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Model for Samples: Random sampling

Random
Sample The random variables X, X, . . ., X, are a random sample of size n if (a) the X;’s are
independent random variables, and (b) every X; has the same probability distribution.

Observations in a random sample are also known as
independent and identically distributed (i.i.d.)

random variables




A statistic is any function of the observations in a random sample.

eg, X, X,, X, > X,8?

The probability distribution of a statistic is called a sampling distribution.

Class
activity:
urn model




Sampling distribution
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Why sampling distribution?

The probability distribution of a statistic is called a sampling distribution.

Statistical inference is concerned with making
decisions about a population based on the
information contained in a random sample from that
population.

Sampling distribution is the link between probability and
statistics.



Empirical distribution

Data can be “distributed” (spread out) in different ways
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Model sampling distribution

* Relationships between Bernoulli and Binomial
distributions

X,~BERN(p),i=1,2,..,n

n
X= ZX,- ~BIN(n,p)
=

* In this setting

+ Each time X; is the outcome of each draw:
=1, if black, otherwise =0

e X is the number of black stones

« Multiple experiments X is different and has
variability




Alternative view

+ Sample proportion is the percentage of black

stones
_ 1
X = —Z Xi
n
i=1

+ Claim: X is approximately normal distributed with
mean p and variance = @

Sampling distribution

describes the distribution of
sample mean




Normal Distribution
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Normal Distribution

Sx)

X ~N(u,0%); —o<x<+m \
o

1 xX—u :
X

1
f(xp,0) = ———e
2o

E(x)=u Var(x)=oc"

P{x<a}= J. J }dx

ENEE
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Important Fact

+ Fact: If x4, X, are independently normally distributed
variables, then

Y = Xq+X,
also follows the normal distribution:
y ~ N(U1+p2,04%+ 0,2)

1



Special case

* Making normal assumption about samples:

Xi" s are normally independently distributed (a
random sample from a Normal distribution with
the known variance)

Z

X, X, X ~ ~N(u,6 )= X~ N(u

1’

~N(0,1)

0/\/_

* Proof?

Sampling distribution of

sample mean is )
when samples are normal

12



1. The design of the machine has fill volume 300 mls,
and variance 9ml. An engineer takes a random sample
of 25 cans, what’s the sampling distribution of mean
filling volume of a can of soft drink?

2. The engineer finds the sample mean of fill volume to
be 298 mls. Is this considered to be normal?

13



Standard Normal Distribution

X ~N(u,0%); —o<x<+w

o2yl CA(x—pY
Sme )_«/Eanp{ 2( o j}

Map any X into Z

X

30 —ic —ics u +1-c +20 +30

/=—"
Standard normal
random variable

Z~N(0,1*); —oo<z<+w

1 z2 :
f(z;u=0,06"=1)= exp(—] S
N2 2 321 0414243 -
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* Example: Three shafts are made and assembled in a
machine. The length of each shaft, in centimeters, is
distributed as follows:

Shaft 1: ~ N (75, 0.09)
Shaft 2: ~ N (60, 0.16)
Shaft 3: ~ N (25, 0.25)

Assume the shafts’ length are independent to each other:

(a) What is the distribution of the linkage?
(b) What is the probability that the linkage will be longer
than 160.5 cm?

e e e e e ———
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Exercise: Airport Check-in

The amount of time that a customer spends waiting in the
airport check-in counter is a normal random variable with
mean 8.2 minutes and standard deviation 1.5 minutes.
Suppose that a random sample of 49 customers is
observed.

waiting time for these customers is:
(a) Less than 10 minutes;
(b) Between 5 and 10 minutes.

2. What is a value such that 90% of chance, average wait
time will wait shorter than that?

22



General case: Central Limit Theorem (CLT)

Sampling distribution of ! & ot
sample mean is hormal,
even when samples are 1 | | [
1 2 3 4 5 6 x
normal (b) Two dice
1'%”1 1 Ié"s
Figure 7-1 Distributions of average (@) Three dice :
scores from throwing dice. [Adapted
with permission from Box, Hunter, and l||| I | I
Hunter (1978).] B T S —
(d) Five dice
Rule of thumb: when n > 30 ll”” “"lh
aall (TP
2 3 4 5 x

this works pretty well.

fe) Ten dice

CENTRAL LIMIT THEOREM If all samples of a particular size are selected from any
population, the sampling distribution of the sample mean is approximately a
normal distribution. This approximation improves with larger samples.
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Exercise: Coffee

For the “number of coffee drink / day” question,
assume the number of coffee drink / day is a
random variable with mean 1 and variance 0.5.

There are 58 responses of survey. What the
sampling distribution of the sample mean?

24



Sampling Distribution of Sample Mean With

Variance

One Population:

Xi" s are normally independently distributed (a random sample
from a Normal distribution with the known variance)

= ol X-pu
XI,XZ,---,X"~N[,LL,0'Z)—>X~N[,u,7)—> ~N(0,1)

o/\n
Two Populations:

Two independent random samples from two Normal distributions
with the known variances

X1‘X2’" "an ~N(u1,612)

2 2
- o o
>S5 X-Y ~N(‘ul_‘u2‘_1+_2)
2 nl 2
Yl‘YZ’.“'YnZ ~N(,u2,0'2)
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* The effective life of a component,
X1, used in a jet-turbine aircraft
engine is a random variable with
mean 5000 hours and standard
deviation 40 hours. The engine
manufacture design a new
component X2, which increases the
mean life to 5050 hours and
decreases the standard deviation to
30 hours. Assume X1 and X2 is fairly
close to a normal distribution.
Suppose n1 = 16 samples of old
components, and n2 = 25 samples
from the new components, are
selected. What is the probability that
the difference in two sample means
is at least 25 hours?

What is this thmg” T

2




Central Limit Theorem (CLT) for two

Approximate
Sampling
Distribution of
a Difference in
Sample Means

populations

If we have two independent populations with means ., and ., and variances of and
o3, and if X, and X, are the sample means of two independent random samples of
sizes n; and n; from these populations, then the sampling distribution of

Xl_x_Z_("'l_“Q)

‘= \/of/n, + o'zynz

(7-4)

is approximately standard normal, if the conditions of the central limit theorem
apply. If the two populations are normal, the sampling distribution of Z is exactly
standard normal.

27



Example: Time
in the morning

« The time for students to get
ready in the morning, for male
and female students.

* There are n1 = 33 girls and n2
= 25 guys who provides the
answer

« Assume the time for girl is a
random variable with mean 30
minutes, and the time for guy is
a random variable with mean 20
minutes. The standard deviation
for both of them is 10 minutes.

« What is the probability that
the difference in two sample
means is at least 10 minutes?

40 60 80 100 120

20

Time to Get Ready by Gender

T -7T I
| |
| |
7 T
| i
o PR
T T
female male

Of course the variance is unknown...
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o Point Estimator

Statistical Inference
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» Estimator: Definition
* Basic properties
* Methods for finding point estimators

Questions we aim to address

+ What is a good estimator?
* How to find estimators?

Data — Statistics —— Sampling distribution

~ |

Estimator 2



Suppose X is a random variable with f{x;0) as the pdf. If X, X,, ... X, is a
random sample of size n from X, the statistic

O=h(X,X,,.,X,)

Is called a point estimator of 6.

After the sample has been selected, ® takes on a particular numerical value
called the point estimate of 6.

n

22X . 25+30+29+31

Parameter: M Estimator: = X == Estimate:x = f =28.75
n

Note that @ is a random variable because it is a statistic (function of random variables)
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Internet service provider

* Two Internet providers

* Observe download rate is as follows (mbp)

Provider 1 | 5.34 516 |5.043 |4.661 |4.521 |[5.25 5.245
Provider2 |5.363 |4.797 |5.28 |4.666 |[4.927 |5.286 |5.37

Provider 1 | 5.276 |[4.508 |4.558 | 5.478 |4.919 |4.708
Provider2 |5.109 |5.113 |5.157 |[5.145 [4.801 |4.948

« What's the difference of their rate?

xfinity

Google Fiber =



* What's the difference of their rate?
« Samples
— First service provider X;,i=1,2,...,nq
— Second service provider Y;,i = 1,2, ...,n,
* Assumption
- X;~N(uy,07)
- Yi~N(ua, 022)
* Parameters of interest: y; — u,
« Estimator: X —Y
+ Estimate: 4.9744- 5.0740 = -0.0996 (mbp)

* How is the estimate?

* Is the estimator (method)



Basic properties of estimators




The s
0o =

14C)

~—

Standard error of estimator

error of an estimator @ is its standard deviation, given by
tI|£ }Qg strah%ﬂ%sd Fs%ﬂ{ug%\r/lolves unknown parameters that can be esti-

mated, substitution of those values into g produces an estimated standard error,
denoted by G .

Data

— Statistics —— Sampling distribution

Estimator



Internet service provider

* Two Internet providers

* Observe download rate is as follows (mbp)

Provider 1 | 5.34 5.16 |5.043 [4.661 [4.521 |5.25 5.245
Provider2 |5.363 |4.797 |5.28 |4.666 |[4.927 |5.286 |5.37

Provider 1 |5.276 |4.508 |4.558 |5.478 [4.919 |4.708
Provider2 |5.109 |5.113 |5.157 [5.145 [4.801 |4.948

* What's the standard error of the estimator for the
difference of their rate?

xfinity

Google Fiber =



What's the difference of their rate?
Samples

— First service provider X;,i =1,2,...,nq

— Second service provider Y;,i = 1,2, ...,n,
Assumptions

- X;~N(uy,0f)

- Yi~N(u,, 522)

Parameters of interest: y; — u,
Estimator: X —Y

Standard error of the estimator

— _ o %
Ox%_y = Var(X =Y) = n—1+n—2

2



An article in the Journal of Heat Transfer (Trans. ASME, Sec. C, 96, 1974, p. 59) described
a new method of measuring the thermal conductivity of Armco iron. Using a temperature of
100°F and a power input of 550 watts, the following 10 measurements of thermal conductiv-
ity (in Btw/hr-ft-°F) were obtained:

41.60,41.48,42.34,41.95, 41.86,
42.18,41.72,42.26, 41.81, 42.04

What is the estimator for the conductivity?

What is the standard error of the estimator?

10



A real-world example

* Detecting changes using sliding windows,

sample mean difference

001-006 2Z (1-5 Hz)

Old faithful geyser

001008 2Z (1-5 Hz)

- 001-005 2Z (1-6 Hz)
70205 40 50
1

Stage

-50.40.3020-10 0 10 20 30 40 50
003.0102Z (1-5 Ha)

Stage

50.40-30-20-10 0 10 20 30 40 50
stago

001010 2Z (15 He)

0.0 10 20 30 40 50
Stage
010:014 2Z (1-5 Hz)




The point estimator @ is an unbiased estimator for the parameter 0 if

E(®) =0

ties to sampling distribution
If the estimator is not unbiased, then the difference

E®) -6

is called the bias of the estimator ©.

12



Sample mean is unbiased estimator

« Assume xq, ..., X,~N(u, 6%)
* Then X is an unbiased estimator of u

13



Sample variance is unbiased estimator

« Assume xq, ..., X,~N(u, 6%)
« Then S? is an unbiased estimator of ¢?

14



If two estimators are unbiased, the one with smaller variance is preferred.

Distribution of él

A
Distribution of @,

0

Figure 7-1 The sampling distributions of two unbiased estimators

Var(é)1 )< Var(@2 )

ties to sampling distribution

15



The mean square error of an estimator © of the parameter  is defined as

MSE(®) = E(6 — 6)? (7-3)

MSE(®)=E(©-0)? = [E(é) - @)]Z + var(® - @)

MSE(®) = [Bias((i))]2 + var(©)

Distribution of é\)l

A
Distribution of ©,

16



Example: find bias and variance of

estimator

Let X;, X, be independent random variables with mean x and variance 2.
Suppose that we have two estimators of u:

0= ==
X 43X,
0, ="

(a) Are both estimators unbiased estimators of y? There is nota unique
unbiased estimator!
(b) What is the variance of each estimator?

(c) What’s the MSE of two estimators?

17



Compare the MSE of estimators

Let X,, X, ... X, denote a random sample from a population with mean x and
variance 2. Calculate the MSE of the following estimators of u.

7 e Is either estimator unbiased?
A~ 22X -Xg+ X,
2 2 * Which estimator is best? In what
sense is it best?
5 4X, + 2X3 — 2X;5
3 —

2

18



Suppose X ~ Uniform(6,30), 6 >0

+  Show that % is an unbiased estimator of &

. Calculate the MSE of% and ¥

19



Methods for Finding Estimators

+ Assume a distribution for the samples
+ Estimate the parameter of the distribution

» Several methods
— Maximum likelihood
— Method of moment

20



Baseball team

* The weight for a baseball team players are
{150, 143, 132, 160, 175, 190, 123, 154}

* Assume their weights are uniformly distributed
over an interval [a, b]

* What are good estimators for a? for b?

21



Method of Maximum Likelihood

Suppose that X is a random variable with probability distribution f(x; 6), where 6 is
a single unknown parameter. Let x,, x,, ..., x, be the observed values in a random
sample of size n. Then the likelihood function of the sample is

L(0) = f(x150) = f(x2; 0) * =+ f (x5 6) (7-5)
Note that the likelihood function is now a function of only the unknown parameter 6.
The maximum likelihood estimator of 0 is the value of 6 that maximizes the like-
lihood function L(0).

120

1001
80

L(e;x) :ﬁf(xi;e) =f(x1;9)...f(xn;9) L(6:x) &

40

20

1(6;x) = Zn:log[ 1(x:0)] :
i=1

O(x) = argmax L(6; x) = arg max /(6; x) 16:x) 4 /\ 7
¢ 0 ssf 7



7-61. A random variable x has probability density function

1
f(x;0) =ﬁx2e'-‘/", D<x<®, 0<0<x

Given samples x4, ... x,,
find the maximum likelihood estimator for 6

23



Example: Bernoulli

Let X be a Bernoulli random variable. The probability mass function is

_ 1—x —
f(Jr;IJ):{ng(1 B 2= 1

otherwise

where p is the parameter to be estimated. The likelihood function of a random sample of size
nis
L(p) = p(1 = p)'p2(1 — p)' 7 p (1 = p)' ™
; —x; i% n—i%
= FVI(I —p)l xl:p,‘:](l —p) =1
1

B

—  InL( )=( x,)lnp+(n— x,)ln(l -p)
i=1 i=1
xi \n— X; n
dnl(p) _ & _( 3v) pol%x
dp p 1—-p i=1

24



Example: normal

Let X be normally distributed with unknown . and known variance o?. The likelihood
function of a random sample of size », say X}, X5, ..., X,, is

1 1 2 1 2 Z 2
Liw) = ey = L 0pe)S ew)
() ,11 oVam ¢ (2ma?y? ¢ !

Now
In L(p) = —(n/2) In(2ma?) — (26%)7! g (o — )
and
dlnL(p) e & 3
a9 FEI (o — W)

—> What is the MLE for u?

25



Example (Continued, unknown variance)

InL(p, 0%) = —= 1n(2'n'0'2) - 2— 2 L= w)?
dInL(p, o” »
$=§_l<xi—m=o
dIn L(p, o?) B

3(0'2) ) 2 Py 2

The solutions to the above equation yield the maximum likelihood estimators

O -
p=X &=y X - X

26



MLE: Exponential

Let X be a exponential random variable with parameter A.

The likelihood function of a random sample of size n is:

L(2)= f[,le-“f e E

lnL( ) nln( ) le

M:__zx_

A= r/ Z X, = 1/X (same as moment estimator)

i=1

27



MLE: Graphical lllustration

The time to failure is exponentially distributed. Eight units are randomly selected and
tested, resulting in the following failure time (in hours): x; = 11.96, x, = 5.03, x; = 67.40, x,4
=16.07,x5 = 31.50, x5 = 7.73, x;, = 11.10, and xg = 22.38.

“peaked” vs “flat”

-32.59
0.0
B
-32.61 2
£ 01
[
3 £
_g -32.63 ¥
5 = -0.2
w -32.65 g
ki 203
3267 8
~0.4
8269040 042 044 046 048 050 052 0.038 0.040 0.042 0.044 0.046 0.048 0.050 0.052 0.054
2 2

(@) (b)

Figure 7-3  Log likelihood for the exponential distribution, using the failure time data. (a) Log likelihood with » = 8 (original
data). (b) Log likelihood if n = 8, 20, and 40.
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Why use maximum likelihood estimator?

It enjoys the following good properties:

Properties of
the Maximum
Likelihood
Estimator

Under very general and not restrictive conditions, when the sample size » is large and
if @ is the maximum likelihood estimator of the parameter 6,
(1) @ is an approximately unbiased estimator for 6 [E(®) = 6],
(2) the variance of @ is nearly as small as the variance that could be obtained
with any other estimator, and
(3) O has an approximate normal distribution.

29



Complications in Using MLE

* It is not always easy to maximize the likelihood function
because the equation(s) obtained from dL(®)/d® = 0 may be
difficult to solve.

« It may not always be possible to use calculus methods
directly to determine the maximum of L(©).

30



Baseball team

* The weight for a baseball team players are
{150, 143, 132, 160, 175, 190, 123, 154}

* Assume their weights are uniformly distributed
over an interval [a, b]

* What are good estimators for a? for b?

31



Example: Uniform Distribution MLE

Let X be uniformly distributed on the interval O to a.

L(a)

f(x):l/a for0<x<a

L(a): ; l:in:a"” for0<x <a

i=1 a a
dL{a) —n ()
=—m - ha —
da a 0 Max (x;) a
~ Figure 7-8 The likelihood function for this
a= maX(xi) uniform distribution

Calculus methods don’t work here because L(a) is maximized at the
discontinuity.
Clearly, a cannot be smaller than max(x;), thus the MLE is max(x;).

32



Methods of Moments

Population and samples moments

Let X, X5, ..., X, be arandom sample from the probability distribution f(x), where

f(x) can be a discrete probability mass function or a continuous probability density
function. The kth population moment (or distribution moment) is E(X*), k =
1,2, .... The corresponding kth sample moment is (1/2) >'_, XX, k = 1,2, ....

jxkf(x)dx If x is continuous

Population moments My =
Zxk f(x) I xis discrete

n
>
Sample moments m, ==
n

33



Method of Moments

+ Equating empirical moments to theoretical
moments

Let X}, X, ..., X, be a random sample from either a probability mass function
or probablhty density function with m unknown parameters 6y, 0, ..., 6,,. The
moment estimators 0, ©,, ..., @,, are found by equating the first m populatlon
moments to the first m sample moments and solving the resulting equations for the
unknown parameters.

m equations for m parameters
r_ 1
m = H
_ !
=H

34



MoM estimator for exponential parameter?

MoM estimator for normal distribution?

35



MoM for Gamma distribution

Method of moment estimator for Gamma distribution?

fx) = el

[(a)o®

The likelihood function is difficult to differentiate because of the
Gamma function r(a).

La,6) = ( "(x|x2 e x,)* lexp [—% Zx,-]

o)

We will use method of moment estimator

36



MoM for Gamma distribution, known «

7-61. A random variable x has probability density function
1
f(x;0)=ﬁxze—“/°, D0<x<w 0<f<®
Given samples x4, ... x,,

find the MoM estimator for 6

Gamma distribution with a = 3

37



