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Model for Samples: Random sampling

226 CHAPTER 7 SAMPLING DISTRIBUTIONS AND POINT ESTIMATION OF PARAMETERS

was 298 milliliters because he or she knows that the sample mean is a reasonable estimate of
! and that a sample mean of 298 milliliters is very likely to occur, even if the true population
mean is ! " 300 milliliters. In fact, if the true mean is 300 milliliters, tests of 25 cans made
repeatedly, perhaps every five minutes, would produce values of that vary both above and
below ! " 300 milliliters.

The link between the probability models in the earlier chapters and the data is made as fol-
lows. Each numerical value in the data is the observed value of a random variable. Furthermore,
the random variables are usually assumed to be independent and identically distributed. These
random variables are known as a random sample.

x

The random variables X1, X2, . . . , Xn are a random sample of size n if (a) the Xi’s are
independent random variables, and (b) every Xi has the same probability distribution.

Random
Sample

A statistic is any function of the observations in a random sample.
Statistic

The observed data are also referred to as a random sample, but the use of the same phrase
should not cause any confusion.

The assumption of a random sample is extremely important. If the sample isn’t random
and is based on judgment or flawed in some other way, then statistical methods will not work
properly and will lead to incorrect decisions.

The primary purpose in taking a random sample is to obtain information about the unknown
population parameters. Suppose, for example, that we wish to reach a conclusion about the pro-
portion of people in the United States who prefer a particular brand of soft drink. Let p represent
the unknown value of this proportion. It is impractical to question every individual in the popu-
lation to determine the true value of p. In order to make an inference regarding the true propor-
tion p, a more reasonable procedure would be to select a random sample (of an appropriate size)
and use the observed proportion of people in this sample favoring the brand of soft drink.

The sample proportion, , is computed by dividing the number of individuals in the sample
who prefer the brand of soft drink by the total sample size n. Thus, is a function of the
observed values in the random sample. Since many random samples are possible from a popu-
lation, the value of will vary from sample to sample. That is, is a random variable. Such a
random variable is called a statistic.

p̂p̂

p̂
p̂

p̂

We have encountered statistics before. For example, if X, X2, . . . , Xn is a random sample of
size n, the sample mean , the sample variance S 2, and the sample standard deviation S
are statistics. Since a statistic is a random variable, it has a probability distribution.

X

The probability distribution of a statistic is called a sampling distribution.
Sampling

Distribution

For example, the probability distribution of is called the sampling distribution of the
mean. The sampling distribution of a statistic depends on the distribution of the population,
the size of the sample, and the method of sample selection. We now present perhaps the most
important sampling distribution. Other sampling distributions and their applications will be
illustrated extensively in the following two chapters.

X
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Observations in a random sample are also known as

independent and identically distributed (i.i.d.)

random variables
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Statistic

2
21 ,,,, e.g., SXXXX n ®!

Class 
activity: 

urn model
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Sampling distribution
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Why sampling distribution?

Statistical inference is concerned with making 
decisions about a population based on the 
information contained in a random sample from that 
population.

Sampling distribution is the link between probability and 
statistics.
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Empirical distribution

• Data can be “distributed” (spread out) in different ways

It can be spread out
more on the left Or more on the right Or it can be all jumbled up
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Model sampling distribution

• Relationships between Bernoulli and Binomial 
distributions

• In this setting
• Each time !" is the outcome of each draw:  

= 1, if black, otherwise = 0 
• !$ is the number of black stones
• Multiple experiments !$ is different and has 

variability

!"~&'() * , " = -, ., … , 0

!$ =1!"
0

"2-
~&3)(0, *)
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Alternative view

• Sample proportion is the percentage of black 
stones

!$ = -
01!"

0

"2-

• Claim: !$ is approximately normal distributed with 
mean * and variance = *(-6*)0

Sampling distribution 
describes the distribution of 
sample mean
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Normal Distribution
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Normal Distribution

!!
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Important Fact

• Fact: If x1, x2  are independently normally distributed 
variables, then 

y = x1+x2

also follows the normal distribution:  
y ~ N(μ1+μ2,σ1

2+ σ2
2)
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Special case

• Making normal assumption about samples:

• Proof? 

Xi’s are normally independently distributed (a 
random sample from a Normal distribution with 
the known variance) 

!! 
X1 ,X2 ,!,Xn~N(µ ,σ 2)→ X ~N(µ ,σ

2

n
)→ X − µ

σ n
~N(0,1)

Sampling distribution of 
sample mean is normal, 
when samples are normal
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Example

1. The design of the machine has fill volume 300 mls, 
and variance 9ml. An engineer takes a random sample 
of 25 cans, what’s the sampling distribution of mean 
filling volume of a can of soft drink? 

2. The engineer finds the sample mean of fill volume to 
be 298 mls. Is this considered to be normal?
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Exercise

• Example:  Three shafts are made and assembled in a 
machine. The length of each shaft, in centimeters, is 
distributed as follows:  

Shaft 1: ~ N (75, 0.09) 
Shaft 2: ~ N (60, 0.16) 
Shaft 3: ~ N (25, 0.25)  

Assume the shafts’ length are independent to each other:
(a) What is the distribution of the linkage?  
(b) What is the probability that the linkage will be longer 
than 160.5 cm?  
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Exercise: Airport Check-in

The amount of time that a customer spends waiting in the 
airport check-in counter is a normal random variable with 
mean 8.2 minutes and standard deviation 1.5 minutes. 
Suppose that a random sample of 49 customers is 
observed. 

1. Find the probability that the average 
waiting time for these customers is: 
(a) Less than 10 minutes; 
(b) Between 5 and 10 minutes.

2. What is a value such that 90% of chance, average wait 
time will wait shorter than that?
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Figure 7-1 Distributions of average 
scores from throwing dice. [Adapted 

with permission from Box, Hunter, and 
Hunter (1978).]

General case: Central Limit Theorem (CLT)

Sampling Methods and the Central Limit Theorem 279

Associate Number of Cases

Ruud 3
Wu 6
Sass 3
Flores 3
Wilhelms 0
Schueller 1

a. How many different samples of 3 are possible?
b. List all possible samples of size 3, and compute the mean number of cases in each

sample.
c. Compare the mean of the distribution of sample means to the population mean.
d. On a chart similar to Chart 8–1, compare the dispersion in the population with that of

the sample means.
10. There are five sales associates at Mid-Motors Ford. The five representatives and the num-

ber of cars they sold last week are:

Sales 
Representative Cars Sold

Peter Hankish 8
Connie Stallter 6
Juan Lopez 4
Ted Barnes 10
Peggy Chu 6

a. How many different samples of size 2 are possible?
b. List all possible samples of size 2, and compute the mean of each sample.
c. Compare the mean of the sampling distribution of sample means with that of the

population.
d. On a chart similar to Chart 8–1, compare the dispersion in sample means with that

of the population.

8.5 The Central Limit Theorem
In this section, we examine the central limit theorem. Its application to the sam-
pling distribution of the sample mean, introduced in the previous section, allows us
to use the normal probability distribution to create confidence intervals for the pop-
ulation mean (described in Chapter 9) and perform tests of hypothesis (described
in Chapter 10). The central limit theorem states that, for large random samples, the
shape of the sampling distribution of the sample mean is close to the normal prob-
ability distribution. The approximation is more accurate for large samples than for
small samples. This is one of the most useful conclusions in statistics. We can rea-
son about the distribution of the sample mean with absolutely no information about
the shape of the population distribution from which the sample is taken. In other
words, the central limit theorem is true for all distributions.

A formal statement of the central limit theorem follows.

CENTRAL LIMIT THEOREM If all samples of a particular size are selected from any
population, the sampling distribution of the sample mean is approximately a
normal distribution. This approximation improves with larger samples.

If the population follows a normal probability distribution, then for any sample size
the sampling distribution of the sample mean will also be normal. If the population dis-
tribution is symmetrical (but not normal), you will see the normal shape of the distrib-
ution of the sample mean emerge with samples as small as 10. On the other hand, if
you start with a distribution that is skewed or has thick tails, it may require samples of
30 or more to observe the normality feature. This concept is summarized in Chart 8–2

LO5 Explain the
central limit theorem.

Lin01803_ch08_265-296.qxd  10/26/10  8:40 AM  Page 279

Sampling distribution of 
sample mean is normal, 
even when samples are 
NOT normal

Rule of thumb: when n > 30 
this works pretty well.
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Exercise: Coffee

For the “number of coffee drink / day” question, 
assume the number of coffee drink / day is a 
random variable with mean 1 and variance 0.5.

There are 58 responses of survey. What the 
sampling distribution of the sample mean?
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One Population: 

Sampling Distribution of Sample Mean With 
Known Variance

Xi’s are normally independently distributed (a random sample 
from a Normal distribution with the known variance) 

!! 
X1 ,X2 ,!,Xn~N(µ ,σ 2)→ X ~N(µ ,σ

2

n
)→ X − µ

σ n
~N(0,1)

Two Populations: 

!! 

X1 ,X2 ,!,Xn1 ~N(µ1 ,σ 1
2)

Y1 ,Y2 ,!,Yn2 ~N(µ2 ,σ 2
2)

⎫

⎬
⎪⎪

⎭
⎪
⎪

→ X −Y ~N(µ1 − µ2 ,
σ 1

2

n1
+
σ 2

2

n2
)

Two independent random samples from two Normal distributions 
with the known variances
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Aircraft Engine Life

• The effective life of a component, 
X1, used in a jet-turbine aircraft 
engine is a random variable with 
mean 5000 hours and standard 
deviation 40 hours. The engine 
manufacture design a new 
component X2, which increases the 
mean life to 5050 hours and 
decreases the standard deviation to 
30 hours. Assume X1 and X2 is fairly 
close to a normal distribution. 
Suppose n1 = 16 samples of old 
components, and n2 = 25 samples 
from the new components, are 
selected. What is the probability that 
the difference in two sample means 
is at least 25 hours?
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Central Limit Theorem (CLT) for two 
populations
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Example: Time 
in the morning

• The time for students to get 
ready in the morning, for male 
and female students. 
• There are n1 = 33 girls and n2 
= 25 guys who provides the 
answer 
• Assume the time for girl is a 
random variable with mean 30 
minutes, and the time for guy is 
a random variable with mean 20 
minutes. The standard deviation 
for both of them is 10 minutes.
• What is the probability that 
the difference in two sample 
means is at least 10 minutes?

female male

4
5

6
7

8
9

Sleep Hours by Gender

female male

0
1

2
3

4

Coffee Consumption by Gender

female male
0

20
40
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80
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0

12
0

Time to Get Ready by Gender

Of course the variance is unknown…
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Outline

• Estimator: Definition
• Basic properties
• Methods for finding point estimators

Questions we aim to address

• What is a good estimator?
• How to find estimators?

Data Statistics Sampling distribution

Estimator
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Estimator

Suppose X is a random variable with f(x;θ) as the pdf. If X1, X2, … Xn is a
random sample of size n from X, the statistic 

Is called a point estimator of θ.

),...,,(ˆ
21 nXXXh=Q

After the sample has been selected,      takes on a particular numerical value    
called  the point estimate of θ.

Q̂

Note that      is a random variable because it is a statistic (function of random variables)Q̂

µ Estimator: Parameter: Estimate: 
n

X
X

n

i
iå

===µ̂ 75.28
4

31293025
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+++
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Internet service provider

• Two Internet providers

• Observe download rate is as follows (mbp)

• What’s the difference of their rate?

Provider 1 5.34 5.16 5.043 4.661 4.521 5.25 5.245
Provider 2 5.363 4.797 5.28 4.666 4.927 5.286 5.37
Provider 1 5.276 4.508 4.558 5.478 4.919 4.708
Provider 2 5.109 5.113 5.157 5.145 4.801 4.948
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• How accurate is the estimate?
• Is the estimator (method) unbiased?
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Basic properties of estimators
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Standard error of estimator

ties to sampling distribution

Data Statistics Sampling distribution

Estimator
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Internet service provider

• Two Internet providers

• Observe download rate is as follows (mbp)

• What’s the standard error of the estimator for the 
difference of their rate?

Provider 1 5.34 5.16 5.043 4.661 4.521 5.25 5.245
Provider 2 5.363 4.797 5.28 4.666 4.927 5.286 5.37
Provider 1 5.276 4.508 4.558 5.478 4.919 4.708
Provider 2 5.109 5.113 5.157 5.145 4.801 4.948
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Exercise

What is the estimator for the conductivity?

What is the standard error of the estimator?
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A real-world example

• Detecting changes using sliding windows, 
sample mean difference

Fig. 1: Peak lag time data

A. Change-point detection
1) Unweighted graph: graph kernel: We use graph kernel

[4] as the distance metric for the graphs.
Denote the mean peak lag time (red dots in the Fig. 1) of a

pair of stations i, j at time t as Li,j(t). We assume that an edge
forms between two vertices i, j at time t if Li,j(t) > L̄i,j ,
where L̄i,j = 1

101

P101
t=1 Li,j(t). We consider 11 stations: 001,

002, 003, 005, 006, 008, 009, 010, 014, 015, 016, and we have
peak lag data on 10 pairs of the stations. For the other 45 pairs
without data, we assume that no edge will form between them.

Fig. 2: Test statistic with unweighted edges

2) Weighted graph: L2 norm: We use the L2 norm as the
distance metric for the graphs.

Fig. 3: Test statistic with weighted edges

B. Change location detection
See Fig. 4

Fig. 4: Using a subset of vertices to detect the change-point

Station Count Percent
001 31 27.19%
010 12 10.53%
014 11 9.65%
008 10 8.77%
009 10 8.77%
005 10 8.77%
006 10 8.77%
002 5 4.39%
003 5 4.39%
016 5 4.39%
015 5 4.39%

TABLE I: Frequency of nodes in the subsets “contributing” to the
overall change in graphs

Edge Count
001 009 9
001 008 9
001 006 9
001 005 9
010 014 7
001 010 5
010 002 1
010 003 1
010 016 1
010 015 1

TABLE II: Frequency of edges “contributing” to the overall change
in graphs

Table I shows that stations 001, 010, 014 have the three
highest frequencies, while Table II indicates that stations 001,
009, 008, 006, 005 explain the overall change. Comparing
with Figure 1, we see that the edge frequency is a more
accurate indicator for change location. This might be due to
the fact that the data on edges is limited. Although stations
010, 014 appear with high frequency in S⇤, the weights on
edges connecting them to other stations are unavailable. On
the other hand, edge frequency successfully identifies the pairs
that are most reflective of the change in the entire graph.

2. CCF data

2

Old faithful geyser

Fig. 1: Peak lag time data

A. Change-point detection
1) Unweighted graph: graph kernel: We use graph kernel

[4] as the distance metric for the graphs.
Denote the mean peak lag time (red dots in the Fig. 1) of a

pair of stations i, j at time t as Li,j(t). We assume that an edge
forms between two vertices i, j at time t if Li,j(t) > L̄i,j ,
where L̄i,j = 1

101

P101
t=1 Li,j(t). We consider 11 stations: 001,

002, 003, 005, 006, 008, 009, 010, 014, 015, 016, and we have
peak lag data on 10 pairs of the stations. For the other 45 pairs
without data, we assume that no edge will form between them.

Fig. 2: Test statistic with unweighted edges

2) Weighted graph: L2 norm: We use the L2 norm as the
distance metric for the graphs.

Fig. 3: Test statistic with weighted edges

B. Change location detection
See Fig. 4

Fig. 4: Using a subset of vertices to detect the change-point

Station Count Percent
001 31 27.19%
010 12 10.53%
014 11 9.65%
008 10 8.77%
009 10 8.77%
005 10 8.77%
006 10 8.77%
002 5 4.39%
003 5 4.39%
016 5 4.39%
015 5 4.39%

TABLE I: Frequency of nodes in the subsets “contributing” to the
overall change in graphs

Edge Count
001 009 9
001 008 9
001 006 9
001 005 9
010 014 7
001 010 5
010 002 1
010 003 1
010 016 1
010 015 1

TABLE II: Frequency of edges “contributing” to the overall change
in graphs

Table I shows that stations 001, 010, 014 have the three
highest frequencies, while Table II indicates that stations 001,
009, 008, 006, 005 explain the overall change. Comparing
with Figure 1, we see that the edge frequency is a more
accurate indicator for change location. This might be due to
the fact that the data on edges is limited. Although stations
010, 014 appear with high frequency in S⇤, the weights on
edges connecting them to other stations are unavailable. On
the other hand, edge frequency successfully identifies the pairs
that are most reflective of the change in the entire graph.

2. CCF data

2

Sliding windows
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Unbiased Estimator

Bias

ties to sampling distribution
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Sample mean is unbiased estimator



14

Sample variance is unbiased estimator
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Figure 7-1 The sampling distributions of two unbiased estimators            

)ˆvar()ˆvar( 21 Q<Q

Variance of a Point Estimator

If two estimators are unbiased, the one with smaller variance is preferred. 

ties to sampling distribution
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Mean Square Error (MSE)

[ ] )ˆvar()ˆ()ˆ()ˆ(
22 Q-Q+Q-Q=Q-Q=Q EEMSE

[ ] )ˆvar()ˆ(Bias)ˆ(
2

Q+Q=QMSE

Bias
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Example: find bias and variance of 
estimator

There is not a unique 
unbiased estimator! 
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Compare the MSE of estimators

Let X1, X2, … X7 denote a random sample from a population with mean µ and 
variance σ2.  Calculate the MSE of the following estimators of µ. 

2
2ˆ

7
ˆ

461
2

7

1
1

XXX

X
i

i

+-
=Q

=Q
å
=

• Is either estimator unbiased?

• Which estimator is best? In what 
sense is it best? 
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Example

Suppose )3,(~ qqUniformX

• Show that         is an unbiased estimator of 
2
X q

• Calculate the MSE of       and 
2
X

X
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Methods for Finding Estimators

• Assume a distribution for the samples
• Estimate the parameter of the distribution
• Several methods

– Maximum likelihood
– Method of moment
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Baseball team

• The weight for a baseball team players are
{150, 143, 132, 160, 175, 190, 123, 154}

• Assume their weights are uniformly distributed 
over an interval [a, b]

• What are good estimators for a? for b?
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Method of Maximum Likelihood
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Example: Bernoulli
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Example: normal
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Example (Continued, unknown variance) 
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MLE: Exponential
Let X be a exponential random variable with parameter λ.  
The likelihood function of a random sample of size n is:

   

L λ( ) = λe−λxi

i=1

n

∏ = λ ne
−λ xi

i=1

n

∑

ln L λ( ) = n ln λ( )− λ xi
i=1

n

∑
d ln L λ( )

dλ
= n
λ
− xi

i=1

n

∑ = 0

λ! = n xi
i=1

n

∑ = 1 X    (same as moment estimator)
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MLE: Graphical Illustration

“peaked”  vs “flat” 
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Why use maximum likelihood estimator?

It enjoys the following good properties:
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• It is not always easy to maximize the likelihood function
because the equation(s) obtained from dL(Θ)/dΘ = 0 may be
difficult to solve.

• It may not always be possible to use calculus methods
directly to determine the maximum of L(Θ).

Complications in Using MLE
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Baseball team

• The weight for a baseball team players are
{150, 143, 132, 160, 175, 190, 123, 154}

• Assume their weights are uniformly distributed 
over an interval [a, b]

• What are good estimators for a? for b?
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Example: Uniform Distribution MLE

Let X be uniformly distributed on the interval 0 to a.

   

f x( ) = 1 a  for 0 ≤ x ≤ a

L a( ) = 1
ai=1

n

∏ = 1
an = a−n  for 0 ≤ xi ≤ a

dL a( )
da

= −n
an+1 = −na− n+1( )

a! = max xi( )
Calculus methods don’t work here because L(a) is maximized at the
discontinuity.
Clearly, a cannot be smaller than max(xi), thus the MLE is max(xi).

Figure 7-8  The likelihood function for this 
uniform distribution
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Methods of Moments

Population and samples moments

ï
ï
î
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If x is continuous 

If x is discrete
Population moments

Sample moments
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Method of Moments

• Equating empirical moments to theoretical 
moments

ï
ï
î

ï
ï
í

ì
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¢=¢

mmm

m
m

µ

µ
µ

!

22

11

m equations for m parameters
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Example

MoM estimator for exponential parameter?

MoM estimator for normal distribution?
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MoM for Gamma distribution

Method of moment estimator for Gamma distribution?

The likelihood function is difficult to differentiate because of the 
Gamma function 

We will use method of moment estimator 
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