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Basics

Common functions of random variables
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Common discrete random variables
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Common continuous random variables
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Sample Question

1. (20 points) Roll a fair four-sided die twice. Let X be the outcome on the first roll, and Y be
the sum of the two rolls. Calculate

(i) px = E[X] (4 points)
(i) py =E[Y]. (4 points)
(iii) 0% = Var(X). (4 points)
(iv) 0% = Var(Y) (4 points)
(v) Cov(X.Y) :=E[XY] - E[X]|E[Y] (4 points)
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Definition

o Let(A be anm X n matrix.
o A scalar X is said to be an eigenvalue of A if there exists a nonzero

vector x such that eenvel.q

Ax = A\x.
\ \
98 vechy 0450 & ok Wt 3

o The vector x is said to be an eigenvector belonging to ).

L )/ x) 1s b eﬁ%mpm‘r E{« A
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Sample Question

2

that
(i
(i1

(iil

det(4) = [T, A
Trace(A) = Y1, Ai.
The eigenvalues of A are A

)
)
)
)

(iv) The eigenvalues of AT are \;
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2. (20 points) Suppose that A admits eigenvalue decomposition with eigenvalues A\

An as well.

An. Show

(5 points)
(5 points)
(5 points)
(® )

points
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Method of Maximum Likelihood

Suppose that X is a random variable with probability distribution f(x; 0), where 6 is
a single unknown parameter. Let x;, x,, ..., x, be the observed values in a random
sample of size n. Then the likelihood function of the sample is

L(6) = f(x1; 0) * f(x2; 0) * -+ * /(%3 6) (7-5)

Note that the likelihood function is now a function of only the unknown parameter 6.
The maximum likelihood estimator of 6 is the value of 6 that maximizes the like-
lihood function L(0).

120

100

L0 =] [ £ (5:0) =f (500 f (5,36) L0 .

20
-1
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7-61. A random variable x has probability density function
-
f(x;0)=ﬁxe", D<x<ow, 0<f<x>

Given samples x4, ... x,,
find the maximum likelihood estimator for 6
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Example: Bernoulli

Let X be a Bernoulli random variable. The probability mass function is

[P -p) x=0
/G p) {0, otherwise
where p is the parameter to be estimated. The likelihood function of a random sample of size
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Example: normal

Let X be normally distributed with unknown . and known variance o?. The likelihood
function of a random sample of size n, say X, X5, ..., X, is

L) = 1:11 0\}2_11' oGP _ W 12N E (-uF
Now
In L) = ~(/2) n@2mo?) — 267" 3 (s~ WP
and

dinL(p) | & B
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— What is the MLE for u?
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Example (Continued, unknown variance)
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The solutions to the above equation yield the maximum likelihood estimators
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MLE: Exponential

Let X be a exponential random variable with parameter A.
The likelihood function of a random sample of size n is:

—lz”:xi

L(l):ﬁle_lxi=l"e =l
lnL( ) nln( ) Azx

A= n/ 2 X, = 1/ X (same as moment estimator)

i=1
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Methods of Moments

Population and samples moments

Let Xj, X5, ..., X, be a random sample from the probability distribution f(x), where
f(x) can be a discrete probability mass function or a continuous probability density
function. The kth population moment (or distribution moment) is E(X*), k =
1,2, .... The corresponding kth sample moment is (1/n) ='_; X¥, k = 1,2, ....

J.xkf(x)dx If x is continuous

Population moments My =
Zxk f(x) Ifxis discrete

n
>
Sample moments m, =4

n
33



Method of Moments

+ Equating empirical moments to theoretical
moments

Let X, X;,..., X, be a random sample from either a probability mass function
or probability density function with m unknown parameters 0y, 6,, ..., 6,,. The
moment estimators 0, 0,, ..., @),,, are found by equating the first m population
moments to the first m sample moments and solving the resulting equations for the
unknown parameters.

m equations for m parameters

r_
my =t
'
m, = H,
"o
\mm_lum
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Sample Question

3. (20 points) A random variable has probability density function
1
f(z:0) = m.z'(l_gz)/(ﬂ. 0<z<1,0<6<o0.

Now, given samples X7,..., X, derive the maximum likelihood estimator for the parameter 6.
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Understanding Entropy

Hx)= ~ %jﬁy 9 pg

= EX[‘ [g.P1x 1
= E,[ byl
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Uncertainty in a single random variable

Can also be written as:

©

X Al g

o Intuition: H = log(#of outcomes/states)

l"3 0o $2 100
o Entropy is a functional of p(z) ;”: ’ ‘? T&“ !
] (o

©

Entropy is a lower bound on the number of bits need to represent a 7+ I

§= 000
RV. E.g.: a RV that has uniform distribution over 32 outcomes
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Properties of entropy

> .= 1
o HX)>0 H v~ LX[Z“J"?([}] ijﬁ(’m >0
o Definition, for Bernoulli random variable, X = 1w.p.p,
X=0wp.1l—0p H(p= ~J- &ogf){(\,p.!\
I-p ‘/
H(p) = —plogp — (1 —p)log(1 —p) "L's(H)]
= A=l 415 on
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o Concave L
A

o Maximizes at p = 1/2

o Example: how to ask questions?
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Joint entropy

(V= -E kg puo
H (H = ~E lﬁ\o(\j
|>li pLo

o Extend the notion to a pair of discrete RVs (X,Y) = H(x V)= ~Eg.
o Nothing new: can be considered as a single vector-valued RV
o Useful to measure dependence of two random variables
L HXY) == p(,y)logp(z,y)
TeEX yeY

o
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Conditional Entropy
(X, Y}~ po)
YIX ~ pCYI%
X x o peYlxed = P_‘)l , V9 sypA)

o Conditional entropy: entropy of a RV given another RV. If
(X, Y) ~ plz,y)
EOX> 3 HY X =2
reX

o Various ways of writing this (YD = > pr
H Y9 = e g o
HO: ~ 3 3, o b
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HOXYY Chain rule for entropy

/7,7
7
J 2Ky H 0= Hixp-Hoo
o Entropy of a pair of RVs = entropy of one + conditional entropy of
the other:
H(X,Y) = H(X) + H(Y|X)
o Proof: Hx Y= - g Plxy b prxy)
Y e~

o H(Y|X) # H(X|Y)
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o H(X)—-H(X|Y)=H() - H(

3
-—
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Sample Question

4. (20 points) Two random variables X and Y have the following joint distribution:

Pr(X=0Y 70)70)4

Pr(X=0Y=1)=

Pr(X=1Y 4))4) 1,
Pr(X=1Y=1)=04

Caleulate H(X), H(Y), H(X | V), HY | X), and H(X,Y).
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Probability and expected time to absorption

o Suppose the state space S = {1,2,..., M}

o From state ¢ € S, denote the probability to reach a specific absorbing

state s as a;.
o It holds that a5 = 1 and for all absorbing states i # s, a; = 0.

o For all transient states 7,

M QS:J
a; = ;ajpij' 0= 0 Pa+ &P,
=

@/‘)\@3' Q= G P2,+ &P,

= Pt af,

Stochastic Process 5-14



Probability and expected time to absorption

o Suppose the state space S = {1,2,..., M}

o From state i € S, denote the expected times to absorption as

M1y s M-
o {;}ics is the unique solution to the system of equations

o u; = 0 for all absorbing state(s) i

o For all transient states i, m—% dy =0

I
ST AL M= [+ M
M'\ qu Pm /.la P“
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Example

s=$Ga. e, 0a ()

S: { 4((7f money M hquc k : $ 0 | 2, 33
Pob 4t M vode ol 3 shtig  fom e s
Player M has $1 and player N has $2. Each game gives the winner $1
from the other. As a better player, M wins 2/3 of the games. They play
until one of them is bankrupt. What is the probability that M wins?
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Sample Question

5. (10 points) Two players, A, and B, start with 2 and 3 dollars respectively. Player A wins each
round with probability p = 0.4. These two players play such a game until one is ruined.

(1) Find the probability that A wins all money (ruins B). (5 points)
(ii) Compute the expected number of rounds until the game ends. (5 points)
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Log sum inequality

o Consequence of concavity of log

o Theorem. For nonnegative ay,--- ,a, and by,--- ,b,
n n n
a; Doy o
a;log — > a; | log &=L i
Soes > (B s A8

Equality iff a;/b; = constant.

o Proof by Jensen's inequality using convexity of f(z) = xlogzx.

Chain Rules and Inequalities
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Application of log-sum inequality

o Very handy in proof: e.g., prove D(p|q) >0

D(pllq) = Zp (z)

~

> (Z p(a:)) log %x zgg =1llogl=0.

Chain Rules and Inequalities
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Convexity of relative entropy

Theorem. D(p||g) is convex in the pair (p,q): given two pairs of pdf,

D(Ap1 + (1 = Np2l[Aqr + (1 = N)g2) < AD(p1llqr) + (1 — A)D(p2]|q2)

forall 0 < A <1.

Proof: By definition and log-sum inequality

D(Ap1 + (1 = Np2l[Aq1 + (1 — N)go)

)\p1+(1*/\)
§: App 4+ (1 =\ log ——F—+
)gc:(] (Ap1 + ( )p2) g/\ 1+ (1—=A q2 %sum ‘m@yw/é,
(1 )‘)Pz
< Apil 7+ 1—A)log —2=2 &

= AD(p1|lq1) + (1 = N)D(p2|lg2)
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Concavity of entropy

Entropy K %ﬁq‘}
R - -
H(p)=—> pilogp; Hb= ~ phgp
‘ ~U-Dbyyp
is concave in p Ry
Proof 1:

H(p) == pilogpi = —»_pilog %ui

i€X i€X
- Qo P2 , ,
== _pilog = => pilogus
ieX icX
1
= —D(p||u) — log Tl Zpi
¥

= log|[X| — D(p|[u)
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Concavity of entropy (Proof 2)

Proof 2: We want to prove

H(Ap1 + (1= AN)p2) > AH(p1) + (1 = ) H (p2).
A neat idea: introduce auxiliary RV:

1, wop. A
9 =
2, w.p. 1—-A\

Let Z = Xy, distribution of Z is Ap; + (1 — A)p2. Conditioning reduces
e

entropy:
H(Z) > H(Z|0)

By their definitions

H(Ap1 + (1 = XN)p2) > AH(p1) + (1 — X\ H (p2).
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Concavity and convexity of mutual information

Mutual information I(X;Y) is:
o a concave function of p(z) for fixed p(y|x)
o convex function of p(y|x) for fixed p(x)

Mixing two gases of equal entropy results in a gas with higher entropy.

Chain Rules and Inequalities
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Proof of mutual information properties

Proof: write I(X;Y") as a function of p(z) and p(y|x):

 Plole)
= 2Pl o S,

—Zp p(yl) log p(yl)

¥ {Z o(yl) } log {zxjp@mp(z)}

o (a): Fixing p(y|x), first linear in p(x), second term concave in p(x)
o (b): Fixing p(x), complicated in p(y|z). Instead of verify it directly,
we will relate it to something we know.

Chain Rules and Inequalities 10-29



Strategy for convexity proof

Our strategy is to introduce auxiliary RV Y with a mixing distribution
p(glz) = Ap1(ylz) + (1 = A)p2(ylx).
To prove convexity, we need to prove:
I(X;Y) S My (X3 Y) + (1= Ny (X5Y)

Since
I(X;Y) = D(p(x,5)|Ip(x)p(7))

We want to use the fact that D(pl|q) is convex in the pair (p, q).

Chain Rules and Inequalities
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Completing the convexity proof

What we need is to find out the pdfs:

p(@) =Y _Ppr(ylz)p(@) + (1= Np2(ylz)p(@)] = Ap1(y) + (1 — AN)p2(y)
o~ L~ e
v P = T o ME.

We also need

p(x,9) = p(glz)p(z) = Ap1(z,y) + (1 = N)pa(z,y)

Finally, we get, from convexity of D(p||q):

D(p(z,9)|lp(x)p(g))
= D(Ap1(ylz)p(z) + (1 = Np2(ylz)p(@)[[Ap(z)p1(y) + (1 — N)p(x)p2(y))
< AD(p1(z, y)|lp(z)p1(y)]) + (1 = N)D(p2(z, y)llp(z)p2(y))

= M, (X3Y) + (L= NI, (X:Y)

s )
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Sample Question

6. (10 points) For a discrete probability distribution P = (py,.. .. pn) and parameter o € (0,1),
the the Rényi entropy is defined as

1 n
Ho(P) = 1—log <Z w
i—1
(i) Show that as a — 1, H,(P) converges to the Shannon entropy H(P) = — Y"1, p;log p;.
(5 points)
(i) Show that H,(P) is concave in p if v € (0, 1). (5 points)
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