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Motivation

• Engineers/data scientists often involved with 
estimating parameters
– The number of customers browsing a webpage
– Inside diameter of wheel 

• Suppose you have tested 10 samples (users)
• You can use sample mean to estimate
• But the estimate can be close or very far from 

the true mean
• To avoid this, report the estimate for a range of 

plausible values called confidence interval
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Confidence Statements

• Fortune	Teller

• Scientist

“I	believe	the	
answer	is	75.6	

meters”

“I	believe	the	answer	
is	75.6	meters	plus	or	

minus	2.0”
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Two-sided 
Confidence Interval
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Confidence Level: in a nutshell

• A confidence level specifies a confidence level, 
90%, 95%, 99% - measures reliability of the 
estimator

• Confidence interval [L, U], where L and U both 
depend on the data (so that L and U are both 
random variables)

• Reliability means if we repeat the experiments 
over and over again, 95% of times the interval will 
cover the true parameter
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Confidence interval
Let					=	unknown	population	parameterθ

Formal Statement

Definition

Mathematically

Important

P (✓ 2 [L,U ]) = 1� ↵
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Interpretation
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• Both lower and upper bounds are functions of a random sample

Point Estimation Vs. Confidence Intervals
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• The population distribution parameters are unknown. How to estimate
them from samples?
– Point Estimation / Interval Estimation
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Key step: pivot quantity

How to find confidence interval?

!!

P(X −k < µ < X +k)=1−α
or

P(−k < X − µ < k)=1−α
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• Fortune	Teller

• Scientist

“I	believe	the	
answer	is	75.6	

meters”

“I	believe	the	answer	
is	75.6	meters	plus	or	

minus	2.0”

So, how to become a scientist?
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Two-sided Confidence Interval (CI) 
for Mean
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• For mean µ from a normal population with known s,

100(1-a)% CI for Mean of a Normal Distribution
(two-sided, known variance)
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Example 1: z-interval

You want to rent an unfurnished 1Br apartment 
for the next semester. The mean monthly rent 
for a sample of 20 apartments in the local 
newspaper is $540 for a community where you 
want to move. Historically, the standard 
deviation of the rent is $80. Find a 90% 
confidence interval for the mean monthly rent 
in this community.
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Example 1: z-interval

You want to rent an unfurnished 1Br apartment 
for the next semester. The mean monthly rent 
for a sample of 20 apartments in the local 
newspaper is $540 for a community where you 
want to move. Historically, the standard 
deviation of the rent is $80. Find a 90%
confidence interval for the mean monthly rent 
in this community.





15



16

Solution
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Using CLT
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Large Sample Confidence Interval
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Choice of Sample Size
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Constructing a Confidence Interval

50% confidence

80% confidence

90% confidence

q̂
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Choice of Sample Size

Example 8-2 

?
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Solution
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One-sided 
Confidence Interval
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One-sided confidence interval
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100(1-a)% CI for Mean of a Normal Distribution
(one-sided, known variance)
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Example: The strength of a disposable plastic beverage container is 
being investigated. The strengths are normally distributed, with a 
known standard deviation of 15 psi.   A sample of 20 plastic 
containers has a mean strength of 246 psi.  Compute the 95% lower 
bound CI for the process mean.

05.0,246,20,15 ==== as xn

96.1)975.0(12 =F= -
aZ

n
ZX

n
ZX sµs

aa 22 -££-µ
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• Using chi-square, we can estimate a CI for the variance, s2, of 
a normal population.

100(1-a)% CI for Variance of a Normal 
Distribution
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Two-sided interval

8-4 LARGE-SAMPLE CONFIDENCE INTERVAL FOR 
A POPULATION PROPORTION

It is often necessary to construct confidence intervals on a population proportion. For exam-
ple, suppose that a random sample of size n has been taken from a large (possibly infinite)
population and that X (! n) observations in this sample belong to a class of interest. Then

is a point estimator of the proportion of the population p that belongs to this class.
Note that n and p are the parameters of a binomial distribution. Furthermore, from Chapter 4
we know that the sampling distribution of is approximately normal with mean p and vari-
ance if p is not too close to either 0 or 1 and if n is relatively large. Typically, to
apply this approximation we require that np and n(1 " p) be greater than or equal to 5. We
will make use of the normal approximation in this section.

p 11 " p2#n,
P̂

P̂ $ X#n

Calculate a 95% confidence interval on the standard deviation
of time until a tumor appearance. Check the assumption of
normality of the population and comment on the assumptions
for the confidence interval.
8-51. An article in Technometrics (1999, Vol. 41, pp. 202–211)
studied the capability of a gauge by measuring the weight of pa-
per. The data for repeated measurements of one sheet of paper are
in the following table. Construct a 95% one-sided upper confi-
dence interval for the standard deviation of these measurements.
Check the assumption of normality of the data and comment on
the assumptions for the confidence interval.

Observations
3.481 3.448 3.485 3.475 3.472
3.477 3.472 3.464 3.472 3.470
3.470 3.470 3.477 3.473 3.474

If n is large, the distribution of

is approximately standard normal.

Z $
X " np1np 11 " p2 $

P̂ " pBp 11 " p2
n

Normal
Approximation
for a Binomial

Proportion

270 CHAPTER 8 STATISTICAL INTERVALS FOR A SINGLE SAMPLE

8-52. An article in the Australian Journal of Agricultural
Research [“Non-Starch Polysaccharides and Broiler
Performance on Diets Containing Soyabean Meal as the
Sole Protein Concentrate” (1993, Vol. 44, No. 8, pp.
1483–1499)] determined that the essential amino acid
(Lysine) composition level of soybean meals is as shown 
below (g/kg):

22.2 24.7 20.9 26.0 27.0
24.8 26.5 23.8 25.6 23.9

(a) Construct a 99% two-sided confidence interval for .
(b) Calculate a 99% lower confidence bound for .
(c) Calculate a 90% lower confidence bound for .
(d) Compare the intervals that you have computed.

%
%2

%2

To construct the confidence interval on p, note that

so 

P °"z&#2 !
P̂ " pBp11 " p2

n

! z&#2¢ ! 1 " &

P 1"z&#2 ! Z ! z&#22 ! 1 " &

JWCL232_c08_251-282.qxd  1/11/10  3:41 PM  Page 270
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Chi-square Table
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Example
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Choice of Sample Size

The sample size for a specified value E is given by

An upper bound on n is given by (i.e., at least (1-α)100% confidence)

before
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Example
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One-sided 100(1-a)% CI for a Population 
Proportion with large sample size

One-sided 
Upper bound

One-sided 
Lower bound
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Confidence Intervals 
for two-samples
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100(1-a)% CI for Differences in Means of Two Normal 
Distributions (two-sided, known variances)
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Eg. Two-sided Confidence Interval

360 CHAPTER 10 STATISTICAL INFERENCE FOR TWO SAMPLES

10-3. Consider the hypothesis test against
with known variances and 

Suppose that sample sizes and and that
and . Use .

(a) Test the hypothesis and find the P-value.
(b) Explain how the test could be conducted with a confi-

dence interval.
(c) What is the power of the test in part (a) if is 2 units

greater than ?
(d) Assuming equal sample sizes, what sample size should be

used to obtain if is 2 units greater than ?
Assume that .

10-4. Two machines are used for filling plastic bottles with
a net volume of 16.0 ounces. The fill volume can be assumed
normal, with standard deviation !1 " 0.020 and !2 " 0.025
ounces. A member of the quality engineering staff suspects
that both machines fill to the same mean net volume, whether
or not this volume is 16.0 ounces. A random sample of 10 bot-
tles is taken from the output of each machine.

Machine 1 Machine 2
16.03 16.01 16.02 16.03
16.04 15.96 15.97 16.04
16.05 15.98 15.96 16.02
16.05 16.02 16.01 16.01
16.02 15.99 15.99 16.00

(a) Do you think the engineer is correct? Use # " 0.05. What
is the P-value for this test?

(b) Calculate a 95% confidence interval on the difference in
means. Provide a practical interpretation of this interval.

(c) What is the power of the test in part (a) for a true differ-
ence in means of 0.04?

(d) Assuming equal sample sizes, what sample size should be
used to assure that $ " 0.05 if the true difference in
means is 0.04? Assume that # " 0.05.

10-5. Two types of plastic are suitable for use by an elec-
tronics component manufacturer. The breaking strength of this
plastic is important. It is known that !1 " !2 " 1.0 psi. From
a random sample of size n1 " 10 and n2 " 12, we obtain

and . The company will not adopt plas-
tic 1 unless its mean breaking strength exceeds that of plastic
2 by at least 10 psi.
(a) Based on the sample information, should it use plastic 1?

Use # " 0.05 in reaching a decision. Find the P-value.
(b) Calculate a 95% confidence interval on the difference in

means. Suppose that the true difference in means is really
12 psi.

(c) Find the power of the test assuming that # " 0.05.
(d) If it is really important to detect a difference of 12 psi, are

the sample sizes employed in part (a) adequate, in your
opinion?

x2 " 155.0x1 " 162.5

# " 0.05
%2%1$ " 0.05

%2

%1

# " 0.01x2 " 21.3x1 " 24.5
n2 " 15n1 " 10

!2 " 5.!1 " 10H1 : %1 & %2

H0 : %1 " %2 10-6. The burning rates of two different solid-fuel propel-
lants used in aircrew escape systems are being studied. It is
known that both propellants have approximately the same
standard deviation of burning rate; that is !1 " !2 " 3
centimeters per second. Two random samples of n1 " 20 and
n2 " 20 specimens are tested; the sample mean burning rates
are " 18 centimeters per second and " 24 centimeters
per second.
(a) Test the hypothesis that both propellants have the same

mean burning rate. Use # " 0.05. What is the P-value?
(b) Construct a 95% confidence interval on the difference in

means %1 ' %2. What is the practical meaning of this
interval?

(c) What is the $-error of the test in part (a) if the true differ-
ence in mean burning rate is 2.5 centimeters per second?

(d) Assuming equal sample sizes, what sample size is needed to
obtain power of 0.9 at a true difference in means of 14 cm/s?

10-7. Two different formulations of an oxygenated motor
fuel are being tested to study their road octane numbers. The
variance of road octane number for formulation 1 is "
1.5, and for formulation 2 it is !2

2 " 1.2. Two random sam-
ples of size n1 " 15 and n2 " 20 are tested, and the mean road
octane numbers observed are " 89.6 and " 92.5.
Assume normality.
(a) If formulation 2 produces a higher road octane number

than formulation 1, the manufacturer would like to detect
it. Formulate and test an appropriate hypothesis, using 
# " 0.05. What is the P-value?

(b) Explain how the question in part (a) could be answered
with a 95% confidence interval on the difference in mean
road octane number.

(c) What sample size would be required in each population
if we wanted to be 95% confident that the error in esti-
mating the difference in mean road octane number is less
than 1?

10-8. A polymer is manufactured in a batch chemical
process. Viscosity measurements are normally made on each
batch, and long experience with the process has indicated that
the variability in the process is fairly stable with ! " 20.
Fifteen batch viscosity measurements are given as follows:

724, 718, 776, 760, 745, 759, 795, 756, 742, 740, 761, 749,
739, 747, 742

A process change is made which involves switching the type
of catalyst used in the process. Following the process change,
eight batch viscosity measurements are taken: 

735, 775, 729, 755, 783, 760, 738, 780 

Assume that process variability is unaffected by the catalyst
change. If the difference in mean batch viscosity is 10 or less,
the manufacturer would like to detect it with a high probability.
(a) Formulate and test an appropriate hypothesis using # "

0.10. What are your conclusions? Find the P-value.

x2x1

!2
1

x2x1
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10-3. Consider the hypothesis test against
with known variances and 

Suppose that sample sizes and and that
and . Use .

(a) Test the hypothesis and find the P-value.
(b) Explain how the test could be conducted with a confi-

dence interval.
(c) What is the power of the test in part (a) if is 2 units

greater than ?
(d) Assuming equal sample sizes, what sample size should be

used to obtain if is 2 units greater than ?
Assume that .

10-4. Two machines are used for filling plastic bottles with
a net volume of 16.0 ounces. The fill volume can be assumed
normal, with standard deviation !1 " 0.020 and !2 " 0.025
ounces. A member of the quality engineering staff suspects
that both machines fill to the same mean net volume, whether
or not this volume is 16.0 ounces. A random sample of 10 bot-
tles is taken from the output of each machine.

Machine 1 Machine 2
16.03 16.01 16.02 16.03
16.04 15.96 15.97 16.04
16.05 15.98 15.96 16.02
16.05 16.02 16.01 16.01
16.02 15.99 15.99 16.00

(a) Do you think the engineer is correct? Use # " 0.05. What
is the P-value for this test?

(b) Calculate a 95% confidence interval on the difference in
means. Provide a practical interpretation of this interval.

(c) What is the power of the test in part (a) for a true differ-
ence in means of 0.04?

(d) Assuming equal sample sizes, what sample size should be
used to assure that $ " 0.05 if the true difference in
means is 0.04? Assume that # " 0.05.

10-5. Two types of plastic are suitable for use by an elec-
tronics component manufacturer. The breaking strength of this
plastic is important. It is known that !1 " !2 " 1.0 psi. From
a random sample of size n1 " 10 and n2 " 12, we obtain

and . The company will not adopt plas-
tic 1 unless its mean breaking strength exceeds that of plastic
2 by at least 10 psi.
(a) Based on the sample information, should it use plastic 1?

Use # " 0.05 in reaching a decision. Find the P-value.
(b) Calculate a 95% confidence interval on the difference in

means. Suppose that the true difference in means is really
12 psi.

(c) Find the power of the test assuming that # " 0.05.
(d) If it is really important to detect a difference of 12 psi, are

the sample sizes employed in part (a) adequate, in your
opinion?

x2 " 155.0x1 " 162.5

# " 0.05
%2%1$ " 0.05

%2

%1

# " 0.01x2 " 21.3x1 " 24.5
n2 " 15n1 " 10

!2 " 5.!1 " 10H1 : %1 & %2

H0 : %1 " %2 10-6. The burning rates of two different solid-fuel propel-
lants used in aircrew escape systems are being studied. It is
known that both propellants have approximately the same
standard deviation of burning rate; that is !1 " !2 " 3
centimeters per second. Two random samples of n1 " 20 and
n2 " 20 specimens are tested; the sample mean burning rates
are " 18 centimeters per second and " 24 centimeters
per second.
(a) Test the hypothesis that both propellants have the same

mean burning rate. Use # " 0.05. What is the P-value?
(b) Construct a 95% confidence interval on the difference in

means %1 ' %2. What is the practical meaning of this
interval?

(c) What is the $-error of the test in part (a) if the true differ-
ence in mean burning rate is 2.5 centimeters per second?

(d) Assuming equal sample sizes, what sample size is needed to
obtain power of 0.9 at a true difference in means of 14 cm/s?

10-7. Two different formulations of an oxygenated motor
fuel are being tested to study their road octane numbers. The
variance of road octane number for formulation 1 is "
1.5, and for formulation 2 it is !2

2 " 1.2. Two random sam-
ples of size n1 " 15 and n2 " 20 are tested, and the mean road
octane numbers observed are " 89.6 and " 92.5.
Assume normality.
(a) If formulation 2 produces a higher road octane number

than formulation 1, the manufacturer would like to detect
it. Formulate and test an appropriate hypothesis, using 
# " 0.05. What is the P-value?

(b) Explain how the question in part (a) could be answered
with a 95% confidence interval on the difference in mean
road octane number.

(c) What sample size would be required in each population
if we wanted to be 95% confident that the error in esti-
mating the difference in mean road octane number is less
than 1?

10-8. A polymer is manufactured in a batch chemical
process. Viscosity measurements are normally made on each
batch, and long experience with the process has indicated that
the variability in the process is fairly stable with ! " 20.
Fifteen batch viscosity measurements are given as follows:

724, 718, 776, 760, 745, 759, 795, 756, 742, 740, 761, 749,
739, 747, 742

A process change is made which involves switching the type
of catalyst used in the process. Following the process change,
eight batch viscosity measurements are taken: 

735, 775, 729, 755, 783, 760, 738, 780 

Assume that process variability is unaffected by the catalyst
change. If the difference in mean batch viscosity is 10 or less,
the manufacturer would like to detect it with a high probability.
(a) Formulate and test an appropriate hypothesis using # "

0.10. What are your conclusions? Find the P-value.

x2x1

!2
1

x2x1
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Summary

• Find interval estimate for parameters (rather than 
point estimator). 

• Concepts: pivot quantity, confidence level, two-
sided, one-side confidence interval

• How to determine the minimum number of 
samples needed to achieve certain confidence 
width (i.e., uncertainty level).

P (✓ 2 [L,U ]) = 1� ↵


