question 2 (MSE). Suppose X ~ Uni(0,30) with § > 0. Let X1,...,X,, be n i.i.d. random variables following
the same distribution as X.
1) Prove that % is an unbiased estimator of 6. (8 points)

2) Calculate the MSE of X and X. (8 points)

Solution. 1) You can check that E[%] = 1E[X] = 6.
2) Recall that MSE = (Bias)? + Variance. Therefore,

X X, 1 Var(X) 146> 62
MSE(G ) = Ve ) = 4 = dten o
Moreover, Bias(X) = 6 and therefore,
MSE(X) = 6% + Var(X) = 6 + g (1+ i)92
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Question 3 (Maximum Likelihood Estimator). A random variable X has the following probability density function:

1
f(x;@)zfpgac%*”’/e, 0<z<00,0<8 <00

Let X1,...,X, be n i.i.d. random variables following the same distribution as X. Find the maximum likelihood

estimator for 6.

(15 points)
Solution. e Step 1: write down the log-likelihood function and simplify it:
) _ - .0 — - L w2 —x./0
Uo; Xv,...,X,) = glogf(Xi,Q) = ;log |:203Xi e
n XZ
= Z {—3log0 — 9} + Constant
i=1
¢
= —3nlogh — Dle + Constant.
o Step 2: find the maximizer of 1(0; X1,...,X,,): let 9 be the maximizer of 1(0; X1,...,Xn), then
olb; X1,...,X,)  — "X ~ X
GRSTEIED. ) EnJrE’:l =0 = 0=".
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Question 4 (Maximum Likelihood Estimator). A random variable X has the following probability density function:

fla;p,0”) = 21 eXp(W)-

770'2 202

Let X1,...,X, be n i.id. random variables following the same distribution as X. Find the maximum likelihood

estimator for | and o®. (15 points)

Solution. e Step 1: write down the log-likelihood function and simplify it:

W, 0% X1, Xn) = Y log f(Xisp,0%) = log [ L exp <W)]
=1 =1

V2ro? 202

_ [_2 log(c?) — @(Xi — M)ﬂ + Constant

i=1
1 n
= _g log(o?) — 357 (X; — p)? + Constant.

i=1

o Step 2: find the maximizer of I(u,0?; X1,...,X,): let 1,02 be the maximizer of I(u,0?; X1,...,X,,), then

,5% X1, X)) 1 &

o =5 (Xi-@)=0= =X,
i=1
and
(1,52 X1,...,X,) n 1 & I PO o
=t =) (Xi—0)?= = X, —n)%
Oo? 282+234 ;( ) 0 =9 n;( )

Question 5 (Maximum Likelihood Estimator and Method of Moment Estimator). Let X be an exponential random

variable with parameter \. Let X1, ..., X, be n ii.d. random variables following the same distribution as X.



1) Find the maximum likelihood estimator for \. (15 points)
2) Find the method of moment estimator for .

(15 points)
Solution. 1) e Step 1: write down the log-likelihood function and simplify it:

l(/\;Xl, R 7Xn) = Zlog f(X“)\) — Zlog [/\e—)\Xi]
i=1 i=1

Z log A — AX;] + Constant
i=1

=nlogA— A Z X; + Constant.
i=1
o Step 2: find the maximizer of I(X\; X1,...,X,,): let X be the maximizer of I\ Xy,

AN X, . .. Xn) _
P

.., Xn), then

—ZX 0 — A= 4

i=1
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2) Based on the method of moment, we find the sample mean equals X, and the population mean equals

1
Therefore,

X =

>/\’—‘
=



