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 Engineers/data scientists often involved with
estimating parameters
— The number of customers browsing a webpage
— Inside diameter of wheel

 Suppose you have tested 10 samples (users)
 You can use sample mean to estimate

* But the estimate can be close or very far from
the true mean

 To avoid this, report the estimate for a range of
plausible values called confidence interval
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Confidence Level: in a nutshell

* A confidence level specifies a confidence level,

90%, 95%, 99% - measures reliability of the
estimator

« Confidence interval [L, U], where L and U both
depend on the data (so that L and U are both

random variables
\,:Fd\(‘/e\?ﬂs of Y 2 v SQ'O)LQ,‘

* Reliability means if we repeat the experiments

over and over again, 95% of times the interval will
cover the true parameter



Formal Statement

Let @ = unknown population parameter
Definition

Let L < U be two numbers. If [L, U] contain the parameter 6
with probability 1 — a. Then [L, U] is called the two-sided
confidence interval with confidence level 1 — a.

=0.98, ¢cQ
Mathematically DZ J,

AoeLl)=1-a

Important

The two sides L < U are constructed from data, and thus
random.

True parameter @ is fixed (deterministic) but unknown.



Interpretation

e For example, a = 0.05, we expect that 95% of all
observed samples would give an interval that includes
the true parameter.

POc[LU])=1-a

95% confidence
A
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Point Estimation Vs. Confidence Intervals

The population distribution parameters are unknown. How to estimate
them from samples?

— Point Estimation / Interval Estimation
N(u=?0"

samp|e Point Estimation
pn=X
X, X
population X, X, < i
6° =8’

Interval Estimation

1 — a : Confidence level

* Both lower and upper bounds are functions of a random sample
L=g(X, X5, X,)
U:h(X19X29°”9Xn)



Key step: pivot quantity

How to find confidence interval?

Suppose we specifysome 0 < a < 1 for 1 — a confidence
level. Now let’s consider center this interval around a “pivot
quantity”.

For example, if we aim to estimate the mean u. Let’s choose X
to be the pivot quantity. Then we want to find k such that

P(X-k<u<X+k)=1-«
or
P(-k<X—-u<k)=1-o



So, how to become a scientist?

“I believe the
answeris 75.6
meters’

e Fortune Teller

e Scientist
“I believe the answer

is 75.6 meters plus or
minus 2.0”
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Two-sided Confidence Interval (Cl)

for Mean

11



100(1-a)% CI for Mean of a Normal Distribution

( , )

 For mean p from a normal population with known o,

o’ X —

~ N(0,1)

Xl,...,anN@az):YmN(u,—) J/\f
How to Sefd b st f(x~h< ﬂ<x+k5~l'd?

Lo P< —Z } =1-a
a2 o,/2 oc/Z—G/\/_ Zo/2 )
e e
6 /
-7, Z 2 P{ ~%h = SX-AS 2, (iznildence level
= =l
* POV (oG CI Lower CI Upper
HP ’ hO(rM(? 1 l P{)'(-ﬁ_,qc 2(/}:{
h> 30 B O O o{

o CT (ower, CLy;FJ),C_ZaMXﬁSIUS)_C Za/ZXﬁ

' knmm Vohon e
This Cl can be used for mean of non-normal distributions when n>30 (CLT)
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Example 1: z-interval

You want to rent an unfurnished 1Br apartment
for the next semester. The mean monthly rent
for a sample of 20 apartments in the local
newspaper is $540 for a community where you
want to move.ﬁ@rically, the standard
deviation of the rent is $80. Find a 90%
confidence interval for the mean monthly rent

In this community.
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Example 1: z-interval
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You want to rent an unfurnished 1Br apartment
for the next semesl:er. The mean monthly rent
for a sample of 28 aopartments in the local
newspaper is $540 for a community where you
want to move. Historically, the standard
deviation of the rent is $80. Find a 90%

A\ AN
confidence interval for the mean monthly rent

In this community.
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Table III Cumulative Standard Normal Distribution (comemaed)
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Definition

Using CLT

If x 1s the sample mean of a random sample of size »n from a normal population with
known variance o2, a 100(1 — a)% CI on . is given by

X — Za/zo'/\/I_i = 19 =Xx + Za/zﬂ'/\/l; (8-7)

where z, , is the upper 100a/2 percentage point of the standard normal distribution.
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Large Sample Confidence Interval

EXAMPLE 8-4 Mercury Contamination

An article in the 1993 volume of the Transactions of the sample of fish was selected from 53 Florida lakes, and mer-
American Fisheries Society reports the results of a study to in- cury concentration in the muscle tissue, was measured (ppm).
vestigate the mercury contamination in largemouth bass. A The mercury concentration values are

1.230 0.490 0.490 1.080 0.590 0.280 0.180 0.100 0.940
1.330 0.190 1.160 0.980 0.340 0.340 0.190 0.210 0.400
0.040 0.830 0.050 0.630 0.340 0.750 0.040 0.860 0.430
0.044 0.810 0.150 0.560 0.840 0.870 0.490 0.520 0250
1.200 0.710 0.190 0410 0.500 0.560 1.100 0.650 E-
0.270 0.500 0.770 0.730 0.340 0.170 0.160 0.270

The summary statistics from Minitab are displayed below: @/) u“hﬂ ) .
— — é
Descriptive Statistics: Concentration X 27 055 du X“' 20&5_ J'tT]
Variable N Mean Median TrMean StDev SE Mean
Concentration 53 0.5250 0.4900 0.5094 0.3486 0.0479
Variable Minimum Maximum Q1 Q3
Concentration 0.0400 1.3300 0.2300 0.7900

Figure 8-3(a) and (b) presents the histogram and normal prob-
ability plot of the mercury concentration data. Both plots indi-
cate that the distribution of mercury concentration is not nor- 0.3486 0.3486
mal and is positively skewed. We want to find an approximate 0.5250 — 1.96 /53 = p =05250 + 1.96 /53
95% CI on w. Because n > 40, the assumption of normality is

04311 = p = 0.6189

not_pecessary to use Equation 8-11. The required quantities N
n = 53x = 035250,s = 0.3486, and z,,s = 1.96. The Practical Interpretation: This interval is fairly wide because
ap

_ § _ s
x—zo.ozsﬁsllSI*Zo.ost

e 95% Clon p1s there is a lot of variability in the mercury concentration meas-
. urements. A larger sample size would have produced a shorter
e j"/ QSSKML N ? E interval.
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Figure 8-3 Mercury concentration in largemouth bass (a) Histogram. (b) Normal probability plot.
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Choice of Sample Size

Ezemlex—yl
-]
| | |
[=X—-2z,o0/~fn 6 x u U=X+2,0/4n
(‘{/2 \/_ -2 s y ofZ \/_
Dersotion  F—a—— AT H D A= XM

If x 1s used as an estimate

N X+ A

otJa , we can be 100(1 — a)% confident that the error

|x — | will not exceed a specified amount £ when the sample size is

6

o

&
i

£

(8-8)

Zoz/20-2 Ez&V;.
? J‘FE>2;’
E —

in oy Bnl
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Constructing a Confidence Interval

90% confidence

AN

80% confidence

A
'z N

50% confidence

The length of a confidence interval 1s a measure of the precision of estimation.
21



Choice of Sample Size

_ 6 _ 6
Example 8-2 Lx- 2, W X Zab'ﬁ'l n= 16

To illustrate the use of this procedure, consider the CVN test described yh Example 8-1, and

suppose that we wanted to determine how manyv specime st be tested to ensure that the
on W for A238 steel cut at 60°C has aCength of at most 1.0,

EXAMPLE 8-1 Metallic Material Transition )"?“3‘7“ T2 2°V2 ) dn € \
ASTM Standard E23 defines standard test methods for IS
notched bar impact testing of metallic materials. The Charpy /A2

V-notch (CVN) technique measures impact energy and is of-
ten used to determine whether or not a material experiencesa |
ductile-to-brittle transition with decreasing temperature. Ten '

measurements of impact energy (J) on specimens of A238
steel cut at 60°C are as follows: 64.1, 64.7, 64.5, 64.6, 64.5,
64.3,64.6,64.8,64.2, and 64.3. Assume that impact energy is

(normally distributewit @ = 1J Ve want to find a 95% CI

¢ mean ympact eneggy, The required quantities are
SR Y WS
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One-sided

Confidence Interval

24



One-sided confidence interval

« Confidence interval in the forms of
— [=00, U] or
- [L! OO]

« We have some prior knowledge about the
parameter: it has to be greater than or smaller

than certain numbers

25



100(1-a)% CI for Mean of a Normal Distribution
(one-sided, variance)

X —u — U
Prs <Z,;=l-« Pri—Z7,6 < =l-a
o/ o/\n

Tw‘s%O’Cp!’ N
'y { = ]
= o I Ohe o o = o
> X -/ X— <X+/Z x—
,Ll (04 X \/; Z« ,Ll 04 X \/;

Lower bound Upper bound

This Cl can be used for mean of non-normal distributions when n>30
26



Example: The strength of a disposable plastic beverage container is
being investigated. The strengths are Yormally distributed] with a
known standard deviation of 15 psi. A’sample of 20 plastic

containers has a mean strength of 246 psi. Compute the 95% lower

bound CI for the process mean. — B — -
, = 4 E[X— 20‘/2'_)—75 Xt &, —;]_
M7 X - 2‘,( *dan /\of I mtuwe'

X=24f =005 zb{zi“”""“' J)
6: “; N= D0 = |\ 64 L We

M224(— |64 ""l% = 140.50

27



100(1-a0)% CI for Variance of a Normal

Distribution

N(/“ 6%

O

One-sided
Upper bound

One-sided
Lower bound

< (n—1)s’

v o reder 62

/. AN a t
Usmg chi- -square, we can estlmate‘gYCl r the variance, ¢?, of
a normal population.

(Xr ')()2_ = Yar (olata)

2
<o~ <
<z, t=1-a E5) 7’ 7’

Two-sided CI

chi-squared critical Value

28






EXAMPLE 8-6 Detergent Filling

An automatic filling machine is used to fill bottles with liquid
detergent. A random sample of 20 bottles results in a sample
variance of fIff Volume of s> = 0.0153 (fluid ounce)’. If the
variance of fill volume is too large, an eptable proportion
of bottles will be under- or overfilled. We will assume that the
fill volume is approximately n distribyted. A 95% up-
per confidence bound is found from Equation 8-26 as follows:

PR
XIZJ.9S.19
or
19)0.0153
o’ s( 12)0 7 = 00287 (fluid ounce)?

“‘Z
. (bS

) 3(;-01, n

F= Q3

Bss 1

N= o

ol= 0.05

This last expression may be converted into a confidence inter-

val on the standard deviation o by taking the square root of
both sides, resulting in

o=0.17

Practical Interpretation: Therefore, at the 95% level of confi-
dence, the data indicate that the process standard deviation
could be as large as 0.17 fluid ounce. The process engineer or
manager now needs to determine if a standard deviation this

large could lead to an operational problem with under-or over
filled bottles.




Two-sided interval

8-52. An article in the Australian Journal of Agricultural
Research [“Non-Starch Polysaccharides and Broiler
Performance on Diets Containing Soyabean Meal as the
Sole Protein Concentrate” (1993, Vol. 44, No. &, pp.
1483-1499)] determined that the essential amino acid
(Lysine) composition level of soybean meals 1s as shown

below (g/kg): Eotu(aﬁov‘ 15 nwmq[ ,

222 247 209 26.0 270
24 .8 26.5 23 8 256 239

(a) Construct a 99% two-sided confidence interval for o~.

(b) Calculate a 99% lower confidence bound for .
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$%= 3. 658
J = /.9I3
99Y “c1. Hr c* (- k=099
‘L«uo-b“lo(lo{ o <0. 0
) 0(/250.005-.
(“_ﬁ_ lh"l)sz
L S0t o
x"(/z,"—-( Kicapy n
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Chi-square Table

= APPENDIX Il

32

Percentage Points of the 7 Distribution®
v,
>
M 0. 004,
x“
44
y 0995  09% 0975 0950 0500  0.050 0025 0010 0.005
1 000+ 000+ 000+ 000+ 045 3.84 5.02 6.63 7.88
2 00l 0.02 0.05 0.10 1.39 5.99 7.38 9.21 10.60
3 007 0.11 022 0.35 2.37 781 935 1134 12.84
4 021 0.30 0.48 0.71 3.36 9.49 11.14 1328 14.86
5 041 0.55 083 1.15 435 11.07 1238 1509 16.75
6 068 0.87 1.24 1.64 5.35 12.59 1445 1681 18.55
7 099 1.24 1.69 2.17 6.35 14.07 16.01 18.48 20.28
8 134 1.65 2.18 2.73 7.34 15.51 1753 2009 21.96
9 173 2.09 2.70 3.33 8.34 16.92 1902 2167 %
10 216 2.56 3.25 3.94 9.34 18.31 2048 2321 !
11 260 3.05 3.82 4,57 10.34 19.68 2192 2472 26.76
12 307 3157 4.40 523 11.34 21.03 2334 2622 28.30
13" 357 4.11 5.01 5.89 12.34 22.36 2474 2769 29.82
14 407 4.66 5.63 6.57 13.34 23.68 2612 29.14 31.32
15 460 5.23 6.27 7.26 14.34 25.00 2749 3058 32.80
16 514 5.81 691 7.96 15.34 26.30 2885 3200 34.27
17 S0 6.41 7.56 8.67 16.34 27.59 30,19 3341 35.72
18 626 7.01 8.23 9.39 17.34 28.87 3153 34.81 37.16
19 688  7.63 8.91 10.12 18.34 30.14 1285  36.19 38.58
20 7.43 8.26 9.59 10.85 19.34 31.41 W17 3157 40.00
25 1052 1152  13.12 14.61 24.34 37.65 4065 4431 46.93



100(1-a)% CI for a Population Proportion with

X, X5, -, X ~ Bernoulli(p) x P(X: 0)3 "? P(X:I) :P |
* Using CLT, we can estimate a ClI for the population proportion.
e Gol~ knd CI g%v
» l?(n‘ﬂ(? esb) mefor » . :,ZIX ~ N(p, p(l- P)) ‘ E E Y )J(d )
B X IJ"I_)

A

el
(:)?r(\Z,;‘ = s 2 )= -d
| —a A 51— 7 A 51— 7
O(,/z OL/Z p_Za/2 p(np)gpgp_l_za&\/p(np)

-7, Z Two-sided CI
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EXAMPLE 8-7 Crankshaft Bearings

In a random sample of 85 automobile engine crankshaft bear-
ings, 10 have a surface finish that is rougher than the specifi-
cations allow. Therefore, a point estimate of the proportion of
bearings in the population that exceeds the roughness specifi-
cation is p = x/n = 10/85 = 0.12. A 95% two-sided confi-

dence i€Vl Yot p is computed from EQiraron 8-23 as

) [B(1 - ) ) (1 - p)
P — Zpoos n  =P=pT uws -
or

0.12(0.88) 0.12(0.88)
0.12 — 196 =p=0.12 +1.96

85 85

n Y

A 7‘(-1"%) A AL
[%-2, |57, Pz, [Re?]

deolh oz (%

]/v\: 0-1%

which simplifies to
005=p=0.19

Practical Interpretation: This is a wide CI. While the sample
size does not appear to be small (n = 85), the value of p is
fairly small, which leads to a large standard error for p con-
tributing to the wide CI.
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Choice of Sample Size

The sample size for a specified value E is given by

Z%'W$ E hhen e oons PC-P) s0. 35

Ze -
n = (%) p(1 — p) (8-26)

VAN

An upper bound on n is given by (i.e., at least (1-a)100% confidence)

Assume P s Hnkrown

Eﬂ.."z 2
n={=) (025) (8-27)
If x 1s used as an estimate of p, we can be 100(]1 — a)% confident that the error
|¥ — .| will not exceed a specified amount £ when the sample size is
before

Zen TN
n=( E ) (8-8)




Consider the situation in Example 8-7. How large a sample is required 1if we want to be 93% confident
that the error in using p to estimate p 1s less than 0.057 Using p = (.12 as an imtial estimate of p, we find
from Equation 8-26 that the required sample size 1s

1.96

(L12{088) == 163
ﬂﬂﬁ) (0.88) =

36



One-sided 100(1-a)% CI for a Population

Proportion with
X, X5, -+, X, ~ Bernoulli( p)

« Using CLT, we can estimate a Cl for the population proportion.

n

> X,

N 1-
p:l—l NN(p,p( p))
n n
,a_zaJP“‘P) < pgmzaJpa—p)
n n
One-sided One-sided
Lower bound Upper bound

] n(1-p) - n(1-p)
p_Za/2\/p np Spgp_l_Zon £ "
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Confidence Intervals

for two-samples
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100(1-a)% CI for Differences in Means of Two Normal

Distributions (two-sided, variances)

Two independent random samples from two Normal distributions with the known
variances

XlaXza'”aan NN]D(IUDO-IZ)\

2 2 YoV V- (1 —
>_)X—Y~NID(1L[1—lL[2’O-1 +O-2) _>( ) (lLll ﬂz)NN[D(O,l)

: n,n, ol o,
V.Y, Y, ~NID(1,03) n
1 2

Pr%—Za/zg(X_Y)_(ﬂl_”2)<Z .—1-a <« Confidence

1 —a 0.12 522 ~ a2 level
of2 o/f2 n T n,
_Za/2 Za/Z
Cl L?wer Cl Uf)per
*2 2 ¥ 2 2
— o, O — = o, O
(X—Y)—Za/2><\/ -+ 33#1‘#25(X_Y)+Za/2x\/ -
nn nn

This Cl can be used for mean of non-normal distributions when n>30
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Eg. Two-sided Confidence Interval

10-4. 'Two machines are used for filling plastic bottles with
a net volume of 16.0 ounces. The fill volume can be assumed
normal, with standard deviation o; = 0.020 and o, = 0.025
ounces. A member of the quality engineering staff suspects
that both machines fill to the same mean net volume, whether
or not this volume is 16.0 ounces. A random sample of 10 bot-
tles is taken from the output of each machine.

Machine 1 Machine 2
16.03 16.01 16.02 16.03
16.04 15.96 15.97 16.04
16.05 15.98 15.96 16.02
16.05 16.02 16.01 16.01
16.02 15.99 15.99 16.00

(b) Calculate a 95% confidence interval on the difference in
means. Provide a practical interpretation of this interval.

40



= 0.020, G220.025 , -o/= 0.75,
'[Mo*f“zdea‘ 0.1 ]l:“_ meon Dl”ﬁw(e"

n,
?— :-(5 0.6l ) 25//7 = ?0_025 = [ ?fg
¢ ©2 _ 0.02° 0 028" _
2“/’ \(’n’, h. (%X\( o F—1 0 098
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100(1-a)% CI for Differences in Means of Two Normal
Distributions (one-sided, variances)

Za _Za
Pr%(X_Y)_(ﬂl_ﬂz)Szoﬁzl_a Pr<_ZaS(X—Y)2—(ﬂ12—ﬂz)>:1_a
612+622 A I
n, n, ) \ n n,

_ o’ ol L ol 52
(1 = 1) 2 (X =Y)=Z, x |—+—= (i — 1,) S (X =Y)+Z, x |- +=2
o n,Gn,

Lower bound Upper bound

This Cl can be used for mean of non-normal distributions when n>30
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* Find interval estimate for parameters (rather than
point estimator).

 Concepts: pivot quantity, confidence level, two-
sided, one-side confidence interval

POc[LU)=1-a

 How to determine the minimum number of
samples needed to achieve certain confidence

width (i.e., uncertainty level).
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