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What is dimensionality reduction?

The process of reducing the number of random variables under consideration
— One can combine, transform or select variables
— One can use linear or nonlinear operations

0 Original data point Reduced representation
O

2 l
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i . “
— X f(x):R™ — R z=| .
0 X=1 : '
p— * YA
0 n )
0 k<n

vector in R™



Why dimensionality reduction and how to think

 The dimension-reduced data can be used for
* Visualizing, exploring and understanding the data
* Extracting “features” and dominant modes
* C(Cleaning data
* Speeding up subsequent learning task
e Building simpler model later

e Applications
- Image compression
- Face recognition (eigenface)
- Natural language processing (latent semantic analysis)



Principal component analysis

Given m data points, {x1, x?, ...x™} € R4

Step 1: Estimate the mean and covariance matrix from data
m m

1 . 1 . . T

=— ) x' and Cz—z b— b—
=) DN GG

=1 =1

/ -

Step 2: Take the eigenvectors w!, w?, ... of C corresponding to the largest eigenvalue
A4, the second largest eigenvalue 4, ...

Step 3: Compute reduced representation (principle components of a data point)
T .
w! (x' =)/ 1
= T ;
w? (x' =)/ A2

Zl



Run demo PCA_digits.m
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Run demo PCA leaf.m




Shape feature

Description

Eccentricity

Eccentricity of the ellipse with identical second moments to
1. This value ranges from 0 to 1.

Texture feature

Description

Average Intensity

Average intensity is defined as the mean of the intensity image, m.

Aspect Ratio

Consider any X,Y € 9I. Choose X and Y such that
d(X,Y) = D(I). Find Z,W € I maximizing D+ = d(Z,W)
on the set of all pairs of O that define a segment orthogonal
to [XY]. The aspect ratio is defined as the quotient D(I)/D*.
Values close to 0 indicate an elongated shape.

Average Contrast

Average contrast is the the standard deviation of the intensity im-

age, 0 = \/pa(2).

Elongation

Compute the maximum escape distance dp..
maxxer d(X,0I). Elongation is obtained as 1 — 2dpax/D(I)
and ranges from 0 to 1. The minimum is achieved for
a circular region. Note that the ratio 2d,,../D(I) is the
quotient between the diameter of the largest inscribed circle
and the diameter of the smallest circumscribed circle.

Smoothness

Smoothness is defined as R = 1 — 1/(1 4+ 0?) and measures the
relative smoothness of the intensities in a given region. For a region
of constant intensity, R takes the value 0 and R approaches 1 as
regions exhibit larger disparities in intensity values. o2 is generally
normalized by (L — 1)? to ensure that R € [0, 1].

Third moment

13 1s a measure of the intensity histogram’s skewness. This measure
is generally normalized by (L — 1)? like smoothness.

Solidity

The ratio A(I)/A(H(I)) is computed, which can be under-
stood as a certain measure of convexity. It measures how well
I fits a convex shape.

Uniformity Defined as U = Zf‘:_ol p?(z), uniformity’s maximum value is
reached when all intensity levels are equal.
Entropy A measure of intensity randomness.

Stochastic Converity

This variable extends the usual notion of convexity in topo-
logical sense, using sampling to perform the calculation. The
aim is to estimate the probability of a random segment [XY7],
X,Y € I, to be fully contained in I.

Isoperimetric Factor

The ratio 47 A(I)/L(0I)? is calculated. The maximum value
of 1 is reached for a circular region. Curvy intertwined con-
tours yield low values.

Mazximal Indentation

Depth

Let Cyry and L(H(I)) denote the centroid and arclength of
H(I). The distances d(X,Cy(;)) and d(Y,Cy(p)) are com-
puted VX € H(I) and VY € OI. The indentation function
can then be defined as [d(X, Cu(ny) — d(Y, Cur))|/L(H(I)),
which is sampled at one degree intervals. The maximal in-
dentation depth © is the maximum of this function.

Lobedness

The Fourier Transform of the indentation function above is
computed after mean removal. The resulting spectrum is nor-
malized by the total energy. Calculate lobedness as F' x D2,
where F' stands for the smallest frequency at which the cu-
mulated energy exceeds 80%. This feature characterizes how
lobed a leaf is.

8 shape features and
6 texture features




Use what criterion for reduction?
There are many criteria (geometric based, information theory based, etc.)

One criterion: want to capture variation in data
— variations are “signals” or information in the data
— need to normalize each variables first

In the process, also discover variables or dimensions highly correlated
— represent highly related phenomena
— combine them to form a stronger signal
— lead to simpler presentation



An example

Data vary a lot
S : in this direction
|| W ........ ....... ..... iy 4 1 ....... =
3- ....... ....... ....... 5 ' J.-

Data vary little
in this direction

Y

.............................

Feature 2

Two features
are correlated

Feature 1



An example (cont.)

Feature 2

: 5 : : : : : B Class 1
..... 1|r.l.1lrlllr ]
-4 -3 -2 -1 0 1 2 3 4 5 b

Feature 1

S CTNYNYRES:



How to formulate the problem

Given m data points, {x1, x?, ...x™} € R™, with their mean u = —Zl L xt

Find a direction w € R™ where |lw|| < 1

Such that the variance (or variation) of the data along direction w is
maximized

willwli<1 mZ(WT"l‘W b’

\ J
Y

variance




Is it an easy optimization problem?

Manipulate the objective with linear algebra
m
1 . 2
_ Tal T
mEWx wTh)
i=1
m
= N W - )’
m«
i=1
1 < T
= —z wl(xt—p)(xt—p) w
m
i=1
1 < T
=w' (—Z(xi —u)(xt — ) >
m 4
\\ =1

w
)
Y

covariance matrix C




Landscape of the optimization problem

Suppose the data has two dimension (n = 2)

C is a diagonal matrix

(1 0
C_(O 2)
The optimization problem becomes
X w'Cw
w:||w]|<1
_ 1 0\ /W1
=) (o 2) ()

= max wi+2w2
w:|lwl|l=1



tion problem

Imiza

Landscape of the opt




Solving the PCA problem

m
1 , .
max wTCw, €=- ) (x'—p)(xi-p)"
=1

w:|lw||=1

* Form Lagrangian function of the optimization problem
Liw,A) =wTCw + A(1 — ||w|?)
* If wis amaximum of the original optimization problem, then there exists a
A, where (w, A) is a stationary point of L(w, 1)

* This implies that
O _0=2Cw—2iwe Cw = Aw
ow

* The optimal solution w should be an eigen-vector of C
* Objective function becomes A (associated with w)



Variance of in the principal direction
* The optimal solution w should be an eigen-vector of C
Cw = Aw

* Objective function becomes 4 (associated with w)

wiCw =Aw'w = /1||W||2

eigen-value ]

* The problem becomes finding the largest eigenvalue of C



Eigenvalue problem

* Given a symmetric matrix C € R™*"
* Findavectoru € R"and ||u|]| =1
e Such that
Cu = Au

* There will be multiple solution: ut, u?, ... u™ (called the eigenvectors)
with different 14, 1,, ... 4,, (called the eigenvalues.)

2

_ T T .
* Eigenvectors are ortho-normal: u* ut=1,u* u/ =0
* Eigenvalues are called spectrum

* Eigendecomposition
C =UAUT



Find multiple principal directions

2 ...which has

Directions wl, w
— the largest variances
— orthogonal to each other

2 ...of C corresponding to

Take the eigenvectors wt, w
— the largest eigenvalue 44,
— the second largest eigenvalue 1,

and so on.



An example (cont.)

Feature 2

: 5 : : : : : B Class 1
..... 1|r.l.1lrlllr ]
-4 -3 -2 -1 0 1 2 3 4 5 b

Feature 1

S CTNYNYRES:



Principal component analysis

Given m data points, {x1, x?, ...x™} € R4

Step 1: Estimate the mean and covariance matrix from data
m m

1 . 1 . . T

=— ) x' and Cz—z b— b—
=) DN GG

=1 =1

/ -

Step 2: Take the eigenvectors w!, w?, ... of C corresponding to the largest eigenvalue
A4, the second largest eigenvalue 4, ...

Step 3: Compute reduced representation (principle components of a data point)
T .
w! (x' =)/ 1
= T ;
w? (x' =)/ A2

Zl



Look more into PCA leaf.m




Interpreting the reduced representation

Principal direction:

W =

0.0938
0.1902

0.2266

-0.1850

-0.1600

-0.2063
0.1940
0.2150

0.1924
0.0253
-0.1800

0.4084
0.3825
0.3488
-0.4037
-0.3566

-0.3723
-0.3657
-0.3602
“ ! . ! \ ! \ ) -0.3175
' } ' -0.3056
Texture | -0.3482

features

-0.2001
-0.1974
-0.2037
-0.1886
-0.1243
-0.1829

Shape
features



Singular Value Decomposition (SVD)

e Singular value decomposition, known as SVD, is a factorization of a real matrix
* ForamatrixM € R™™ (n < m)

M =UZVT
op 0 O
M= Ju U .. u]l0 =~ 0 0] Vi V2. Un]T
A X
U € Ran | V = Rmxm
Left singular vectors X € R™MM Right singular vectors
(orthonormal) Singular values (orthonormal)

where U € R, VT € R™*™M ¥ e R™™M
Typically oy = 05 = -+ = 0,




Interpretations of SVD

« A pair of singular vectors (u, v) satisfies
Mv = ou and M'u = ov

(D A ),
N A %

o1U1q

http://ee263.stanford.edu/lectures/svd-v2.pdf



Relationship between SVD and eigendecomposition

M =UxVT
C:=MMT =UuxyTysTyT = T
g2 0 0
o =~ 0
0 0 of

« The eigenvectors of C := MMT is U (the left singular vectors of M)
- The eigenvalues of C is ¢ (squared singular values of M)
« Similar results can be derived for MTM



Another way to perform PCA (using SVD)

 Note that data covariance matrix can be written as

€=y (i —p)(x' — )" = —xx7
X =[xt —p,-,x™—p] € R

« Eigenvectors of C corresponds to left singular vectors of X

- Find the weight vectors {wt,w?,---,w"} as the r left singular vectors
of the data matrix X (r is the number of principle components)



Documents collections

What are the relations
between data points?
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http://submitpapers.com/misc/docCollection.html

Bag of words representation

document 1

~

Machine learning
concerns the
construction and
study of systems that
can learn from data.

vector in R™

OO0 |OIN

document 2

~

Representation of
data instances and
functions evaluated
on these instances
are part of all
machine learning
systems

learn
represent
system

data
instance

function

=y 1N =Y =) =Y =

wsmicenswmen (- y B
" wesn 2l (g

Feature




Latent semantic analysis (LSA)

Bag-of-words model or term-document matrix M (more natural
language processing techniques: WF/IDF, removing stop words, N-
gram)

Perform PCA of M: (Latent Semantic Analysis, LSA)

principle components z! for each document can be interpreted as

“feature” of a document
document

<

Il
keywords
000 N 00 b u N

]

Nz — 370



Example: Atlanta Police reports

20000 police reports, extract 7000 keywords

A free text of
| Investigator Pickering w.. @ police report

A bag of words for
a police report

advise ic accident
near the intersecti Te
Turner Drive and W. Peac

Pl in which the suspects ran
from the vehicle. Two
individuals were observed by

Atlanta Police Officers running

from vehicle. One suspec
arrested g short distaivce [TOM

Terms Counts
investigator 1
qun 0
kill 0
traffic 1
suspect 2
arrested 1

the crash scene. ... ...



Example: using PCA for data visualization

Atlanta police data, 20000 police reports, 7200 keywords (bi-gram), map into 2 principle
components; shown 2d density estimation.
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Extensions/variants of PCA

« Robust PCA: PCA is robust to outliers; it is a common practice to
remove outliers to perform PCA; can be cast as a convex
optimization problem (Candes, Li, Ma, Wright, 2009)

« Sparse PCA: traditional PCA combines all variables (using the
weight vector), not ideal for high-dimensional data; sparse PCA
combines just a few important features (solved by optimization)
(Johnstone, Yu, 2009) .

* Nonlinear PCA: kernelized PCA v
« Nonnegative matrix factorization (NMF) el
* |CA (independent component analysis):
decompose the signal into additive components Lee, Seung, 1999, Nature.




