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Example

In a certain town, 30% married men get divorced each year and 20%

single men get married each year.

There are 8000 married men and 2000 single men at the beginning.

Assume the total population always remains constant.

Let w0 =

8000

2000

 be the initial status, and wi denote the status

after i years.

What is the marital status when time goes to infinity? How about we

change w0?
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Example

Let

A =

0.7 0.2

0.3 0.8

 .

and wi = Awi−1 = Aiw0.

Using computer, we find wn →

4000

6000

 as n → ∞.

We represent a general initial marital status as

w0 = x1u1 + x2u2, where u1 =

0.4

0.6

 , u2 =

 1

−1

 .

We check that Au1 = u1 and Au2 = 0.5u2

Then the marital status after n years is

Anw0 = x1Anu1 + x2Anu2 = x1u1 + x20.5nu2 → x1u1.
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Definition

Let A be an n × n matrix.

A scalar λ is said to be an eigenvalue of A if there exists a nonzero

vector x such that

Ax = λx.

The vector x is said to be an eigenvector belonging to λ.
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Implications

An eigenvector x and Ax have the same direction.

If x is an eigenvector belonging to λ, so is cx for any c ̸= 0.

If x is an eigenvector of A belonging to λ, then x is an eigenvector of

As belonging to λs.
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Example

Let

A =

0 −3

1 −4

 , u =

1

1


Then

Au =

0 −3

1 −4

 1

1

 =

−3

−3

 = (−3)u.

Thus, −3 is the eigenvalue of A and the corresponding eigenvector is1

1

.

Eigenvalue, Matrix Decomposition 3-13



Equivalent Characterizations

Note that Ax = λx is equivalent to

(A − λI)x = 0.

Note that it is not (A − λ)x = 0.

The following statements are equivalent:

λ is an eigenvalue of A.

(A − λI)x = 0 has a nontrivial solution.

N (A − λI) ̸= {0}.

A − λI is singular.

det(A − λI) = 0.

N (A − λI) is called the eigenspace of eigenvalue λ.

All nonzero vectors in N (A − λI) are eigenvectors corresponding to λ.
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Characteristic polynomial

p(λ) = det(A − λI) is an nth degree polynomial in λ.

p(λ) is called the characteristic polynomial of A.

p(λ) = 0 is called the characteristic equation of A.

A scalar λ is an eigenvalue of A if and only if p(λ) = 0.
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Example

The characteristic polynomial of A =

3 2

3 −2

 is

p(λ) =

∣∣∣∣∣∣3 − λ 2

3 −2 − λ

∣∣∣∣∣∣ = λ2 − λ − 12 = (λ − 4)(λ + 3) = 0.

Hence, the the eigenvalues of A are λ1 = 4 and λ2 = −3.

The eigenvectors belonging to λ1 are nonzero solutions of

(A − 4I)x = 0.

The eigenvectors belonging to λ2 are nonzero solutions of

(A + 3I)x = 0.
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Example

Find the eigenvalues and the corresponding eigenvectors of

A =


2 −3 1

1 −2 1

1 −3 2

 .
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Example

Find the eigenvalues and the corresponding eigenvectors of

A =

 1 2

−2 1

 .

Eigenvalue, Matrix Decomposition 3-21



Complex Eigenvalues of Real Matrices

As p(λ) has degree n, p(λ) can be factored into the product of n

linear terms:

p(λ) = c(λ1 − λ) · · · (λn − λ), (1)

where λi is the root of p(λ).

For real valued matrices,

Complex eigenvalues occur in conjugate pairs, i.e., if λ is an eigenvalue,

so is λ̄.

If z is an eigenvector belonging to a complex eigenvalue λ, then z̄ is an

eigenvector belonging to λ̄.
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Multiplicity of Eigenvalues

We know that λ1, . . . , λn may not be all distinct.

Let λ1, . . . , λp be the p distinct eigenvalues.

The eigenvalue λk has multiplicity mk. We know that
∑

k mk = n.

The characteristic polynomial can be written as

p(λ) = c(λ1 − λ)m1 · · · (λp − λ)mp . (2)

Example: For p(λ) = (1 − λ)2(4 − λ)3, the multiplicity of 1 is 2 and

the multiplicity of 4 is 3.
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Product and Sum of the Eigenvalues

Consider an n × n square matrix A = (aij).

Let λ1, . . . , λn be the n eigenvalues of A.∏n
i=1 λi = det(A).∑n
i=1 λi =

∑n
i=1 aii.

Proof:
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Transpose and Inverse

As |A − λI| = |A⊤ − λI|, A and A⊤ have same characteristic

polynomial, and hence the same eigenvalues.

If A is singular, 0 is an eigenvalue of A.

If A is invertible, λ is an eigenvalue of A if and only if λ−1 is an

eigenvalue of A−1.

Proof:
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Stochastic Matrix

An n × n matrix A is a stochastic matrix if

1. all the entries are non-negative (aij ≥ 0);

2. the summation of each column is 1 (1⊤A = 1⊤).

For any vector x ∈ Rn, Ax and x have the same sum.

1 is an eigenvalue of A (and A⊤).

All the eigenvalues λ of A have |λ| ≤ 1.

Proof:
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Spectral Theorem

If A is a real symmetric matrix, the spectral theorem shows that there

exists an orthogonal matrix that diagonalize A.

Every real symmetric matrix A can be factored into QΛQ⊤ where Q

is an orthogonal matrix and Λ is a real diagonal matrix.

The diagonal entries λi of Λ are eigenvalues of A.

The columns qi of Q are eigenvectors belonging to λi, respectively.
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Spectral Theorem

We can also write

A =
[
q1 · · · qn

] 
λ1

. . .

λn




q⊤
1
...

q⊤
n



=
[
q1 · · · qn

] 
λ1q⊤

1
...

λnq⊤
n


=

n∑
i=1

λiqiq⊤
i
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Properties of A⊤A

Let A be any m × n matrix A of real numbers.

A⊤A is symmetric.

A⊤A is diagonalizable by an orthogonal matrix, and the eigenvalues

of A⊤A are real.

N (A⊤A) = N (A).

rank(A) = rank(A⊤A).

The eigenvalues of A⊤A are nonnegative.
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Singular Value Decomposition

The singular-value decomposition (SVD) of an m × n matrix A of

real numbers is a factorization of the form UΣV ⊤, where

U is an m × m orthogonal matrix;

V is an n × n orthogonal matrix;

Σ is an m × n matrix whose off-diagonal entries are all 0’s, and whose

diagonal entries σi, i = 1, . . . , n, called the singular values satisfy

σ1 ≥ σ2 ≥ · · · ≥ σn ≥ 0.

Here singular values σk = 0 if k > min{m, n}.

SVD exists for any real matrix.
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Linear Transformation View

Suppose A has the SVD: A = UΣV ⊤.

The columns of U form an orthonormal basis of Rm.

The columns of V form an orthonormal basis of Rn.

The linear transformation L(x) = Ax has the matrix representation Σ

with respect to the above bases of Rm and Rn.

In other words,

L(x) = UΣV ⊤x

[L(x)]U = Σ[x]V

L(x) = U

[x]V = V ⊤x
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Visualization of SVD
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Example

1. 
1 1

1 1

0 0

 =


1√
2

1√
2 0

1√
2 − 1√

2 0

0 0 1




2 0

0 0

0 0


 1√

2
1√
2

1√
2 − 1√

2


2. 

2 5 4

6 3 0

6 3 0

2 5 4

 =


1
2

1
2

1
2

1
2

1
2 − 1

2 − 1
2

1
2

1
2 − 1

2
1
2 − 1

2
1
2

1
2 − 1

2 − 1
2




12 0 0

0 6 0

0 0 0

0 0 0




2
3

2
3

1
3

− 2
3

1
3

2
3

1
3 − 2

3
2
3


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SVD and Rank

If A = UΣV ⊤, then the rank of A is equal to the number of nonzero

singular values.

Proof Technique:

Let r be the number of nonzero singular values of A.

Let Ur and Vr be the first r columns of U and V , respectively.

Let Σr = diag(σ1, σ2, . . . , σr).

We have U⊤
r Ur = V ⊤

r Vr = Ir and

A = UrΣrV ⊤
r . (3)
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Outer Product Expansion

A = UrΣrV T
r

=
[
u1 · · · ur

] 
σ1

. . .

σr




v⊤
1
...

v⊤
r



=
[
u1 · · · ur

] 
σ1v⊤

1
...

σrv⊤
r


=

r∑
i=1

σiuiv⊤
i
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Eigenvalues vs Singular Values

For an n × n square matrix A with SVD and rank r

Avi = σiui, i = 1, . . . , r.

The rank of a matrix is always the same as the number of non-zero

singular values.
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Eigenvalues vs Singular Values

If A is diagonalizable, i.e., A has n linearly independent eigenvectors

xi

Axi = λixi, i = 1, . . . , n

then the rank of the matrix is equal to the number of non-zero

eigenvalues.

But this may not be the case when the matrix is not diagonalizable.

Consider M =


0 1 0

0 0 1

0 0 0


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Property of SVD

Let an m × n matrix A having SVD UΣV ⊤. Then

σi =
√

λi, i = 1, . . . , n, where λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0 are

eigenvalues of A⊤A.

V diagonalizes A⊤A, and hence vj ’s are eigenvectors of A⊤A.

the columns of U satisfy:

uj = 1
σj

Avj , j = 1, . . . , r = rank(A)

A⊤uj = 0, j = r + 1, . . . , m.
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Matrix Norm

Matrix norm ∥A∥F =
√∑

i,j |aij |2, which is also called Frobenius

norm.

If A = UΣV ⊤, then ∥A∥2
F = σ2

1 + · · · + σ2
n.

Lemma
If Q is an orthogonal matrix, then ∥QA∥F = ∥A∥F .
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Low rank approximation

For a fixed m × n matrix A and an integer k, solve

min
rank(S)≤k

∥A − S∥F . (4)

Theorem
Let A = UΣV ⊤ be an m × n matrix and let Ak = UΣkV ⊤ where Σk is

same as Σ except that the (j, j) entry is 0 for j > k. Then

min
rank(S)≤k

∥A − S∥F = ∥A − Ak∥F = (σ2
k+1 + · · · + σ2

n)1/2.

In other words, Ak is the best rank k approximation of A in Frobenius

norm.
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Example

Generate a random 50 × 50 matrix A using Julia

Check the rank of matrix A, which should be 64 most of the case.

Plot the singular values:
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Applications

Eigenvalues with PCA;

Eigenvalues for extracting information from graph;

SVD with recommender systems.
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