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http://www.datawrangling.org/python-montage-code-for-displaying-arrays/



What is dimensionality reduction? 

The process of reducing the number of random variables under consideration 
– One can combine, transform or select variables
– One can use linear or nonlinear operations 
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vector in 𝑅!

𝑥 =

𝑥"
𝑥#
⋮
𝑥!

Original data point

𝑧 =

𝑧"
𝑧#
⋮
𝑧$

𝑓 𝑥 : 𝑅! ↦ 𝑅$

𝑘 ≪ 𝑛

Reduced representation



Why dimensionality reduction and how to think 

• The dimension-reduced data can be used for
• Visualizing, exploring and understanding the data
• Extracting ”features” and dominant modes
• Cleaning data
• Speeding up subsequent learning task
• Building simpler model later

• Applications
- Image compression
- Face recognition (eigenface)
- Natural language processing (latent semantic analysis)



Principal component analysis 
Given 𝑚 data points, 𝑥!, 𝑥", … 𝑥# ∈ 𝑅$

Step 1: Estimate the mean and covariance matrix from data

𝜇 =
1
𝑚*

%&!

#

𝑥% 𝑎𝑛𝑑 𝐶 =
1
𝑚*

%&!

#

𝑥% − 𝜇 𝑥% − 𝜇 '

Step 2: Take the eigenvectors 𝑤!, 𝑤", … of 𝐶 corresponding to the largest eigenvalue 
𝜆!, the second largest eigenvalue 𝜆" …

Step 3: Compute reduced representation (principle components of a data point)

𝑧% =
𝑤!'(𝑥%−𝜇)/ 𝜆!
𝑤"'(𝑥%−𝜇)/ 𝜆"

⋮

Weight vectors



Run demo PCA_digits.m Run demo PCA_digits.m
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Run demo PCA_leaf.mRun demo PCA_leaf.m
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8 shape features and 
6 texture features



Use what criterion for reduction? 

There are many criteria (geometric based, information theory based, etc.)

One criterion: want to capture variation in data
– variations are “signals” or information in the data
– need to normalize each variables first

In the process, also discover variables or dimensions highly correlated
– represent highly related phenomena
– combine them to form a stronger signal 
– lead to simpler presentation



An example An example
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𝑧! = 𝑤!"(𝑥!−𝜇)/ 𝜆! = 5

𝑤

𝜇

𝑧# = 𝑤#"(𝑥#−𝜇)/ 𝜆#
= −2

An example (cont.)



How to formulate the problem 

Given 𝑚 data points, 𝑥!, 𝑥", … 𝑥# ∈ 𝑅$, with their mean 𝜇 = !
#
∑%&!# 𝑥%

Find a direction 𝑤 ∈ 𝑅$ where 𝑤 ≤ 1

Such that the variance (or variation) of the data along direction 𝑤 is 
maximized

max
': ' )!

1
𝑚
0
%&!

#

𝑤*𝑥% − 𝑤*𝜇 "

variance



Is it an easy optimization problem? 
Manipulate the objective with linear algebra

1
𝑚
0
%&!

#

𝑤*𝑥% − 𝑤*𝜇
"

=
1
𝑚0

%&!

#

(𝑤*(𝑥% − 𝜇))"

=
1
𝑚0

%&!

#

𝑤* 𝑥% − 𝜇 𝑥% − 𝜇
*
𝑤

= 𝑤* 1
𝑚
0
%&!

#

𝑥% − 𝜇 𝑥% − 𝜇 * 𝑤

covariance matrix 𝐶



Landscape of the optimization problem 

Suppose the data has two dimension (𝑛 = 2)
𝐶 is a diagonal matrix

𝐶 = 1 0
0 2

The optimization problem becomes
max

': ' )!
𝑤*𝐶𝑤

= max
': ' )!

(𝑤!, 𝑤")
1 0
0 2

𝑤!
𝑤"

= max
': ' )!

𝑤!" + 2𝑤""



Landscape of the optimization problem 
Landscape of the optimization problem
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Solving the PCA problem

max
,: , -.

𝑤/𝐶𝑤,

• Form Lagrangian function of the optimization problem
𝐿(𝑤, 𝜆) = 𝑤*𝐶𝑤 + 𝜆(1 − 𝑤 ")

• If 𝑤 is a maximum of the original optimization problem, then there exists a 
𝜆, where (𝑤, 𝜆) is a stationary point of 𝐿(𝑤, 𝜆)

• This implies that 
+,
+'

= 0 = 2𝐶𝑤 − 2𝜆𝑤⇔ 𝐶𝑤 = 𝜆𝑤

• The optimal solution 𝑤 should be an eigen-vector of 𝐶
• Objective function becomes 𝜆 (associated with 𝑤) 

𝐶 =
1
𝑚0

%&!

#

𝑥% − 𝜇 𝑥% − 𝜇
*



Variance of in the principal direction 

• The optimal solution 𝑤 should be an eigen-vector of 𝐶

𝐶𝑤 = 𝜆𝑤

• Objective function becomes 𝜆 (associated with 𝑤) 
𝑤*𝐶𝑤 = 𝜆𝑤*𝑤 = 𝜆 𝑤

"

• The problem becomes finding the largest eigenvalue of 𝐶

eigen-value



Eigenvalue problem
• Given a symmetric matrix 𝐶 ∈ 𝑅$×$

• Find a vector 𝑢 ∈ 𝑅$ and 𝑢 = 1
• Such that 

𝐶𝑢 = 𝜆𝑢
• There will be multiple solution: 𝑢!, 𝑢", … 𝑢$ (called the eigenvectors) 

with different 𝜆!, 𝜆", … 𝜆$ (called the eigenvalues.)

• Eigenvectors are ortho-normal: 𝑢%*𝑢% = 1, 𝑢%*𝑢. = 0
• Eigenvalues are called spectrum

• Eigendecomposition 
𝐶 = 𝑈Λ𝑈/ 𝑈 𝑈(



Find multiple principal directions 

Directions 𝑤!, 𝑤", … which has 
– the largest variances
– orthogonal to each other

Take the eigenvectors 𝑤!, 𝑤", … of 𝐶 corresponding to 
– the largest eigenvalue 𝜆!,
– the second largest eigenvalue 𝜆"
and so on.
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𝑧! = 𝑤!"(𝑥!−𝜇)/ 𝜆! = 5

𝑤

𝜇

𝑧# = 𝑤!"(𝑥#−𝜇)/ 𝜆!
= −2

An example (cont.)



Principal component analysis 
Given 𝑚 data points, 𝑥!, 𝑥", … 𝑥# ∈ 𝑅$

Step 1: Estimate the mean and covariance matrix from data

𝜇 =
1
𝑚*

%&!

#

𝑥% 𝑎𝑛𝑑 𝐶 =
1
𝑚*

%&!

#

𝑥% − 𝜇 𝑥% − 𝜇 '

Step 2: Take the eigenvectors 𝑤!, 𝑤", … of 𝐶 corresponding to the largest eigenvalue 
𝜆!, the second largest eigenvalue 𝜆" …

Step 3: Compute reduced representation (principle components of a data point)

𝑧% =
𝑤!'(𝑥%−𝜇)/ 𝜆!
𝑤"'(𝑥%−𝜇)/ 𝜆"

⋮

Weight vectors



Look more into PCA_leaf.m Run demo PCA_leaf.m
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Interpreting the reduced representation 
Interpreting the reduced representation
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Principal direction:
W =

0.0938    0.1924
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Singular Value Decomposition (SVD) 
• Singular value decomposition, known as SVD, is a factorization of a real matrix 
• For a matrix 𝑀 ∈ ℝ)×# (𝑛 ≤ 𝑚)

𝑀 = 𝑈Σ𝑉⊤

where 𝑈 ∈ ℝ)×) , 𝑉⊤ ∈ ℝ#×# , Σ ∈ ℝ)×#

Typically 𝜎! ≥ 𝜎" ≥ ⋯ ≥ 𝜎)

𝑀 = 𝑢1 𝑢2 … 𝑢𝑛
𝜎! 0 0
0 ⋱ 0
0 0 𝜎)

0 𝑣1 𝑣2… 𝑣# T

𝑈 ∈ 𝑅!×!
Left singular vectors 

(orthonormal)

𝑉 ∈ 𝑅*×*
Right singular vectors

(orthonormal)
Σ ∈ 𝑅$×#

Singular values



• A pair of singular vectors 𝑢, 𝑣 satisfies

• Geometry

Interpretations of SVD

𝑀𝑣 = 𝜎𝑢 and 𝑀⊤𝑢 = 𝜎𝑣

http://ee263.stanford.edu/lectures/svd-v2.pdf



𝑀 = 𝑈Σ𝑉⊤

𝐶 ≔ 𝑀𝑀/ = 𝑈Σ𝑉/𝑉Σ/𝑈/ = 𝑈ΣΣ/𝑈/

Relationship between SVD and eigendecomposition

𝜎!" 0 0
0 ⋱ 0
0 0 𝜎)"

• The eigenvectors of 𝐶 ≔ 𝑀𝑀/ is 𝑈 (the left singular vectors of 𝑀)
• The eigenvalues of 𝐶 is 𝜎%" (squared singular values of 𝑀)
• Similar results can be derived for 𝑀0𝑀



• Note that data covariance matrix can be written as

𝐶 = !
#
∑%&!# 𝑥% − 𝜇 𝑥% − 𝜇

*
= !

#
𝑋𝑋/

𝑋 = 𝑥! − 𝜇,⋯ , 𝑥# − 𝜇 ∈ 𝑅$×#

• Eigenvectors of 𝐶 corresponds to left singular vectors of 𝑋
• Find the weight vectors {𝑤!, 𝑤", ⋯ , 𝑤1} as the 𝑟 left singular vectors 

of the data matrix 𝑋 (𝑟 is the number of principle components)

Another way to perform PCA (using SVD)



Documents collections Documents collections
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What are the relations 
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http://submitpapers.com/misc/docCollection.html

http://submitpapers.com/misc/docCollection.html
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Machine learning 
concerns the 

construction and 
study of systems that 
can learn from data. 

document 1

Representation of 
data instances and 
functions evaluated 
on these instances 

are part of all 
machine learning 

systems

document 2

…

2
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1
0
0
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Latent semantic analysis (LSA)
• Bag-of-words model or term-document matrix 𝑀 (more natural 

language processing techniques: WF/IDF, removing stop words, N-
gram)

• Perform PCA of 𝑀: (Latent Semantic Analysis, LSA) 
• principle components 𝑧G for each document can be interpreted as 

“feature” of a document
document

ke
yw

or
ds

𝑋 =



• 20000 police reports, extract 7000 keywords
Example: Atlanta Police reports

I Investigator Pickering was
advised of a traffic accident 
near the intersection of Ted 
Turner Drive and W. Peachtree 
Pl in which the suspects ran 
from the vehicle. Two 
individuals were observed by
Atlanta Police Officers running 
from vehicle. One suspect was
arrested a short distance from
the crash scene. ... ...

A free text of 
a police report

Terms Counts
investigator 1

gun 0
kill 0
traffic 1
suspect 2
arrested 1
… …

A bag of words for 
a police report



Atlanta police data, 20000 police reports, 7200 keywords (bi-gram), map into 2 principle 
components; shown 2d density estimation.

Example: using PCA for data visualization

[FRAUD-IMPERS.<$10,000] [FRAUD-SWINDLE<$10,000] [FRAUD-USE_OF_CRCARD<$10,000]

[LARCENY-FROM_BUILDING] [LARCENY-OTHER_OFFENSE] [LAR-FROM_VEHICLE_NON-ACC] [LAR-FROM_VEHICLE_ACCESSORY]



• Robust PCA: PCA is robust to outliers; it is a common practice to 
remove outliers to perform PCA; can be cast as a convex 
optimization problem (Candes, Li, Ma, Wright, 2009)

• Sparse PCA: traditional PCA combines all variables (using the 
weight vector), not ideal for high-dimensional data; sparse PCA 
combines just a few important features (solved by optimization) 
(Johnstone, Yu, 2009)

• Nonlinear PCA: kernelized PCA
• Nonnegative matrix factorization (NMF)
• ICA (independent component analysis): 
decompose the signal into additive components

Extensions/variants of PCA

Lee, Seung, 1999, Nature.


