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Linear Independence

Whether the homogeneous system Ax = 0 has a unique solution or

many solutions is an important question.

The question is equivalent to whether there exists x1, . . . , xn, not all

zero, such that

x1a1 + x2a2 + · · ·+ xnan = 0.
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Linear Independence

The vectors v1,v2, . . . ,vn in Rm are said to be linearly

independent if

c1v1 + c2v2 + . . .+ cnvn = 0

implies that all the scalars c1, . . . , cn are 0.

The vectors v1,v2, . . . ,vn in Rm are said to be linearly dependent

if there exists scalars c1, c2, . . . , cn, not all zero, such that

c1v1 + c2v2 + . . .+ cnvn = 0
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Exercise

Determine whether the following sets of vectors are linearly dependent or

not.

1.




1

0

0

 ,


2

0

0




2.




1

0

0

 ,


1

1

0

 ,


2

7

0




3. {0}

4. {v1,v2,0}

Linear Independence, Basis, Dimension 2-5



Linear Independence and System of Linear Equations

To determine whether vectors a1, . . .an are linearly dependent or not,

we can check whether the system x1a1 + x2a2 + · · ·xnan = Ax = 0

has a non-trivial solution or not.

In other words, if the columns of A are linearly independent, the
system Ax = 0 has only the trivial solution. If the columns of A are
linearly dependent, the system Ax = 0 has infinitely many solutions.

For a square matrix A, its columns are linearly dependent if and only if

A is singular.

For an m× n matrix A with m < n, its columns are linearly dependent.
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Vector Space

A set V, on which two operations addition and scalar multiplication

are defined, is a vector space if the following axioms are satisfied:

A1. x + y = y + x for any x,y ∈ V.

A2. (x + y) + z = x + (y + z) for any x,y, z ∈ V.

A3. There exists 0 ∈ V such that x + 0 = x for each x ∈ V.

A4. For each x ∈ V, there exists x′ ∈ V such that x + x′ = 0, where x′ is

usually denoted as −x.

A5. α(x + y) = αx + αy for each scalar α and any x, y ∈ V.

A6. (α+ β)x = αx + βx for any scalars α and β and any x ∈ V.

A7. (αβ)x = α(βx) for any scalars α and β and any x ∈ V.

A8. 1x = x for all x ∈ V.
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Examples of Vector Space

Rn, n ≥ 1

Rm×n

Let Pn denote the set of all polynomials of degree less than n.

Let C[a, b] denote the set of all real-valued functions that are defined

and continuous on [a, b].
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Opeartions on General Vector Space

Linear combination, linear span and linear independence can be defined

on general vector space V:

linear combination: c1v1 + c2v2 + · · ·+ cnvn ∈ V.

linear span: Span{v1, . . . ,vn} = {
∑

i civi : ci ∈ R} ⊂ V.

linear independence: c1v1 + c2v2 + · · ·+ cnvn = 0 implies

c1, . . . , cn are all zero.

Linear Independence, Basis, Dimension 2-10



Example

How to test matrices M1, . . . ,Mk ∈ Rm×n are linearly independent?

Are the matrices

1 2

3 4

 and

3 4

1 2

 linearly independent?
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Example

How to test vectors (polynomials) p1, p2, . . . , pk are linearly

independent in Pn?

Are the polynomials

p1(x) = x2 + 3, p2(x) = 2x2 + x, p3(x) = 8x+ 7

in P3 linearly independent?
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Linear Independence

How to test vectors (functions) f1, . . . , fk are linearly independent in

C[a, b]?

Are the functions x, x2, sin(x) ∈ C[−2, 2] linearly independent?
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Linear Independence

The vectors v1,v2, . . . ,vn in a vector space V are linearly dependent if

and only if for a certain k ∈ {1, 2, . . . , n}, vk is a linear combination of

the other vectors.
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Minimum Spanning Set

For a vector space V, we call S = {v1,v2, . . . ,vn} ⊂ V a spanning

set of V if Span(S) = V.

For a vector space V, we say S ⊂ V is a minimal spanning set of V

if V cannot be generated by any proper subset of S.

Suppose S = {v1,v2, . . . ,vn} is a minimal spanning set of a vector

space V. Then S is linearly independent.
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Basis

The vectors v1, v2, . . . , vn form a basis for a vector space V if

1. v1, v2, . . . , vn are linearly independent, and

2. v1, v2, . . . , vn span V.

How to determine whether a set B of vectors form a basis of a vector

space V?

First, check that B is a subset of V.

Second, verify that B is linearly independent.

Third, verify that for any v ∈ V, V ∈ Span{B}.
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Example

Are the following sets a basis for R2 or not?

B1 =


1

0

 ,
0

1


B2 =


1

1

 ,
2

3


B3 =


3

6

 ,
1

2


B4 =


1

0

 ,
0

1

 ,
3

5


B5 =


1

0


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Example

Given a vector space R2×2, the set B consisting of

B11 =

 1 0

0 0

 , B12 =

 0 1

0 0

 , B21 =

 0 0

1 0

 , B22 =

 0 0

0 1


is a basis of R2×2.
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Example

Are the polynomials

p1(x) = x2 + 3, p2(x) = 2x2 + x, p3(x) = 8x+ 7

form a basis of P3?
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Dimension

If a vector space V has a basis consisting of n vectors, we say that V

has dimension n.

The subspace {0} of V is said to have dimension 0.

V is said to be finite dimensional if there is a finite set of vectors that

spans V; otherwise, we say that V is infinite dimensional.
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Example

What is the dimension of Rn?

The standard basis has n vectors.

What is the dimension of Rm×n?

All the m× n matrices with only one non-zero entry 1 form a basis.

What is the dimension of Pn?

{1, x, x2, . . . , xn−1} forms a basis of Pn.

Let P be the vector space of all polynomials.

If P has a finite dimension n, then any n + 1 polynomials would be

linearly dependent. Find a contradiction.

P is infinite dimensional.

C[a, b] is infinite dimensional.
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Infinite-Dimension AI Model

Recommended Reading:

Two-sample Test with Kernel Projected Wasserstein Distance

Statistical and Computational Guarantees of Kernel Max-Sliced Wasserstein Distances

Variable Selection for Kernel Two-Sample Tests
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