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Proof of theorem 3.3-2
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The next two corollaries combine and extend the results of Theorems 3.3-2 and
5.4-2 and give one interpretation of degrees of freedom.



Corollary
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Let , ,  have standard normal distributions, (0,1). If , ,  

are independent, then ( ).
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Chapter 5 Distributions of Functions of random variables
Section 5.5 Random function associated with Normal distribution
The similar idea works for summation of Gaussian RVs:
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Example 1 (Page 201)
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Let  and  be the number of pounds of butterfat produced by two cows.
Assume that ~ (693.2,22820), ~ (631.7,19205).
And moreover,  and  are independent. What's the probability for ( )?
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Corollary for Theorem 5.5-1
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If , , ,  are observations of a RV of size  from the normal

distribution ( , ),  then the distribution of the 
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Example 2 (Page 201)
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Let , , ,  be a random sample of size  from (50,16). 
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Theorem 5.5-2
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Let , ,  be observations of a random sample of size  from the normal

distribution ( , ). Then 
1the sample mean, 

1and the sample variance, ( )
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section 6.7 on Page 294. Now we show the second part of the theorem:
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Proof of theorem 5.5-2(c.n.t.) 
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Combining corollary 5.4-3 and theorem 5.5-2, 

( )

( 1).

n
i

i

n
i

i

X n

X X n

P F
V

F
V

 

 

�§ ·
¨ ¸
© ¹

§ ·�
�¨ ¸

© ¹

¦

¦

Example 3(Page 204)
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Let , , ,  be a random sample of size 4 from (76.4,  383). Then we have 
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We now prove a theorem that is the basis for some of the most important
inferences in statistics.



Theorem 5.5-3 (Student’s t distribution)
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Proof of theorem 5.5-3 (c.n.t.)
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Note that the last integral is equal to one because the integrand is the pdf of a ( 1) .
Hence the pdf is given by
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Student’s t distribution is a heavy tailed distribution, while 
normal distribution is a light tailed distribution.



Construction of student’s t distribution
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Chapter 5 Distributions of Functions of random variables
Section 5.6 Central limit theorem (CLT)
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If , , ,  are observations of a RV of size  from the normal

distribution ( , ),  then 
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¾ Interpretation：

The distribution of Z 
depends on we are 
dealing with 
sequences of 
distributions.

Theorem 5.6-1 (Central Limit Theorem))
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¾Practical use of CLT is to approximate the cdf of 𝑋 or 
∑ 𝑋 .

2Recall that if ( , ),  then 
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Example 1
Let  be a sample mean of a random sample of size 25 froma 
distribution of size 25 from a distribution with mean 15 and variance 4. 

Compute (14.4 15.6) approximately.
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Example 2

1 2

2

1

1 2

Let , , ,  be a random sample of size n from U(0, 1)
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